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Abstract. Soft set theory has gained significant worth since its emergence.
Soft algebraic structures have been discussed in numerous researches with
the help of sub algebraic structures. Properties of soft algebraic struc-
tures, somehow, are hard to study in parallel to the study of the classical
approach of algebraic structures. In this study, we perform an extensive
inspection of the concept of soft elements and soft members in soft sets.
By using soft members and soft elements, soft sets operations and soft
sets relations are discussed which enables us to study the concept of soft
algebraic structures with this new approach. To elaborate on the new in-
troduced concept, Cayley’s table for the soft group has been constructed
from where some properties of the soft groups are verified.
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1. INTRODUCTION

To meet the challenges of the rapidly changing world of Science and technology Zadeh
[29]in 1965, proposed the concept of Fuzzy sets to deal with uncertainty. In 1999, Molodtsov



2 M. Saeed, M. Hussain and A.A. Mughal

[13] introduced the soft set theory. This pack of concepts opened new directions for the
researchers to deal with the changes to many problems in science and technology. After
that many mathematicians discussed this concept of uncertainty in their ways. For instance,
Maji et al. [12, 14] enhanced this theory and discussed many fundamental concepts of soft
sets. Aktas et al. [2] described soft sets and soft groups. Acar et al. (2007) defined soft
rings and presented its basic theory [1]. In 2008, Zou et al. presented their work on data
analysis as an application of soft sets [28]. During the same year, Feng et al. have studied
soft semiring [9]. Some new operations on the soft sets have been developed in 2009 by
Ali et al. [5]. In 2010, Babitha et al. [6] explained soft set relations and functions. It would

be worth mentioning that in 2010, the foundation of soft rings has been developed by Acar
at al. [1]. In 2012 and 2013, Das and Samanta studied soft metrics and some concepts
related to real numbers [7, 8]. Since probability theory has a vital roll in data analysis and
hence in the field of soft set Fatimah et al. worked on probabilistic and dual probabilistic
soft sets and link them with decision making [10]. Soft set theory is also applicable in
medical science in this regard recently Alcantud et al. have used soft sets and fuzzy set
theory in surgical decision making [4]. Moreover, many researchers have been attracted
by the soft set theory and it brought a revolution in the field of computer, mathematics,
economics, decision making, business, etc. for instance in 2019 soft sets have been used
by Santos-Buitrago et al. in their work on decision making in computational biology under
incomplete information [26]. The concepts of hybrid set and its application in decision
making are discussed by various authors and some are cited here [17] ,[18], [20], [21],
[22],[24],[19], [23]. It would not be a justice to move onward without mentioning the work

of Akkram et al. on Fuzzy N-soft sets [3]. Recently, Riaz and Tehrim presented the prop-
erty of bipolar Fuzzy soft topology via Q-Neighbourhood [16]. A new development in the
soft set theory , Rudiments of N-framed soft set [25] has appeared in the work of Saeed et
al. The notion of soft element has been introduced in [7] to initiate the idea of Soft real
sets, soft real numbers and their properties. After word, this notion has been used by many
authors like [15], [11] etc.

In this paper, soft set theory has been studied with soft elements and soft members. The soft
set basic operations including union, intersection, soft relations, and some other properties
have been discussed in detail with appropriate examples. Soft set relations have also been
presented by using these novel concepts of soft elements and soft members. The authors
have applied this new approach to develop Cayley’s table for soft groups to verify the prop-
erties of the group structure.

The main purpose of this project is to identify a soft set with another form of a soft set
by using soft elements and soft members. With the help of this identification of a soft set,
many areas of pure and applied mathematics would become open to being explored. For
example, the normal series in soft groups, radical theory in soft rings etc. are still to be
studied. This is because, by using the existing soft sets literature, the binary operations
cannot be used to go in side such fields of pure mathematics. However, this hurdle can be
crossed by using soft members of a soft set. For this purpose, in section three soft elements
and a soft member of a soft set are defined and the sot set has been identified with the
collection of soft members. To make this concept more clear, some examples of soft sets in
this regard are constructed. In section four, by using the soft members and soft elements the
soft set operations are defined and verified with certain examples. The cartesian product of
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soft sets and soft set relations are discussed in section five. Moreover, in section six, the
soft sets binary operations are developed and applied to discuss soft algebraic structures.
In addition to it, a soft group is defined naturally and some group-theoretic concepts are
verified with an example of a soft group.

2. PRELIMINARIES

Before moving ahead it would be worth-full to write some notations that would be used
throughout our discussions. The symljak used to represent the univerg&) for the
power set of¢, E for the set of parameters antl B, C etc. for the subsets of. The
symbolsn, o,y will be used for functions from subsets éfto P(¢), anda, b, ¢ etc. are
fixed for the mappings from the subsetsioto &.

2.1. Definition: [29, 12] Let¢ be a universal set anfl be a set of attributes. H: A —
P(&) amapping, then the palr), A) is a soft set ovef, whereA C E.

2.2. Definition: [12] Let (n, A), (0, B) be soft sets ovet, then(n, A) is called a soft
subset of g, B), denoted by(n, A) C (o, B), if A C B andn(e) C g(e) foralle € A.

