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On Perfect2-Coloring of the Bicubic Graphs with Order up to 12
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Abstract.: A perfect coloring of a grapléz with m color (a perfectn-
coloring) is a surjective mapping : V(G) — {1,2,...,m} such that
each vertex of colo¢ has exactlym;; neighbors of colorj, for all ¢, 7,
whereM = (m;j): j=1,2,..m IS the corresponding matrix. In this paper,
we classify perfec®-colorings of the bicubic graphs with order upit®.
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1. INTRODUCTION

Perfect coloring of graphs with: colors is a new field in mathematics that is connected
to algebra, graph theory and combinatorics [12]. Completely regular codes in graphs (ex-
istence part of it is the result of a question and historical issue in mathematics) are general-
izations of perfect codes [11]. This problem started with Delsarte’s conjecture (Johnson’s
graphs lack perfect codes) [6]. Delsarte’s conjecture is the basis of a conceptual research
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dealing with perfect coloring of graphs [7, 11]. Assurhé = {(Z‘l,xg, ce )T €

{0, 1}}, wheren € N. For eachr € E™, we definelV (x) the weightz, as the number of

non-zero components corresponding:td he vertex set of the Johnson grapn, w) con-
tains vectors with weight in E™. Two vertices of Johnson graph are adjacent if and only
if their corresponding vectors have exactly two different components [3, 11, 14]. Further-
more, perfect coloring of some Johnson graphs includifig 3) (v odd), J(8,4), J(8,3),
J(6,3) and other graphs such as the Hypercube graphs, the generalized Petersen graphs
and cubic graphs have been settled [1, 3, 4, 7, 10, 11, 14, 16]. Fon-Der-Flass calculated
and counted the parameter matrices ofithr@imensional cube with a given parameter ma-
trix and furthermore he got some structures for the existence of p@reaibrings of the
n-dimensional cube [8, 9, 10].

From now on, we denote by2pc the perfect coloring of a graph withcolors.

The aim of this paper is to classify all parameter matrice2ef pf the bicubic graphs
with order up tol2.

2. DEFINITIONS AND PRELIMINARIES

Some basic definitions used in this paper are given in this sectiorG ke{V, E) be a
connected graph without loops or multiple edges. A bicubic graph is a bipartite 3-regular
(cubic) graph.

Definition 2.1. [13, Section 9.3Equitable partition ofG = (V, E) graph withm parts, is
a partition of V with parts ofQ1, Q2, . .., Q., such that fori, j € {1,2,3,...,m} thereis
a nonnegative integet; ; such that each vertexin @); has exactlyh; ; neighbors inQ;,
regardless of the choice of The partition matrix isH = (h; ;).

Definition 2.2. [2, Definition 2.1]A perfect coloring of a graplir with m colors (a perfect
m-coloring) with matrixA = (m;;); j=1,2,....m iSamappingP : V(G) — {1,2,...,m}
such thatP is surjective, and for all, j, for every vertex of colo#, the number of its

neighbors of colorj is equal tom; ;. The matrix) is called the parameter matrix of a
perfect coloring.

If m = 2, then the first color is considered white and the second one is considered black.

Remark 2.3. [15] The connected bicubic graphs of ordérso 12 are divided into four
classes based on their number of vertices. This classification is shown in Figures 1 to 4.

The next lemma calculates the number of white vertices in a peXfeatoring.
Lemma 2.4. [3, Proposition 1]If W is the set of white vertices in & of a graph

G = (V, E) with parameter matrixd/ = (CCL Z) , then

(W] =V(G)| -

Remark 2.5. [3, Section 1]Suppos&> = (V, E) is a connected-regular graph. Then
the first condition for existence of a perfect coloring with two color&ofith parameter

matrix M = (Z Z) is the following equality:
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FIGURE 1. Connected bicubic graphs of order 6 (Bc1).
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FIGURE 2. Connected bicubic graphs of order 8 (Bc2).
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FIGURE 3. Connected bicubic graphs of order 10 (Bc3 and Bc4).

at+b=c+d=k.
The second condition is obtained from the connectivity af follows:
b,c# 0.

Lemma 2.6. [12, Lemma 1.1]f P is a perfectn-coloring of a graphG = (V, E), thenP
and G have the same eigenvalues.

Lemma 2.7. [2, Corollary 2.4]Let P be a [2-c with parameter matrix/ = CCL z) ofa

k-regular graphGG. Then the numbers — ¢ andk are eigenvalues aP and so ofG.
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FIGURE 4. Connected bicubic graphs of order 12 (Bc5, Bc6, Bc7, Bc8

and Bc9).

3. PERFECT2-COLORING OF THEBICUBIC GRAPHS

In this section, the corresponding parameter matrices related t@tbdioubic graphs
of order up tol2 will be calculated.

