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Abstract.: The motivation of this activity is to introduce the notion of

bi p-sequentially complete ordered dislocated guasnetric spaces and

to obtain fixed point results for a pair of multivalued mappings satisfying
generalized contractions on the intersection of an open ball and a sequence
in these spaces. An example has been built to express the novelty of re-
sults. These results generalize and extend the results of Altun et.al (J.
Funct. Spaces, Article ID 6759320, 2016).
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1. INTRODUCTION AND PRELIMINARIES

The field of fixed point theory covers both pure and applied mathematics. Fixed point
theory is a special branch of functional analysis and its results are used to find the solution
of different mathematical models. A multivalued mappiigrom C' to the subsets of’
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has a fixed poink € C, if k € Bk. If we take elements of' instead of subsets @f, then
B represents a singlevalued mappings fr@rto C'. A singlevalued mapping : C — C
has a fixed poiny € C, if y = By.

The notion of metric spaces in analysis plays an important role in applied and pure
sciences such as biology, computer science and physics. One of the generalization of metric
is G metric, which had been developed by Sims and Mustafa [20]. Karapinar et al. [18] and
singh et al. [37] discussed fixed point result&imetric spaces, which distinguishmetric
spaces from other spaces. Their results can not be established from the corresponding
results in other spaces. For more resultsbmetric spaces see [1, 2, 9, 10, 11, 12, 15,
17,19, 26, 35, 39]. Another remarkable generalization of metric is dislocated quasi metric.
Several fixed point results appeared in dislocated quasi metric spaces or quasi-metric-like
spaces (see [3, 4, 8, 13, 28, 24, 40, 38]). Recently, the idea about generalization of both
G-metric spaces and dislocated metric spaces in terms of dislocated#tuasiric space
was introduced by Shoaib et al. (see [29, 31, 34, 36]).

Ran and Reurings [23] gave a fixed point result with an order and obtained solution to
matrix equations as an application. Nieto et al. [21] gave an extension to the result in [23]
for ordered mappings and used it to give a unigue solution for ODE with periodic boundary
conditions. Altun et al. [5] introduced a new approach to common fixed point of mappings,
satisfying a generalized contraction endowed with a new restriction of order, in a complete
ordered metric space. For more results endowed with order see [6, 7, 13, 14, 16, 22, 25, 27,
30].

Shoaib et al. (see [32, 33]) discussed some results on an intersection of a closed ball and
a sequence. In this paper, we have obtained fixed point results for multivalued mappings
satisfying generalized contractions on the intersection of an open ball and a sequence in bi
p-sequentially complete ordered dislocated quasnetric spaces. An example has been
built to express the novelty of results. These results generalize and extend the results of
Altun et.al [5]. The following definitions will be needed in the sequel.

Definition 1.1 Let x be a nonempty set arfd, : x x x x x — [0, c0) be a function, called
a dislocated quasgk-metric (or simplyD,-metric) if the following conditions hold for any
7pldex:

I) Dq(j7p7 l) = Dq(pajv l) = Dq(laj7p) = Dq(.ja lvp) = Dq(pvl?j) = Dq(l’jvp) = 07
thenj =p=1;

i) Dy(j,p.1) < Dy(j,d,d) + Dy(d, p, 1);

iil) Dy(j,p,1) < Dy(j, p,d) + Dy(d, d,1).

The pair(x, D,) is called a dislocated quast-metric space. Itis clear thatd,(j,p,1) =
DQ(p7j>l) = Dq(l7j7p) - Dq(jal7p) = Dq(palaj) = Dq(lajvp) =0

then from (i)j = p = [. Butif j = p =, thenD,(4, p, ) may not be).

It is observed that iD, (j, p,1) = Dq(p, j,1) = Dy(l,j,p) = Dy(4,1,p) = Dy(p,1,5) =
Dq(lajvp) for a”jvpvl € X5

then(x, D,) becomes a dislocate@-metric space.

Definition 1.2 Let (x, D,) be a dislocated quasi-metric space and fof, € x,r > 0,
thenBp, (jo.7) = {p € x : Dy(jo,p,p) < randDy(p,p,jo) < r} andBp,(jo,r) =
{r € x : Dy(jo,p,p) < randDy(p,p,jo0) < r} are bi open ball and bi closed ball with
centrej, and radius- in (x, D,) respectively
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Shoaib et al. [34] introduced the notion of righCauchy sequence and rightequentially
completeness in dislocated qudsj-metric space. Now, we introduce piCauchy se-
guence, bi convergent sequence ang-bequentially completeness in dislocated quasi
metric space.