2.3. Definition: [13] The soft setqn, A) and (¢, B) are said to be equal soft sets, if
(n,A) & (0, B) and(g, B) & (1, A).

2.4. Definition: [14] Let(n, A), (0, B) be soft sets ovef, then the bi intersectiofy, A)m
(0, B), of (n, A)and(p, B) is a soft se{y, C) whereC representsi N B and for alle €

C, y(e) =nle) Nole).

2.5. Definition: [14] For (n, A), (0, B) soft sets ovek, the extended uniolin, A) U,
(0, B), of (n, A)and(p, B) is a soft se{y, C') whereC representsi U B,and Ve € C

n(e) feec A—B
(e) =  ele) ifec B—A
n(e) U o(e) ifec ANB.

2.6. Definition: [12] For (n, A), (o, B) soft sets ovet, the restricted uniorin, A) Ug
(0, B) of (n, A) and(p, B) is a soft se{y, C') whereC representsi N Band Ve € C,
H(e) = F(e) UG(e).

3. SOFT ELEMENTS AND SOFT MEMBERS OF A SOFT SET

Some new concepts related to the soft sets are being introduced and these concepts are
very useful to discuss the soft sets operations, the soft sets relations and the soft algebraic
structures in the soft set theory as well as many other branches of pure and applied math-
ematics that are related to soft sets in a different way. However, the main purpose of this
section is to lay down a foundation in the soft set theory which would enable one to study
soft abstract algebra classically.
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3.1. Definition: The soft se{r, A) defined over the univergefor the setE of attributes,

with a mappingy : A — P(&). Also with a mapping: : A — ¢ such that a(e¥ 7(e) for
everye € A, then the paife, a(e)) is called asoft elementfor the soft setn, A).

The set of all ordered paifg, a(e)) for eacha(e) € n(e) and eacte € A is denoted byi,
thatis,a = {(e,a(e)) | e€ A, a(e) € n(e)} is calledsoft memberof (1, A).

The number of soft elements in each soft member of the softjset) depends upon the
cardinality of A and the definition of) : A — P(¢)

Note:The above definition is for the case when the set E is finite, however Zorn’s Lemma
is required for the case where E is not finite.

In the light of the above definitions, soft set can now be described as:

3.2. Definition: If A ¢ E and P(£) is a power set of the universg such thatn :
A — P(§) anda : A — ¢, then the collection of all soft members of the form=
{(es,ale;)) | e € A, anda(e;) € n(e;) # ¢} can be identify with a soft set), A)
andwe writeitagn, A)={a | a:A— & anda(e) enle) #¢ V e € A}.

3.3. Example: Let§ = {81752,83784,55} andE = {61,62,63764} take A = {61,62}

whereA C E. We definenp : A — P(&) such thaty(e1) = {s1, 52,55} andn(es) =

{82, 83, 54}. Therefore one can havg : A — ¢fori =1,2,3,4,5,6,7,8,9 whered; =

{(e1, 1), (e, 52)}, a2 = {(e1,51), (€2, 83)}, ds = {(e1, 51), (€2, 54)}, da = {(e1, 52), (€2, 52) }, a5 =
{(e1, 82), (€2, 83)}, ds = {(e1, 52), (€2, 84) }, d7 = {(e1, 55), (€2, 52) },ds = {(e1, 85), (€2, 53) }, dg =
{(e1,55), (e2,54)} .

Hence the soft sdf), A) consists of above nine soft-members, thatis,A) = {a;/i =

1,2,...,9}, where ordered pairg;, s;) with j = 1,2 andk = 1,2,3,4,5 is called a soft

element of the soft members.

3.4. Example: Now consider an other soft sét, B) on the same universeand on the
same parametric sé for B C E andB = {e3,e4} asp: B — P(§) andb; : B — ¢
with ¢ = 1,2,3,4,5,6 such thabo(ez) = {s2, s3} ando(es) = {s3, 54, 5}

Therefore soft members 66, B) areb; = {(es, s2), (€4, 53)}, ba = {(ea, 52), (€4, 54)}, b3 =
{(e2,52), (e, 85)},ba = {(e2,53), (e, 53)}, b5 = {(e2, 53), (ea, 54) }, b6 = {(e2, s3), (€4,55)}
. Thus soft sefo, B) = {by, ba, b3, by, b5, bg }.

3.5. Remarks: The clarification of the above concepts would remain incomplete without
the following remarks.

(1) Observe that the number of soft-elements (ordered pairs) in each soft member of
the soft set is equal to the cardinality of the under laying subset of the parametric
setF, that is, the number of soft elements in each soft membey,of) is 3 = | 4]
and the soft member of each soft element in each soft memiger Bf) is2 = | B]
where| A| and|B| are the cardinality ofA and B respectively.

(2) Inexampled.3 and3.4 the number of soft member in a soft $gt A) is the product
of the cardinality ofy(e;) for all ¢; € A, that is, the number of soft member in
(n,A)is 9. Indeed(n, A)| = (In(e1), (n(e2))|) where|.| represents the cardinality
of the sets.
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3.6. Definition: For the soft setén, A) and(o, B), for alle € A bute ¢ B, then the soft
elements ofn, A) for e € A are known assolated soft elementswith respect to the soft
sets(p, B). Similarly the Isolated soft elements of the s@ft B) with respect to the soft
set(n, A) can be defined.