Lemma 3.1. Let G = (V, E) be a connected bicubic graph. Then, the following six
matrices are the only parameter matrices ofa@P of G:

0 3 0 3 0 3
M1_<3 0>7M2_<2 1)7M3_(1 2)7
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Proof. By Remark 2.5, Lemma 2.6 and Lemma 2.7 we have the result. d

In the following theorem, we will show that all the bicubic graphs ha&«e pvith para-
meter matrix)M; .

Theorem 3.2. All the bicubic graphs with orders less than 12 have2acpvith parameter
matrix M;.

Proof. To prove, we definedc for the bicubic graphs of ordeésto 12 with matrix M, as
follows:
p2-c P for Bc1 with matrix M,
P(6)=P(4)=P(2)=2, P()=P3)=P(1)=1.
p2-c P for Bc3 with matrix M,
P(10) = P(7) = P(4) = P(3) = P(1) =1, P(9) = P(8) = P(6) = P(5) = P(2) =
2.
p2-c P for Bc4 with matrix M,
P(10) = P(8) =P(6)=P(3)=P(1)=1, PO)=P(7)=P()=P4)=P(2) =
2.
p2-c P for Bc5 with matrix M,
P(i) = 1, for each even numbeér P(j) = 2 for each odd numbey.
p2-c P for Bc6 with matrix M,
P(12) = P(11) = P(10) = P(5) = P(3) = P(1) = 1, and for other vertices we define
P(j) = 2.
p2-c P for Bc7 with matrix M,
= P(11) = P(9) = P(7) = P(5) = P(3) = P(1) = 1, and for other vertices, we
defineP(j) = 2.
p2-c P for Bc8 with matrix M,
P(12) = P(10) = P(8) = P(5) = P(3) = P(1) = 1, and for rest of the vertices are
black.
p2-c P for Bc9 with matrix M;
P(11) = P(10) = P(7) = P(5) = P(3) = P(1) = 1, and we define the color of the rest
of the vertices as black.
It is easily seen that above functions aBeqwith parameter matrid/; . O

Lemma 3.3. [1] The parameter matrices oRgc of Be2 are My, M3, M, and M.
In the following theorem, we will investigate the parameter mattix

Theorem 3.4. Except forBc¢2, none of the other$ ¢ of the bicubic graph with orders less
than12 hasMj3 as a parameter matrix.

Proof. In Lemma 3.3, it was shown that the graph Bc2 hag-a wiith M3. From Lemma
2.4, we conclude that there is n@-p of graphsBcl, Be3 and Bed with matrix Ms. We
next show that other bicubic graphs have Recpwith M.

Suppose there is &fc P of Bc5 with parameter matrid/s. From M3, Without any
loss of generality, we can assume ti#4il) = 1 and thenP(2) = P(10) = P(12) = 2.
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Thus, we obtainP(3) = P(11) = 2 andP(6) = 1. Therefore,P(5) = P(7) = P(8) =2
andP(4) = 1. From this we gei’(9) = 2, which leads to a contradiction. Therefore the
graph Bc5 has noc with matrix Ms. For other graph#c¢6, Bc7, Be8 and B9, we can
get the same result. O

In the next theorem, it will be prove that the graph4 has 2-c with parameter matrix
M, andMQ.

Theorem 3.5. The parameter matrices oRgc of graphBc4 are M; and M.

Proof. In Theorem 3.2, it was shown that the graph4 has a p-c with M;. Also the
mapping defined by:
P(8) = P(5) = P(4) = P(1) =1,
P(10) = P(9) = P(7) = P(6) = P(3) = P(2) = 2,
gives a j2-c of Be4 with matrix M. Using Lemma 2.4 and Theorem 3.4, we conclude that
there is no p-c of graphBc4 with matricesM5 and M3. Also, there is no p-c for graph

Bec4 with matricesM, andMg. Suppose there is 2 of Bed with My. Then each vertex
with color 1 has one adjacent vertex with colorWe have the following cases:

1 PO=P2) =15

(2 P2)=P@3) =1

@) PA=P06) =1L

4) P(9) = P(10) = 1.
In case (1), the vertex by col@rhas two adjacent vertices with col®rwhich is a contra-
diction with the second row ai/,, and for other cases we have the same results. By the

same proof, for parameter matri¥s, each vertex with colot has two adjacent vertices
with color 1. We have three cases:

1) (1)=P(2) =1andP(7) =1,
2 (1) = P(2) =1andP(9) = 1;
3) P(9) = P(8) =1andP(10) = 1.
In all cases, the vertex with coldr, has two adjacent vertices with coldy which is a

contradiction with the second row @ffs. Therefore graptBc4 has no g-c with matrices
M, and Ms. O

P
P

In the next theorem, it will be prove that the grapla4 is the only one that has 2
with parameter matrid/,.