Definition 1.3 Let (x, D,) be a dislocated quaéi- metric space.

i) A sequencej, } in (x, D) is called left (respectively right)-Cauchy if for anye > 0,
Ino € N suchthaW n > s > ng , Dg(js, jin, jn) < € (respectivelyD,(jn, jn, js) < €).
If a sequence is both left and rightCauchy then it is called hi-Cauchy sequence.

ii) A sequence(j, } dislocated quasi biz-converges (for short hD, -converges) tg if
nh_{[;O Dq(jna.jvj) = nh—>Holo Dq(.jvjvj’n) =0.

i) (x, Dyg) is called bip-sequentially complete if every piCauchy sequence iy, bi D,
converges to a point € x such thatD, (4, j,j) = 0.

Definition 1.4 Let (x, D,) be a dislocated quasi- metric space. LeK be a nonempty
subset ofy and letj € x. An elementk, € K is called a best approximation i if

Dq(j7KaK) = Dq(ja kOakO)v Wherqu(j7K7K) = klgf(Dq(;%kak)

and
Dq(K7K7j) = Dq(k()kaaj)a Wherqu(Kaij) = klgf(DQ(kvka])

If eachj € x has at least one best approximatioriinthen K is called a proximinal set.
We denoteP(x) be the set of all proximinal subsets pf
Definition 1.5 The functionHp, : P(x) x P(x) x P(x) — R* U {0}, defined as

HDq (V7 W W) = Inax{sup D(I(U’ W W)a sup D(I(‘/? w, 'LU)}
veV weW

is called dislocated quasi Hausdo€metric onP(x). Also (P(x), Hp,) is known as
dislocated quasi Hausdoif- metric space.

Lemma 1.6 Let (x, D,) be a dislocated quagi- metric space. Let{P(x),Hp,) be
a dislocated quasi Hausdoiff-metric space orP(x).Then, for allV;W € P(x) and
for eachv € V, there existaw, € W, such thatip (V,W,W) > D,(v,w,,w,) and
Hp,(W,W,V) > Dgy(wy, wy, v).

Lemma 1.7Every closed ball” in a bi p-sequentially complete dislocated quésimetric
spacey is bi p-sequentially complete.

Definition 1.8 [5] Let ¢y € ¥ and ¥ denotes the set of functions : [0,00) — [0, 00)

satisfying the conditions:

(¥') ¢ is non-decreasing.

(¥?) For allt > 0, we have

po (1) = S0P (1) < oc.
p=0

Wherey? is thep'” iterate ofip. The functiony) € W is called comparison function.
Lemma 1.9[5] Lety € ¥. Then

)y(t) <t,Vit>D0.

i) ¥ (0) =0.

Definition 1.10[31] (x, <, D,) is called an ordered dislocated quésimetric space, if
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i) (x, Dyq) is dislocated quagk- metric space
i) <is a partial order ory.

2. MAIN RESULT

Let (x,D,) be a dislocated quasgi- metric spacej, € x andT : x — P(x)
be a multivalued mapping or. As Tj, is a proximinal set, then there exisfs <
T'jo such thab (jo, T'jo, T'j0) = Dq(jo,j1,71) and Dy(Tj0, Tjo, jo) = Dq(j1, 41, Jo)-
Now, for j; € x, there existj, € Tj; be such thaD,(j1,Tj1Tj1,) = Dy(j1, 2, j2)
andDy(Tj1,Tj1,j1) = Dy(j2, j2, 71)- Continuing this processve construct a sequence
Jjn Of points iny such thatj,+1 € Tjn, Dy(jn, Tin, Tin) = Dg(jn,in+1;Jn+1,) and
Dy(Tjn, Tin, jn) = Dg(jn+1, jnt+1,Jn). We denote this iterative sequengl’(j,,) } and
say that{ x7T'(j,)} is a sequence ig generated byj,.

Theorem 2.1Let (x, <, D,) be an ordered hi-sequentially complete dislocated quési
metric space and, T : x — P(x) be the multivalued mappingSuppose that the follow-
ing assertions hold:

(i) There exists a functiop € VU, j, € x andr > 0 such that

maX{HDq (ij Tpa Tp)v HDq (Tpv Tpv T])} < /”L(W(]vpvp))v
forall j,p € Bp, (jo,) N {xT(jn)} with j = Sj, p < Sp, where
W (j,p,p) = max{Dy(j,p,p), Dq(j, T4, Tj), Dq(p, Tp,Tp)}.

(i) If j € Bp,(jo,7), Dg(4, T4, Tj) = Dy(j,p,p) andDy(T'j, T3, j) = Dy(p,p,J),
then

(a) If j <S4, thenp = Sp (b) If j = Sj, thenp < Sp.
(iii)The setC(S) = {;j : j < Sj andj € Bp, (jo,r)} is closed and contairys.
(iv)
Zmax{ui(Dq(jl,jl,jO),M(Dq(jo,jl,jl)) < r.foralln eN.
=0
Then the subsequenég,,, } of {x7'(j.)} is a sequence i6'(S) and{jzn} — j* € C(S)

and D, (j*,7%,5%) = 0. Also, if the inequality (i) holds forj*. ThenS andT have a
common fixed poin§* in Bp, (jo,7).