3.7. Example: In the above two examples, it can be observed that A bute; ¢ B
hence the soft elements;, s1), (e1, s2) and(eq, s5) are in the soft members of the soft
set(n, A) corresponding to the parameter are Isolated soft elementswith respect to
the soft setgp, B). Similarly, the soft elementey, s3), (€4, s4) and (eq, s5) are in the
soft members of the soft s€b, B) corresponding to the parameter are Isolated soft
elementswith respect to the soft setg, A), sincee, € B butey ¢ A.

We now present the operations on soft sets using soft elements and soft numbers. We
observe that it is compatible with the operations on soft sets that already exist.

4. OPERATIONS ON SOFT SETS USING SOFT MEMBERS

Here, itis now being endeavored to present the soft set operations by using soft members
and soft elements in a natural way which are similar to the crisp set theory.

4.1. Empty soft member: A soft membeia of a soft sef(n), A) is said to be empty if for
the mappinga : A — &, a(t) ¢ n(t) for all tin A . All the soft members of a null soft set
are empty.

4.2. Relative whole soft set: A soft set(r, A) whose soft members consist of all the ele-
ments of¢. Moreover, a relative whole soft sgt, F) is called arabsolute soft set

4.3. Example: Let for a univers¢ = {1,2,3} and a parametric sub set Af,t2} set
valued function F : A— ¢ define asF'(t1) = € and F'(t3)= & . It is a relative whole
soft set , its soft members arg = {(¢1,1),(t2,1)}, a2 = {(t1,1),(t2,2)}, a3 =
{(t17 1)’ (th 3>}' ay = {(th 2)7 (t2’ 1)}' as = {(tlr 2)7 (tQ’ 2)}' ag = {(th 2)7 (tQ’ 3)}

) a~7 = {(tla 3)7 (t27 1)} ) a~8 = {(t173)7 (th 2)}' d9 = {(tla 3)7 (t27 3)} '

Observe that , the collection of soft elements corresponding to each t belongs to A form
Hence we havén, A) = {dl, dg, d3, d4, d5, dﬁ, d7, dg, dg}.

4.4. Sub-soft member: For the two soft setén, A) and(p, B) over the same universe
where the set A is a subset of set B, a soft menibef (1, A) is said to be a sub soft
member of a soft membérof (o, B) if each soft element af is a soft element of for all
tin A,

4.5. Soft sub Set: If each soft membei of (1, A) there is at least one soft membieof
(0, B) such that is a sub-soft member affor all tin A, where set A is a subset of the set
B, then(n, A) is called a soft subset @b, B).

4.6. Union of Soft Sets: For any two soft setén, A) and (o, B) over a unifiers U their
union is denoted byn, A)U(e, B) and defined as each soft membet@fA)U(o, B) con-
tains the soft elements ¢f), A) only if t belongs to A or of(g, B) only if t belongs B or
of any (n, A) or (o, B) for all t belongs to A and B. Observe that both soft gets4) and
(0, B) are soft subsets df), A)J(o, B).
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4.7. Restricted Union of Soft Sets: For any two soft set§;, A) and(e, B) over a universe
¢ their union is denoted bfy), A)U(o, B) and defined as each soft membe(mfA)Ug (o, B)
contains the soft elements @f, A) or of (¢, B) or of both(n, A) and(p, B) for all t be-
longs to both A and B. Observe that both soft §gts4) and(o, B) may not be soft subsets
of (773 A)OR(Q7 B)

4.8. Intersection of Soft Sets: For any two soft setén, A) and (o, B) over a universe
their intersection is denoted Iy, A)N(o, B) and defined as each soft membe(afA)N (o, B)
contains the soft elements of bdth, A) and(p, B) for all t belongs to both A and B.

4.9. Extended Intersection of Soft Sets:For any two soft setén, A) and (o, B) over a
universet their union is denoted byn, A)Ng (o, B) and defined as each soft member of
(n, A)N e (o, B) contains the soft elements of, A) only if t belongs to A or of o, B) only

if t belongs B or of(n, A) and (e, B) for all t belongs to both A and B.

4.10. Complement of a Soft Set: The complement of a soft séf, A) is also a soft set
(17, A) such that ifa is a soft member irf7, A) , wherey is the crisp complement of for
alltin A, then there exist a soft member in (n, A) such thati N u¢ = ¢ . This means is
there is a soft elemerft, a(t)) € @ implies that3 (¢, 4(t)) € ue such that a(tg n(t) and
a(t) € 7j(t) of course a(t) and(t) are disjoint for all t= A and hencén, A) N (17, A) =@ .