Theorem 3.6. Except forBc4, none of the otherg ¢ of the bicubic graph with orders less
than12 has M, as a parameter matrix.

Proof. In Theorem 3.5, it was shown that the grapid has a p-c with Ms. From Lemma
2.4, we conclude that there is n@-p of graphsBcl, Bc2, Bcb, Bc6, BT, Be8 and Bc9
with matrix Ms. We next show that the graphc3 has no p-c with matrix Ms.

Suppose there is g P of Be3 with parameter matrix/s. From M, Without any
loss of generality, we can assume tii4tl) = 1 and thenP(2) = P(5) = P(6) = 2.
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Thus, we obtainP(7) = P(10) = 1. Therefore,P(8) = P(9) = 2. From this we get
P(3) = P(4) = 2, which leads to a contradiction with the second row\Mf . Therefore
the graph Bc3 has n@pc with matrix M. O

Finally, we can list all the parameter matrices of the bicubic graphs with oéder$2
in the next theorem:

Theorem 3.7. The parameter matrices of 2 of the bicubic graphs with ordefsto 12
are illustrated in the following table:

TABLE 1. Parameter matrices of the bicubic graphs.

graph matrices matrix M, | matrix My | matrix M3 | matrix M4 | matrix M5 | matrix Mg

Bcl Vv

Bc2 v N Y

Bc3

Bc4

Bc5

Bc6

Bc7

<
<<

Bc8

Bc9

&=
< SIS

Proof. From Lemma 3.3, we deduce that the grdpt2 has a p-c with matricesM, M3,

M, and Mg. Also, in Theorem 3.5, we showed that the grdpht has perfec®-coloring
with parameter matriced/; and Ms, then in Theorem 3.4 we obtained that there are no
p2-c of bicubic graphs with ordeisto 12 with matrix M3, except grapiBc2 and in Theo-
rem 3.6, we showed that the only graplh4 has [2-c with parameter matrid/s. Now, we
study other parameter matrices and graphs listed in Table 1. First, we defire & for
possible cases listed in Table 1 as follow:

p2-c P for Bc1 with matrix Mj

P6)=P(1)=1, P()=P4)=P3)=P(2)=2.

p2-c P for Bc5 with matrix My

P(9)=P(7)=P(6)=P4)=P(2)=P(1) =1,

P(12) = P(11) = P(10) = P(8) = P(5) = P(3) = 2.

p2-c P for Be5 with matrix Mj

P(12) = P(11) = P(9) = P(4) =1,

P(10) = P(8) = P(7) = P(6) = P(5) = P(3) = P(2) = P(1) =2.

p2-c P for Bc6 with matrix M;

P(12) = P(10) = P(7) = P(4) =1,

P(11) = P(9) = P(8) = P(6) = P(5) = P(3) = P(2) = P(1) = 2.

p2-c P for Bc7 with matrix M,
P(12) = P(10) = P(8) = P(5) = P(
P(11) = P(9) = P(7) = P(6) = P(4
p2-c P for Bc7 with matrix M;s

\/w
S~—"

|
)
~
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P(10) = P(7) = P(6) = P(3) =1,

P(12) = P(11) =P9)=P(8)=P(5b) =P(4) =P(2) = P(1) = 2.
p2-c P for Bc7 with matrix Mg
P(6)=P()=P4)=P3)=P2)=P(1)=1
P(12) = P(11) = P(10) = P(9) = P(8) = P(7) =

p2-c P for Bc8 with matrix M,

P(12) = P(8) = P(7) = P(6) = P(4) = P(3) =1,

P(11) = P(10) = P(9) = P(5) = P(2) = P(1) = 2.

p2-c P for Bc8 with matrix Mg

P(6) = P(5) =P(4) = P(3) = P(2) = P(1) =1,

P(12) = P(11) = P(10) = P(9) = P(8) = P(7) = 2.

p2-c P for Bc9 with matrix M;

P(10) = P(8) = P(4) = P(3) =1,

P(12) = P(11) = P(9) = P(7) = P(6) = P(5) = P(2) = P(1) = 2.

It is obvious that above functions ar@-p with their mentioned parameter matrices.
Now, we prove that there are n@+g for other graphs listed in Table 1. For example, there
is no @-c of Be3 with the matrixMg. Otherwise, to obtain a contradiction, assume that
there is a p-c of Be3 with the parameter matri/s. Without any loss of generality, we
can assume that(1) = P(2) = P(6) = 1. From Mg we haveP(5) = P(4) = P(9) =
P(10) = 2. Thus we conclude tha®(3) = 1 andP(8) = 2. This is a contradiction with
mgo1 = 1. Therefore, the grapBc3 has no B-c with matrix M. For other graphs in Table
1, one can give a similar proof. O
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