Proof. As jy be an element of' (S), from condition (iii) jo =< Sjo. Consider the sequence
{XT (jn)}, then there exist$; € T'j, such that

Dy (jo, T'jo, Tjo) = Dq (jo, j1, j1) andDy (T'jo, T'jo, jo) = Dy(j1,j1 Jo)-
From condition (ii)j; = Sj;. From condition (iv), we have

maX{Dq(jlvjlajO)»Dq(j()ajlajl)}
< Y max{u(Dy(j1, 1. jo), 1 (Dy o, g1, 1)} < 7
=0

It follows that, D, (jo, j1,71) < r andDg(j1,j1,jo) < r. SO, we have, € Bp, (jo,).
Also,

Dq(jlalelea) = Dq(j17j27j2) anqu(lealeajl) = Dq(j27j2aj1)~
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As j; > Sj1, so from condition (ii), we havg, < Sj,. By triangular inequality, we have
Dy (jo, j2: j2) < Dqg (jo, j1,31) + Dg (j1, j2,j2) - (2.1)
Now, by Lemma 1.6, we have
Dy (j1,72,02) < Hga, (Tjo,Tj1,Tj1)
< max{Hp, (T'jo,Tj1,Tj1),Hp, (Tj1,Tj1,Tjo)}
As jo, j1 € Bp,(jo.7) N {XT(jn)}, j1 = Sj1 andjo < Sjo, then by (i), we have
Dg (41,742,02) < (W (j1,71,50))
= p(max{Dq (j1,j1,J0) » Dq (j1, Tj1, Tj1) , Dq (Go, Tio, Tjo) })
< p(max{Dq (j1,1,J0) , Dq (j1, j2,52) » Dg (o, j1,51)})-
If max {Dq (51, J1,j0) , Dg (j1, J2,52) s Dq (Jos j1,41)} = Dq (j1, j2,j2) then a contradic-
tion arise by the fact(¢) < ¢, so we have
Dy (j1, ja,j2) < p(max {Dq (j1, 1, jo) s Dg (Jo, j1,51)})- (2.2)
Now, inequality (2.1) implies
Dy (jo, j2,32) < Dg(jo,j1,51) + p(max {Dy (j1, 51, jo) , Dy (Jo, 1,71)})
< max {Dy (j1,71,70) , Dq (Jo, j1,51)}
+p(max {Dg (41,1, Jo) s Dq (Jo, j1,51)})
= max {Dg (j1,J1,Jo), Dq (Jo, j1,51)}
+max {u (Dqg (41,41, J0)) » 1 (Dg (Jo, J1,51)) }

1
= Y max{u (Dq (j1,41,J0) , " (Dg (o, j1.51))} <7
=0

By using (iv),we have

Dy (jo, j2, j2) <T- (2.3)
Now, by triangular inequality, we have
Dy (42, J2, jo) < Dq (j2,J2,J1) + Dq (41, j1, o) - (2.4)

Now, by Lemma 1.6, we have
Dy (j2,j2,51) < Hp, (Tj1,Tj1,Tjo)
< max{Hp, (Tj1,Tj1,Tjo),Hp, (Tjo,Tj1,Tj1)}
As j1, jo € Bp,(jo,7) N {xT'(jn)}, j1 = Sj1 andjo < Sjo, then by (i), we have
Dy (jo,jo,j1) < (W (41, 41,50))
= p(max{Dq (j1,J1.J0) , Dg (j1. Tj1, Tj1) s Dq (jo, Tjo, Tjo)})
< p(max {Dq (j1,71,J0) , Dq (j1.J2: j2) , Dg (Jos 31,51) })-

If max {Dq (jlajl,jo) 7Dq (j17j27j2) 3 Dq (jOajl,jl)} = Dq (j17j27j2) ) then by (22)1 we
have
Dy (41, 41,90) - }).

D, (42, 72,71) < p(max
a (2, J2:J1) < 1l {u(max{Dqch,yl,jo),Dq<jo,J1,J1>}>,Dq(yo,ﬁ,m
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If max {Dy (41, j1,J0) , Dq (Jo,71,51)} = Dq (jo, j1,51) , then, we have
Dy (j2,d2:51) < p(max{Dy (j1,51,40) » 1#(Dyg (Jo, j1,91))s Dy (Jo, J1,51)})
< p(max{Dy (j1,71,50) , Dg (Jo, j1,91) » Dg (Jo, J1.91)})
p(max {Dg (j1,71,50) s Dq (Jo, j1,51)})-
Similarly, if max {Dy (j1,j1,70) » Dq (Jo,J1,51)} = Dq (J1,71,J0) , then, we have
Dy (2, 32, J1) < p(max {Dy (j1, j1,J0) s Dq (Jo, J1,51)})-
Now, inequality (2.4) implies
Dy (41,71, o) + u(max { Dy (j1, j1,Jo) s Dq (Jo, J1,51)})
max { Dy (j1,71,50) » Dq (Jo, j1,51) } +
p(max {Dy (j1,71,J0) » Dg (Jo, j1,51)})
max { Dy (j1,J1,40) » Dg (Jo, j1,J1)} +
max {1 (Dq (j1,41,J0)) » 1t (Dg (Jo, J1,41))}