4.11. Proposition: A soft set(7}, A) is a soft complement of the soft get A) if and only
if (n,A)N(1,A)=.

Proof: Let (7, A) be a soft complement df), A) thus by definitionn;, A) N (1}, A) = & .
Conversely, suppose thag, A) N (1, A) = ®, now it is to show tha{n, A) is a soft com-
plement of(n, A). For this leta € (n, A) so for each(t, a(t)) € @ and a(t)e n(t) for all t

€ A (by definition) and hence a(t} n(t) for allt € A, thereforei is not a soft member of
(1, A) since is arbitrary thug, A) is a soft complement dfy, A) .

4.12. Theorem: If (1, A) is a soft complement of, A) then(n, A) U (1}, A) is an ab-
solute soft set over U.

Proof: It is obvious and left for readers to verify.

4.13. Theorem: A soft set(n, A) is a sub-soft set ofp, B) if and only if n(t) € o(t) for
alltin A

Proof: The proof can be observed directly from the definition of the soft set and the defin-
ition of the soft sub-member.

The restricted intersectiofy, A)Nr(o, B) = (v, C) discussed in above two examples
3.3 and 3.4 wher€' is equal toA N B = {ez} and~y : C — P(§) isn(ea) = {s2,53}
therefore(y, C') has two soft member§ = {(e2, s2)} andé; = {(eq, s3)} forc:C— ¢
with i = 1,2 . Hence(n, A)Ng (o0, B) = {c1, 2}

For the union of soft sets), A) and(p, B) in the view of the definition 4.6 i&), A)U(o, B) =
(7,C) whereC = AU B = {ej,ez,e4} andy : C — P(€) is defined asy(e;) =
{51, 82,85 },v(e2) = {s2, 83, 84, 55}, 7(es4) = {53, s4, 85} . Therefore, the number of soft
elements in each soft member(in, C) is |c| = 3 and the number of soft members of the
soft set(y, C) is (v, C)| = |(v(ex))(7(e2)) ((e3))] = 3 x 4 x 3 = 36.
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4.14. Example: Let& = {s1, s2, 83, 84, S5, 5S¢ } be a universal set anll = {t1,t2,t3,t4}

be a set of parametric family. Suppose tHat {t,,t2} andB = {t1, t5, t3} are subsets of

E. Consider(n, A), (o, B) over the universé wheren(t;) = {s1,s3},n(t2) = {s3, 36}

and Q(tl) = {81,83},Q(t2) = {33,86},Q(t3) = {84,35}. Hence, (by definition 22)
(n,A) C (o, B) however it shall also be shown by using (definition 4.5) of soft subset.
The soft members (Xfﬁ, A), area; = {(tl, 81), (tg, 83)}, ay = {(th 81), (tg, 56)}, as =

{(t1, s3), (t2,53)},ds = {(t1,s3), (t2, s¢) }. SO soft sefn, A) in the form of its soft mem-
bers is written agn, A) = {di,ds,ds,ds}. The soft members ofp, B), are by

{(t1,51), (t2,83), (3, 84) }, b2 = {(t1,51), (2, 56), (3, 54) }, b3 = {(t1, 53), (t2, 83), (£, 54)},
by = {(t1,3), (t2, 56), (t3,54) }, b5 = {(t1,51), (2, 83), (t3,55) }, b6 = {(t1,51), (t2, 56), (t3,85)},
b7 = {(tl, 83), (tg, 83), (t3, 8§)},~b8~= j(tl’ Sé), EtQLSG)’ (t3, 85)}.
This ImpIIeS thai(g, B) = {bl, b2, b3, by, bs, bg, b7, bg}

The soft elements corresponding to the paramgtén each member of the soft set
(0, B) are isolated with respect to the soft members of the softiset). Therefore,by
definition 4.4, the soft members of the soft $gt A) are sub soft members of the soft
members of the soft s¢b, B). Hence for each € (1, A), there is at least onfec (o, B)
such that C b observe thati; C b; and alsai; C bs similarly, it can also be observed for
the other members df, A) . Hence, by definition 4.5, it implies th&y, A) C (o, B).

4.15. Proposition: A soft set(n, A) is a soft subset ofp, B) if and only iff for each
a € (n, o), there exist at least ortec (0, B), such tha is a sub-soft member of

Proof: Suppose that the soft), A) is a soft subset ofp, B) then by the definition of soft
subset ifa € (1, o) then there is a soft membére (o, B) such that: is a sub member of
b . Conversly; suppose that for eaghe (1, o), there exist at least oriec (o, B), such
thata is a sub-soft member 6f Then by definition of soft subsét, A) is a soft subset of
(0, B).

As for as equal soft sets are concerned, it can be classified in two ways. Firstly, the two
soft sets(r, A) and (o, B) are said to be absolute equaldf = B and~(t) = n(t) are
identical for allt € A = B, secondly the soft sét), A) and(p, B) are casually equal if
A = B but~(t) andr(t) are identical for some € A = B,as some of the soft elements
are Isolated for othere A = B, then we write it agn, A) =. (o, B) .

4.16. Definition: [5] If £ is a universeF a set of attributes and is a subset ofz, then

(1) (n, A) is known as a relative null soft set with respectAaf n(t) = ¢ Vit € A
and it is denoted by 4.

(2) A softset(n, A) is called a relative whole soft set or a universal set with respect to
Aif n(t) = ¢ forallt € A and itis denoted by 4.