Dy (j2, j2,J0)

IN A

1
= ZIH&X{Mi(Dq(jl,ijo)aMi(Dq(jovjl,jl))} <
i=0

It follows that, D, (52, j2, jo) < 7. By (2.3) Dy(jo, j2, j2) < r. S0,j2 € Bp, (jo, 7). Also,
Dy (52, Tja, Tj2) = Dq (j2,Js, j3) andDy (Tj2, Tja2, j2) = Dq (j3,J3, Ja) -
As jo = Sjo, so from condition (ii), we havgs = Sjz. Let js,...,j2; € Bp,(jo,7) N
{(XT(jn)}. j;y = Sjjandj,_, = S, _ for somej € N, wherej’ = 2i,i =2,3..5.
Now, by Lemma 1.6, we obtain
Dy(j2i, joiv1, jeivr) < Hp, (Tj2i—1,Tjoi, Tj2i)
< max{Hp, (Tj2i—1,Tj2,Tj2i), Hp,(Tj2i, Tj2i, Tjoi—1)}-

AS j2i-1,J2i € Bp,(jo,7) N {XT(jn)}; j2i-1 = Sjzi-1,

Ja2i = S7ja;, then by (i), we have

Dq(jois j2it1,J2i+1) < (W (J2i—1,J2i, Joi))
L Do(jni1 oir joi)s DolGoi 1, Tarns 1, Taroi
Dy (j2i, J2i41, J2i41) = u(max{ a(J2i 13215?2722_ ‘11%2; 11;%21)22 1, T2i-1), })
4  max Dy(j2i—1,72i» j2i)s Dq(j2i-1, Jo2is J2i),
Dy(j2i, j2i+1, J2it1)-
< p(max {Dg(j2i—1,J2i, J2i), Dq(J2is J2it1, J2it1)})-

IN

max { Dy (joi—1,J2i, J2i ), Dq(J2is Joiv1, Joiv1)} = Dg(J2i, J2it1, Joit1)-
then Dy (jai, joit1, J2i+1) < p(Dg(d2i, joit1, J2i+1)), Which is contradiction to the fact
u(t) < t. Therefore
max { Dq(j2i—1,32i, J2i), Dq(32i, J2it1, J2iv1)} = Dq(d2i—1, 323, J2i)-
Then, we have
Dy (j2i5 joiv1, Joiv1) < u(Dq(fai—1, j2is j2i))- (2.5)
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which implies that
Dy (j2i, J2iv1s Jjoit1) < max {u(Dq(j2i—1, J2i, J2i ), 1(Dq(Jois Jois joi-1)} . (2.6)
Now, by Lemma 1.6

A

Dy(j2i-1,72i,J2i) < Hp, (Twoi—o,Twi—1,Tr2i1)
o Hp, (Txyi—2,Tx2i—1,Tx2i1),
Hp, (Txyi—1,Txoi1,Tx0 2) |~

AS joi_1,j2i—2 € Bp,(jo,7) N {XT (Jn)}, Joi—1 = Sj2i—1 @andja; o = Sjo;_o, then by
(i), we have

IN

Dy(j2i-1,72i,J2i) < (W (j2i-1,J2i—1,J2i—2))
= p(max{D,(j2i—1,J2i—1,J2i—2); (Dg(J2i—1, Jo2i> J2i),
Dy (j2i—2, j2i—1,J2i-1)})-

It max { Dy (j2i—1, j2i—1, j2i—2), (Dq(J2i—1, J2i, Jj2i), Dg(J2i—2, J2i—1, Jj2i-1)} = Dq(J2i-1, J2i j2i),
then contradiction arise to the faett) < ¢. Now

Dq(j2i717j2iaj2i) < pmax {Dq(j2i717j2i71aj2i72)7 Dq(j2i727j27;717j2i71)} .
Applying 12 on both side. As: is non decreasing function, so

,LL(Dq(jQi—lvaiaj%)) < ;ﬁ(max {Dq(jQi—lvai—lani—Q)a Dq(j?i—2aj2i—17j2i—l)})-

p(Dy(J2i-1, J2is joi)) = max {ﬂz(Dq(jQz’—l,jZi—laj2i—2), ﬂz(Dq(jQi—Qani—laj2i—1))} .
Now, by using (2.7) in (2.5), we have @0
Dy (j2i, J2i+1, J2i+1)) < max {MQ(Dq(jQiflyj%flaj2i72)7 MQ(Dq(j2i72aj2ifluj2i71)2)} .
Now, by Lemma 1.6 @9

N

Dy(j2i—2,J2i-1,J2i-1) < Hp, (Tw2;-3,Txo; 2, T o)
max Hp, (Tw2i—3, w22, TT2i-2),
Hp, (Tryi—2,Tx2i—2,Txei-3) [

AS joi_3,j2i—2 € Bp, (jo,7) N{XT(jn)}, j2i—3 = Sjoi—s andjo;_o < Sja;_o, then, we
have

IN

Dy (j2i—2, j2i—1,J2i—1) < (W (Jj2i—3, J2i—2, j2i—2))
Dy (j2i—3, joi—2, j2i—2), Dq(j2i—3, Tx2i—3, Tx2;—3)
< max q 3 J s g\J2i—-3; i—3) % )
s { Dy(joi—2,Tx2i—2, Tx2i_2)
<

Ji(max Dq(jQi—Saj2i—27j2i—2)a.Dq(jgi_3,j2i_27j2i_2),
D, (J2i—2,J2i—1,J2i-1)

= p(max{Dq(j2i—3, J2i—2, j2i—2), Dq(j2i—2, j2i—1,j2i—1)} -

If max {Dq (j2i—3, j2i—2, j2i—2), Dq(j2i—2, j2i—1, j2i—1)} = Dg(j2i—2, j2i-1, j2i—1), then
contradiction arise to the fagt(t) < ¢. Therefore

Dy (jai-2,j2i—1,J2i—1) < p(Dq(2i—3, j2i—2, j2i—2)) (2.9)
< p(max {Dq(j2i—3, j2i—2, j2i—2), Dq(j2i—2, joi—1, j2i—1)} -
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. ) . Dy (j2i—3, j2i—2, j2i—2)
2 3 q ) yJ 2t vJ21 )
D (joi—2,j2i-1,J2i-1) < ma. : : ; . 2.10
w=Dy(jai—2, j2i—1,J2i-1) < p ( X{ Dy (foi—2, jai1s J2i-1) ( )

Now, by Lemma 1.6
Dy(joi-1,J2i-1,2i—2) < Hp, (Tri—2,Txoi 2, TT9 3)

max Hp, (T3, Twi—2, Tr2i2),
Hp, (Txyi—2,Tx2i—2,Txoi-3) [

AS jai -3, j2i—2 € Bp,(jo,7) "{XT (jn)}, j2i—3 = Sj2i—3 andja; o < Sjai 2, then by
(i), we have

IN

A

Dy(j2i—1,J2i—1,72i—2) < (W (j2i—3, j2i—2, joi—2))
u (max{ Dy (j2i—3, j2i—2, j2i—2)s Dq(J2i—3, joi—2, j2i—2), })

IN

Dy (j2i—2, j2i—1,J2i—1)
p(max {Dg(joi—3, joi—2, joi—2), Dq(J2i—2, j2i—1, J2i—1) })-
By using inequality (2.9), we have

Dq(j2i—laj2i—17j2i—2) < ,u(max {Dq<j2i—2;j21'—27j2i—3)a /L"(Dq(jQi—3>j2i—2ajQi—Q))} .
As we know that
(Dq(j2i-3, jai-2, jei—2)) < Dq(jai-3, j2i—2, j2i—2)-
By the factu(f) < £, which implies that
1% (Dg (i1, j2i-1, Jai—2)) < p° (p(max {Dg(j2is, jai—2, j2i-2), Dg(j2i-2, j2i-2, j2i-3)} -

(2.11)
Combining inequalities (2.8) , (2.10) and (2.11), we have

Dy(j2i, joit1, joit1) < max {p®(Dg(joi—s, joi2, joi—2)), 1°(Dq(J2i—2, j2i—2, j2i—3)) } -
(2.12)
Following the patterns of inequalities (2.6), (2.8) and (2.12), we get

Dy(j2i, j2i+1, jaiv1) < max {u*(Dq(jo, 1, j1))s #**(Dg(j1, 1, Jo)) } -
Similarly, we have
Dy(j2i—1, jai-1, j2i) < max {p* " (Dg(jo, j1, 1)), >~ (Dg(j1, 15 40)) } -
Combining the above two inequalities, we have

’

Dy(jysdj 41 d541) < max{uj'(Dq(jo,jhﬁ)),uj (unlm,jo))}. (2.13)
Now by Lemma 1.6
< Hp,(Tj2i,Tj2i, Tjai—1)
< HlaX{HD{,(szi—hTj2i,Tj21)7HDq(szi,Tj%ij—l)}~

AS joi—1,j2; € Bp,(jo,m) N{xT (jn)}, J2i-1 = Sjai—1 andjs; < Sjo; then by (i), we
have

Dy(j2i+1, J2it1, J2i)