(3) An absolute soft set ovérand it is denoted by is a relative whole soft set with
respect tav.

4.17. Example: Let ¢ = {s1, $2, 83, 84, 85,56} and E = {t1,t2,t3} such thatA =
{t1,t3}. The soft set{n, A) over¢ is such that) : A — P(&) is defined ag)(t) is an
empty sub set of for all € Aanda : A — ¢ is an empty mapping, that ig(t) for all
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t € A. This implies each soft member @f, A) is an empty collection of the soft elements
, therefore(n, A) is an empty soft set with respectib

However, if(n, A) is defined as)(t;) = &, n(t3) = & then each soft members @f, A) has
two soft elements, howevér), A) consists 036 soft members and it is a whole set with
respect tA.

On the other hand, the absolute whole soft{wtonsists oR16 members and each mem-
ber has three soft elements.

The following proposition is analogous of the proposition in [27].

4.18. proposition: If £ is a universeE' a set of attribute, and\, B, C' are subsets of.
Moreover,(n, A), (0, B) and(~, C) are soft sets ovef, then

(1) (n,A) C€a Cép

(2) Na C (, A)

3) (o, )Q( B)and(g,B) C (v,C) = (n,A) C (v,C)
(4) (n,A) = (¢, B)and(g, B) = (v,C) = (n, A) = (v,0)

() (n,A)= (9, B) and(o, B)=¢(v,C) = (n,A)=c(v,C)

Proof. These can be proved by using the soft elements and the soft members. O

4.19. Definition: [5] For a soft setr, A), the relative complement ¢f;, A) is also another
soft set(n), A)” wheren : A — P(¢) is given byn' (e) = ¢ — n(e) forall e € A.

The following example gives the clear picture of the relative complement of a séit, sé}
defined on a subset of parameters over the universe.

4.20. Example: Consider a soft sdf), A) for the set of parametdt = {t1,2,t3} and
the univers€ = {s1, s2, s3,54}. Let A C F andA = {t1,t3} and define; : A — P(¢)
asn(ty) = {s2,83},n(t2) = {s1,s3} and alsoa; : A — ¢ fori = 1,2,3,4 where
a1(t1) = s2,a2(t1) = s3,as(ta) = s; anday(t2) = s3. Hence the soft member ¢f, A)
area; = {(tl, 52), (tz, 31)},d2 = {(tl, 82), (tg, 53)},d3 = {(tl, 83), (tg, 51)},074 =
{(t1,83), (2, 83)}- / /

For the relative complement : A — P(&),n (e) = £ —n(e) for eache € A. This implies
n (t1) = {s1,s4} andn (t3) = {s2,s4}. Therefore, the complement maps: A — ¢
fori = 1,2,3,4 area)(t1) = s1, ay(t1) = 54, ag(ts) = so, ay(ts) = s4 . Hence
the soft members dfy, A) aredi’ = {(t1,51), (t2, 52)}, G2 = {(t1,51). (t2, 50)}, i3 =
{(t1,84), (t2,52)}, ay = {(t1,84),(tg,34)}.Thisimplies(n,A) = {q 'y, ds ,da }
We will observe herén , A)" is giving clearly different picture from the classical concept
in the set theory, however we can observe thatd)""\(n, A) = N 4.

4.21. proposition: For the soft sefrn, A) where A is a subset o2 over the universé,
then

Proof. These can be proved directly by using the definitions. O
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4.22. Definition: [14]

(1) For(n, A), (o, B) soft sets over the same universthen the AND operation,
on (n, A) and(p, B) is denoted by(n, A) A (g, B) is also soft sefy, C'), where
C = A x Bandy(u,v) =n(u) No(v) Y(u,v)€ Ax B

(2) The OR-operation ofw, A) and(p, B) is denoted by(n, A) V (¢, B) = (v,C) ,
whereC' = A x B and~y(u,v) = n(u) U o(v) V (u,v) € A x B

4.23. Example: Let¢ = {s1, $2, 83,84} andE = {u,v,w} andA, B C E whereAd =
{u,v} andB = {u,w}. The soft setén, A) and(p, B) are defined ag : A — P(£) where
n(u) = {s1}, n(v) = {s1,s3} anda; : A — £ wherea; (u) = s1,a2(v) = s2,a3(v) = s3
Soft members ofn, A) area; = {(u,s1), (v,81)},a2 = {(u,s1), (v, s3)}. This means
(n, A) = {d1,d2}. Now ¢ : B — P(£) is o(u) = {s3,s4}, 0(w) = {ss} andb; : B — ¢
with by = {(u, s3), (w, s3)}, b2 = {(u,s4), (w,s3)} . Hence(n, A) A (o, B) = (v,C)
whereC = A x B = {(u,u), (u,w), (v,u), (v,w)}. Now~y : C — P(§) with v(u,u) =

o, y(v,w) = {s3},v(u,w) = ¢,v(v,u) = ¢. Therefore, there is only one soft member in
(n,A) A (0, B). Hence we havén, A) A (o, B) = {(u,w), s3} where{(u, w), s3} is a soft
element of this soft set.