Dq(j2i+17j2i+1vj2i) S N(W(jmfla jQia JQz))
After simplification, we have

Dy (j2i41s J2it1, J2i) < p(max {Dq(j2i—1, j2i, J2i), Dq(J2i, J2it1, J2i+1)}).  (2.14)
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By inequality (2.5), we have
Dy(j2i41, 32i41,2i) < p(max {Dy(j2i—1, J2i, J2i), #(Dq(J2i—1, Jois 2i) })-
Aspu(f) <t
Dy (§2i41, J2it1,J2i) < p(Dg(d2i—1, Jo2is J2i))- (2.15)
Now,
Dy (j2it1, J2it1,J2i) < max {p (Dg(joi-1,j2i, 52i)) » 1(Dq(Jois Jois joi-1)} . (2.16)
Now, by using (2.7) in (2.15), we have

Dy (jai+1: J2it1, joi) < max {p? (Dg(fai—1, jai-1, j2i-2))  1° (Dg(j2i-2, j2i-1, j2i—1)) } -
(2.17)
Combining inequalities (2.10), (2.11) and(2.17), we have

Dy (j2i+1, J2it1, J2i) < max {M3 (Dy(joi3, joi—3, j2i—2)) , 11° (Dq(j2i-2,j2i—3, j2i—3)) } -
(2.18)
Following the patterns of inequalities (2.16), (2.11) and (2.18), we have

Dq(j2i+17j2i+17j2i) S max {,u2Z (Dq(j17.j17j0)) a:u% (Dq(j07j17j1))} .
Similarly, we have
Dy(j2i, j2is j2i—1) < max { =" (Dg(j1, 41, o)) » > " (Dqg (o, j1,41)) } -
Combining the above two inequalities, we have
Doy srsdyvrrdy) < max{ ! (Dy(jr, i o)) 4! (Dylojraj)) } . (2.29)
By using inequalities (2.13), (iv) and triangle inequality,we have

Dq(jOajj’+1»jj’+1) < Dq(jOvjlajl)+~--+Dq(jj/ajj’+1ajj,+1>

S maX{DQ(jhjlajO))a(Dq(j07jl7jl))}+
...+ max {/J’Qi(Dq(jlvjlajO))?/’L2i(Dq(j0aj1aj1))}
j/

S Zmax{ﬂi(Dq(jlvjlij)aMi(Dq(jOajlajl))}~
=0

Dy(os Jj 410957 11) <7 (2.20)
Similarly,by using inequalities (2.19), (iv) and triangle inequality, we have
j/ . .
Dq(jj’+1vjj’+1aj0) < Zmax{/il(Dq(jl»jlajO)vMl(Dq(jmjlajl))} <. (2-21)
=0
By Inequality (2.20) and (2.21), we hayg ., € Bp, (jo, 7). Also

Dq (jj'+17Tjj’+1aTjj'+1) = Dq <jj'+1ajj’+27jj'+2>
and
Dq (Tjj’+1vTjj’+1’jj’+1> =Dy (jj’+2vjj’+2’jj’+1) :
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As j; .y = Sjy 41, so from condition (i), we havg, ., < Sj./ . Similarly we get

Dq(jj 11535 1253 +2) < max {Hj/H(Dq(jl,jhjo))),uj/“(Dq(jo,jl,jl))} - (2.22)
and

Doy sar iy dyr o) < max {? 1 (Dy(Gi, 1. o)) 1+ (Dylio, i) } - (2:23)
Also

Dq(joajj’+27.jj'+2) <r anqu(jj’+27jj’+2aj0) <7
It follows thatj,/ ., € Bp,(jo, 7). Also

Dq <jj/+27Tjj’+27Tjj’+2> =Dy (jj/+2vjj’+3=jj/+3) :
and

D, (Tjj’+2vTjj’+2ajj’+2) =D, (jj’+3ajj’+3ajj'+2) :
As jj o = Sjj 4o, so from condition (i), we havg, 5 = Sj; 5. Hence by mathe-
matical inductionj,, € Bp, (jo,7), jen = Sjon @andja, i1 = Sjanq1 foralln € N. Also

Jon € C(S). Now inequalities (2.13) and (2.19),(2.22) and (2.23) can be written as for alll
neN

DQ(jn7jn+lajn+l) < max {N’n(Dq(jhjla.jO))vMn(DQ(Jbvjlvjl))} . (224)

Dq(jn-‘rlaj'rl-‘rl)jn) S max {:un(Dq(jlajlajO))v:un(Dq(.jO7jl7jl))} . (225)
Fix e > 0 and letk; (¢) € N such that

’

S max{u* (Dy(r. g1, 5o))s 1* (Do, g1, 1))} < e.
Letn,m e Nwithm' >n > k(¢), then
m/—l
Dy(ins G+ J) < Z Dy i 1 Jw +1)
kE'=n