5. CARTESIAN SOFT PRODUCT AND SOFT SET RELATIONS

The following section contains the cartesian soft product and the soft set relations using
the soft members of soft sets.

5.1. Definition: For(n, A), (0, B) soft sets over a common univergsuch thaty : A —
P);a: A — andp: B — P(&);b: B — & Therefore(n,A) = {a | a:
A—&n:A— PE),ale) € ne)Ve € Ayand(0,B) ={b | b:B — &p:

B — P(£),b(e) € n(e)Ve € B}. Then the cartesian product 6f, A) x (o, B) is a
soft set(d, C') where C =A x B such thaty : C' — P(§ x §) andd(e;,e;) = n(e;) X
o(e;) V (ei,e;) € C. Moreover,c : C — ¢ x & such thate(e;, e;) € n(e;) x o(e;) V
(ei,ej) € C. Therefored(e;, e;) = {(ale;),b(e;)) | ale;) € nle;),ble;) € o(e;)}.So
eventuallyé = (a,b) = {((e,e;), (ale;),blej)) | Y(ei,ej) € C and(ale;),ble;)) €
n(e;) x o(e;)} is a soft member ofd, C).Finally the Cartesian soft product is a soft set
(6,C) ={(a,b) | (ab):C —=ExE6:C— P(ExE)).

5.2. Example: The cartesian soft product of the soft séjsA), and(p, B) (In example
4.14)is asoft sey, C') where C=Ax B suchthat : C — P({x&) andd(t;, t;) = n(t;)
o(tj) V (ti, t;) € C. Moreoverc : C — ¢ x & suchthat(t;, t;) € n(t;) x o(t;) ¥V (t;,t;) €
C. Therefored(t;,t;) = {(a(t:),b(t:)) | a(t;) € n(t;),b(t;) € o(t;)}.So eventually
¢=(a,b) = {((ti,t;), (a(ti), b(t;)) | V(ti;t;) € Cand(a(ti), b(t;)) € nit:) x o(t;)}
is a soft member ofd, C').Hence the Cartesian soft productésC) = {(a;,b;) | a; €
(n,A)b; € (0,B)}. Wherei = 1,2,3,4andj = 1,2,3,........ ,8. A typical soft member

of (5, C) has the fOI’n'(Cfg, b~5) = { {(tl, 31), (tQ, 56)}: {(tl, 81), (tg, 83), (t3, 85)} } .

5.3. Definition: For (n, A), (o, B) are soft sets over the univer§eThen a soft subset of
the cartesian product), A) x (o, B) is a soft se{y, C') which is a soft set relation from
(n,A)to (o, B), whereC = A1 x By, A1 C A, B; C Bsuchthat) : A; xB; — P({x¢§)
andh : C — & x & wherey(e;, ej) = nle;) x o(e;) ¥V (ei,e;) € C with h(e;,e;) €



10 M. Saeed, M. Hussain and A.A. Mughal

Plei ej) V(ei, e5) € Candy(ei,e;) = {(alei),ble;)) | alei) € nlei),ble;) € ole;)}
Ve, € Ay andVe; € By. Thereforeh = (a,b) = {((ei, e;), (a(e;),ble;)) | (ei,e;) €
C and(a(e;),b(e;)) € n(e;) x o(e;)} is a soft member ofy, C') and hence the soft set
relation from (1, A) to (o, B) is (¢,C) = {(a,b) | (a,b) : Ay x By — & X &, ¢
A1 XB1*>P(§X€)}

Note:

(1) Whenever there is no confusion we can write sim@iye;), b(e;)) for the soft
elements of the soft members of the soft relatignC'). Moreover,R can also be
used for the soft sdt), C).

(2) SinceR consists of ordered pairs of the soft members of the softwsgl’) that
has the formh = {(e;, ¢;), (a(e;),b(e;)) | (ei,ej) € A1 x By} . HenceaRb
iff (a,b) € Rwherea € (1, A),b € (o, B). If ais not related td then(a, b) ¢ R

5.4. Example: A soft set relation from the soft sét), A) to the soft sefp, B),( In the
example 4.14 ) is a soft subs@p, C') of the cartesian produdt), A) x (o, B), where
C = Ay X By, for Ay C A, and B; C B such thatdl = {¢;} andB1 = {t1, 2} such
thatl/J : A1 x By — P(ng) andh : C — §><§Where¢(ti,tj) = n(ti) Xg(tj) v (ti,tj) S
C with h(ti,tj) S w(ti,tj) V(ti,tj) e C andw(ti,tj) = {(a(ti),b(t]‘)) ‘ a(ti) S
n(t;),b(t;) € o(t;)} Vt; € Ay andVt; € By. Hence take)(t1) = {s1,s3} ando(t1) =
{s1,s3}, 0(t2) = {s3,s6}.

The soft members ofy, A1), arear = {(t1,s1)}, a2 = {(t1,s3)}. So soft se(n, A) in
the form of its soft members is written &g, A;) = {a1, d2}.

The soft members ofo, B1), are by = {(t1,s1), (t2,53)}, ba = {(t1,51), (t2,56)},
b3 = {(tl, 83), (tg, 83)}, b4 = {(tl, 53), (2527 56)}- Eventually,(g, Bl) = {bl, bg, b3, b4}
Hence the soft set relation R from the soft &gtA) to the soft sefp, B) isR = (¢, C) =
{(a},b}) | a; € (n,Al),ij € (0,B1)}. Wherei = 1,2andj = 1,2,3,4. So for
as a soft member of this relation is concerned, it has the faimbs) = { {(t1,s3)},

{(th 83)1 (t2> 33)} }

5.5. Definition: The soft relationR on (n, A) is a soft subset ofy, A) x (n, A), that
is, R(1), Ay x A1) = {h/h : A1 x A] — £€x ¢ and ¢ : Ay x Ay — P(£ x
&) suchthat h(e;,e;) € (&) x (&) forall (e e;) € A1 x Ay where A, €
A}. Inthis case, the soft members®fre of the form(a;, d;) thatis(d, Ra;) iff (d;, d;) €
R.

5.6. Definition: Let R be a soft set relation frorty, A) to (¢, B) , then the domain oR
is a soft subsetn;, A) of (n, A) such that(n:, A1) = {(a(e;),b(e;)) | V e € Ay €
R andforsome e; € By} . The range ofR is a soft subseto;, B1) of (¢, B) such
that(o1, B1) = {(a(e;),b(ej)) € R forsome e; € A; andforall e; € Bi}. The
inverse relation of? is also a soft subsét)—!, B; x A;) of the soft se{p, B) x (n, A),
thatis, R~ = ("1, By x A1) ={(b,a) | a:A —& ; n:A—P&),b:B —
§,0: B — P(§),a(e;) € nlei),bei) € o(ej) YV e € Ai,ej € Bi}.
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5.7. Example: Inthe example 5.4, the domain and range of the soft set relatign.sl ) and(o, B1)
respectively. The inverse relation relation of R is also a soft sulsset, B; x A;) of the

soft set(o, B) x (n, A), thatis,R™1 = (¢!, By xA4;) = {(b},a}) | a; € (n,Al),ij €

(0, B1)}. Wherei = 1,2and j = 1,2, 3,4. So for as a soft member of this relation is con-
cerned, it has the forrfbs, d3) = { {(t1, s3), (t2, s3)}, {(t1,s3)} }.

6. APPLICATIONS IN SOFT ALGEBRAIC STRUCTURES

The concept of soft member and soft element helpful to study soft algebraic structures.
First define a binary operation d@n, A).

6.1. Definition: [9] The support of a soft set)(A), denoted bySupp(n, A), defined as
Supp(n,A) ={e€ A | nle) # ¢}. If Supp(n, A) # ¢ then the soft sdiy, A) is called
non-null.

6.2. Definition: Let (1, A) be a non-null soft set over the univerBewith some binary
operations« then an operatiom is a soft binary operation frorty, A) x (1, A) to (n, A)

, thatis ,® : (n,A) x (n,A) — (n,A) for (a;,a;) € (n,A) x (n,A) anda,®a; =
nx(a) * m(a) for all @ € A wherex is the binary operation defined on the universal set
U . Note that the ordered paft, nx(a) * m;(a)) is a soft element in some soft member.
Hence the paif(n, A), ®) is called soft algebraic structure corresponding the soft binary
operation®.

6.3. Definition: If forall d; € (n, A), there existi,. € (n, A) such thati, ®ad; = d;®d, =
a; thena, is called a soft identity element of the soft algebraic structure.

6.4. Definition: If for all a;, a; € (n, A) have the property that;®a; = a;®d; then® is
called softly commutative.

Moreover, for alld;, d;, @i, € (n, o) satisfy(@;®a;)®ay, = (d;®dy)®(d;®dy) then®
is softly associative. If for any two soft membefsandd; of (n, A) then soft operatiom
satisfy that(a;®a;) = (a;®a;) = a. whered, is soft identity in(n, A) thend; is a soft
inverse ofi; and vice versa. The soft inverse of the soft membés denoted byi; 1.

Remark 6.5. In the soft algebraic structuré(n, A), ®), the binary operation ovel/ re-
mains preserved. A soft memlagr, and is a soft identity iff in each of the soft elemenfof

the second character is the identityl@fwith respect to for eacha € A. The nature of the

soft algebraic structuré(n, A), ®) depends upon the nature of the binary relation in the
universelU. Further, note that keeping in view the last point of the above remark, one can
study all the mathematical algebraic structures in which such a soft algebraic operation

is defined.

6.6. proposition. If ((n, A), ®) is a soft algebraic structure over a unive(&ex), then

(1) The soft identity membef, of (n, A) with respect tow if it exists then it is unique.
(2) The soft inverse membet; ' of the soft membed; of (n, A) if exists then it is
unique.

Proof. It is same as the using algebraic operations. O



12 M. Saeed, M. Hussain and A.A. Mughal

6.7. Definition: [2] For (n, A) a non-null soft set ovell = G. Then(n, A) is said to be a
soft set group ovel/ = G if and only if n(a) is a subgroup of/ = G for all a € A.