!’
m —1
’

Z max{,uk (Dq(.jlvjlajo))huk (Dq(j05j17.jl))}7 by (224)
k'=n
D(](.jnajm’7jm') S Z max{un(Dq(jh.jth))a:un(Dq(jO?jla.jl))} <e.
k' >ki(e)
Thus, {xT'(j»)} is a left p-Cauchy sequence i(Bp, (jo,7), D,). Similarly, by using
(2.25), we have

IN

mlfl
Do s G+ dn) <Y Dl pasdar 410 di) < €.
k' =n
So, {xT'(j»)} is a rightp-Cauchy sequence iBp,(jo,r), D,). Thus we proved that
{XT'(j»)} is a bip-Cauchy sequence itBp, (jo,r), Dy). As every closed set in bi-
sequentially complete dislocated quési metric space is bp-sequentially complete and
C(S) is closed set, s@’'(S) is bi p-sequentially complete. As the subsequefigg, }
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of {xT'(j»)} is a bip-Cauchy sequence i@'(S), so there existg* € C(S) such that
{jon} — j*, thatis

lim Dy (jzn, 5, j%) = lm Dy(j*, 5", jan) = 0. (2.26)

Also
jr =< S85". (2.27)

Now

Dq(J*vj*vj*) S Dq(j*vj*vj2n) + Dq(j2naj*7j*)'
This impliesD,(5*, j*, 7*) = 0 asn — oo. Now

DQ(J*7TJ*>TJ*)

IN

Dq(5™ jan+2, jon+2) + Dy(Jont2, T3, T5")
Dy(5*, j2n+2, Jont2) + Hp, (Tjons1, T5*,T5%), (by Lemma 1.6)
Dy(5%, j2n+2, Jon+2)
+max {Hp, (Tjont1, 15", T5*), Hp, (T5*,T5", Tjan+1)}
By assumption, inequality (i) holds fgr. AlSO jon, 11 = Sjant1 andj* < Sj5*; so
D55, T5*,Tj*) < Dq(5*, jan+2, Joan+2) + (W (j2nt1,5%,5%))
= Dy(5*, j2n+2, Jon+2)

Dq(j2n+1,5"7%)s Dg(Jon+1, T Jon+1, Tion+1) })
+p | max 1 T T ’ ’
”( { D,(j*, T5", Tj")

INIA

IN

Dy (5, jon+2: Jon+2)

Dy(jan+1,3%,5%), Dg(Jan+1, J2n, 2n) })
+p | max 1 0 AT LA ’ .
“( { D, (j*. T§", Tj")

Lettingn’ — oo and by using inequalities (2.24) and (2.26), we obtain
This implies that
Dy(5*,T5%,Tj*) = 0. (2.28)
Now,
Dy(T5*,T5",5%)

-k

Dy(Tj5*,Tj", jan+2) + Dq(jon+2, Jon+2.5")
HDq (Tj*aTj*aTan—i-l) + Dq(j2n+2,j2n+2aj*)
max {HDq (Tj2n+17 T]*v T]*)a HDq (T.]*7 T.]*7 T.j27z+1)} +
D (jon+2,Jont2,77)-
As inequality (i) holds forj*, 7* < Sj* andjan11 = Sjan+1, then, we obtain
Dy(T5*,T5",5°) < pu(W(iz2ns1,7"57)) + Dyg(j2nt2, jont2,57)
Dy(jon+1.55%), Dq(d2n+1, Tiont1, T Jon+1), })
= max - - % - % +

u( { Dy(5*,T5*,T5*)
Dy (J2n+2, jont2,7")
u(maX{Dq(j2n+1aj*aj*)7Dq(j2n+17j2n7.j2n)7Dq(j*vTj*aTj*)}) +

-

Dy (jan+2,jont2:57)-

ININIA

IN
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Takingn’ — oo and by using inequalities (2.24), (2.26) and (2.28), we have
Dy(T5*,T5%,5*) = 0. (2.29)

From inequalities (2.28) and (2.29), we hgV¥ec Tj*. Asj* < Sj*andD,(j*,Tj*,Tj*) =
D, (Tj*,Tj*,5%) =0= Dy(5*,7*,3%), then from (ii)

J* = St (2.30)

From (2.27) and (2.30 ), we hayé < Sj* < j*. This impliesj* < p < j*, for all
p € Sj*. Thereforej* = p, for all p € Sj* or Sj* = {j*}. Hence* is a common fixed
point for S andT.