6.8. Definition: Let(n, A) be soft set over a univergé = G where(G, ) is a group with
respect to the binary operatierand let® be a soft binary operation defined ep A), then
((n, A), ®) is a soft group if satisfies the following:
(1) a;®a; € (n, A) forall a;,a; € (n,A) (soft closure law)
(2) a;®(a;®ay) = (a;®a;)®ay for all a;, a;, ai, € (n, A) (soft associative law)
(3) There existi,, € (n, A) suchthatfor alli; € (n, A), we havei;,®d, = d.*a; = a;
(soft identity member)
(4) For eachi; € (1, A) there existi; "' € (1, A) such thati;®d; ' = d; '&®d; =
d.. (soft inverse element)
Furthermore, if® is satisfying the commutative property as well thgn, A), ®) will be
an abelian soft set group over= G.

The following example will explain the structure of a soft group which is just defined
above.

6.9. Example: LetU = G = {< w >,w5 = 1}, the 6 6th roots of unity andl C F
whereE is a set of attributes. Ledl = {e;,e2} and define a mapping : A — P(U)
such thaty(e;) = {< w? >, w8 = 1} = {1, w?,w*} , nles) = {< w® > wb =1} =
{1,w3}. Since eachy(e;) andn(ez) are subgroups of/. So, by definition 6.7(n, A)

is a soft group. The soft member of the soft graupG) areg. = {(e1, 1), (e2,1)},
g1 = {(61,1),(62,11)3)}, g2 = {(61,w2),(62,1)}, gz = {(617102),(62,’[1)3)}, ga =
{<€1’w4)’(6271)}1 g5 = {<€1’w4)7(6~27w3)}' Hence(naA> = {§e7§1,§2,§3,§47§5}-
Therefore, we now show thétn, G), ®) is a soft group with respect to the soft multipli-
cation binary operation defined on the soft sét), A) using the definition 6.8. First it is
explained that how to use for the soft members ofy), A), e.g forgi, g» € (n, A), we
haveg: Ogz = {(e1, 1), (e, w*)}{(ex, w?), (e, 1)} = {(e1, (1)(w?)), (ez, (w?)(1))} =
{(e1,w?), (e2,w3)} = g3. For the other axioms of the soft group, we consider the follow-
ing Cayley table.

TABLE 1. Cayley Table

ge G1 G2 g3 Ga s
Jge g1 G2 g3 Ga Gs

g1 Ye 93 g2 9gs g4

92 93 94 95 Ge G1

g3 g2 9s g4 g1 Ge

g4 |94 95 Ge 91 g2 g3

g5 |95 94 g1 Ge 93 g2

RSeS| o

Observe that the soft membgr is the soft identity of the soft grou@{n, A), ®), each
element of(n, A) has an inverse iiin, A). It can also be seen from the table 1, that the

operation® is associative and commutative. Thereféfe, A), ®) is a commutative soft
group with respect to the soft binary operatioron (, A).
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6.10. Definition: Let ((n, A),®) be a soft group with respect to the soft multiplication
binary operation® then forg € (1, A), the powerm € Z, of j is defined agg)” =
JOGOIE...goF mtimes.

6.11. Definition: Let ((n, A), ®) be a soft group with respect to the soft addition binary
operation® then forg € (n, A), them times ofg is defined asng = §©GE§D...g55 m
times.

6.12. Definition. A soft group((n, A), ®) with respect to the soft multiplication binary
operation® is called a soft cyclic group if it is generated by some of its soft member.

6.13. Definition: Order of a soft membey of a soft group((n, A), ®) with respect to soft
multiplication binary operation means a least positive integesuch thay™ = g., where
e is the soft identity member of the soft gro(@), A), ®).

Now the concept of soft cyclic group is explained in the following example.

6.14. Example: Observe that the example 6.9 is a soft cyclic group of order 6. From the
table 1 it is clear that the soft membefsandgs are the soft generators of the soft cyclic
group((n, A),®). The order of each of these two members is 6, thatgs)® = g. and
(g~5)6 = Je-

Indeed, we havégs)’ = gsOgs = ga, G50g2 = g1, (g5)* =
G50(g5)° = G501 = da, (95)° = G5©(g5)* = g3, (95)° = G50(g5)° = G5OFz = Ge-
Similarly, one can also verify thdt;)® = g..

To see the orders of the remaining soft members of the soft gioupt), ©), we have
(42)% = Gu®(g1)? = (G26(da®da)) = GaOga = ge. Therefore the order of the soft
memberg, is 3. Similarly, one can see that the order of the soft meméeand g, are 2
and 3 respectively.

7. CONCLUSION

In this paper, the concepts of soft point and soft member of a soft set are initiated. With
the help of soft members and soft elements, the soft set operations and soft set relations are
discussed and successful application of soft binary operation has been depicted in the form
of Cayley table and soft group structures. All of these ideas provide a basic foundation for
the development and further research in the field of soft set theory. As for as, the motivation
of this novel concept is concerned, one can extend these concepts to study the structures
and properties of different soft algebraic structures. Moreover, soft set theory can be ex-
tended in many areas of mathematics like topology, functional analysis, and algebra. It can
also open new ways the field of decision-making problems in various practical daily life
situations.
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