O
Example 2.2Let y = [0, c0) and
Dqy(j,p, 1) =j +2p+2L, (j,p,1) € x X X X x-

Then, (X,j,qu) be an ordered bp-sequentially complete dislocated quasimetric
space. LeR be the binary relation og defined by

(s Iy 11 1
R = {(17])-JGX}U{(375)-J6{0>17257625715625>~-~-}}

J o~ 11 1
U{(5’j) 17 €405 155 3135 }}'
Consider the partial order opdefined by

(4,p) € x X x, j = pifandonly(j,p) € R.
Define the pair of mappin@, .S : y — x by
7] g [ {Eieloy
1= {5’4}’&{ {j+5t:j>1
Observe that in this case, we have

11 1
A = {j:j=81=201—, —, ——, ..
{7:7 =55} {0, 35 6o5 15625 }
11 1
= p > = -, =, ... .
B {p:p = Sp} {075,157 TR }

Now, lety (t) = 5t, 7 > 0, jo = 1, then

Bp,(1,7) = {p:Dy(1,p,p) <7ADy(p,p,1) <7}
{p:1+2p+2p<TAp+2p+2(1) <7}
= {p:4p<6A3p<5}

S LppeBay <t
= p:p B) p 3

Bp,(1LT) = (5,2)C[0,3).
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Then,

C(S) — {] : j = SJ andj € BDq(joylr)}
11 1 3
1 _—— —— ... -
{O’ '95° 625’ 15625 }m[0’2)

11 1
= 0,1, oy b
{ 25 625’ 15625 }

Now, as=— € Bp, (jo,r) foralln € Nand

1 1 1 1 1 1 1 1

D = D
q(5n—1’ 5n—1’ 5n—1) q(5n—1 ’ [5.571,—1 ) 4.5n—1]7 [5'571,—1’ 45n—1])
1 1 1
= D
q(sn—l’ 5.5n—1" 5.5n—1)
and
1 1 1 1 1 1
Dq<T5n—1’ 5n—1" 5n—1) - D‘I(5 5n—1"p5 gn-1" 5n—1)'

Also, (s, === ) € Rforalln € {1,3,5,...},50 1 = St AS (e 2=, soo—7) €
R, so55n o= S55n r foralln € {1,3,5,...}. Now, as(55n 1,5"11) € R for all

n € {2,4,6,..}, 50 1 = Sty foralln € {2,4,6...}. Also, =t = Seoir,
thenwﬁ j Sgsn—l
i) Forallj,p € Bp, (jo,m) N {xT'(jn)} With j = Sj,p < Sp
1 1 1 1 1 1
Bp, (o ?) VIXT(G)y =41, =) — ) e
Do (o) N {XT ()} { 5725125 625’ 3125 15625 }
Case I: In general fom < m’ and
1 1
I gm0 P gpnt
We have
Hp (Tj,Tp,Tp) = max( sup Dy(a,Tp,Tp), sup D,(T7,b, b))
a€Tyj beTp
1 1 1
ax {feu:}“)g ala: 5x 25175 x 25”‘1)’ bSEUT% q(5 x 25m =1’

1 1 1
Dq( m/ —17 hx25n—17 5><25"_1)7
_ 20x25
= max D 1 1 1 .

‘1(5X25m’71 ? 4x25n—1) 4><25"*1)

( 17n -1 + 5)(2?" 1 + 5)(2?)” 1 )
Hp, (T3, Tp, Tp) = max { 20257 AT ea
o><25m -1 4><25” 1 4x25n—1

b,b)}
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1 2 2
max{ (20><25'm,/—1 + 5x25n—1 + 5><25"’1)’ }
( 1

Hp,(Tj,Tp,Tp)

1 1
5><25ml—1 + 2x25n—1 + 2><25"_1)

’ ’
40x25™ ~"440x25™ ""45

max J00.25m ~1 ’
25x25™ T"425%x25™ T 42
50.25m —1
80 x 25™ ~™ +5 50 x 25™ " 4+ 2
max ’ 9 ’
100 x 25™ —1 50 x 25m —1
100 x 25™ —" 4 4
100.25™ —1
Now
Hp, (Tp,Tp,Tj) = max | sup Dy(a,a,Tj), sup Dy(Tp,Tp,b)
a€Tp beTj
Dy( L) sup Dyl L)
max { su a, a6, ———— ), Su ) )
ae% 1 25 x 25m —1 beqpp 15 x 25n—17 5 x 25n—1
1 1 1
Dy gzzm=r 13571 25x25m —1 ),
max D 1 1 1 .
q(5><25"’1 ? Fx25n—17 20><25‘m,/—1 )

( ln, + 2n7 4 2
HDQ(TnTp,Tj)—max{ SR

25><25"L,*1)’
( 1 n 5 i o ) . (2.32)
5x25n—1 5x25n—1 20x25m’ —1
1 1 2
. (4><25"71 + 2x25n—1 25><25m/—1)’
Hp, (Tp,Tp,Tj) = max (S T 1 )
5x25n—1 5x25n—1 10x25m —1
!’ ’
25%25™ “"450x25™ 48
7
= max }00.25m —1 ’
10x25™ ~"420x25™ “"45
!
50.25m —1

75 % 25™ 1 48 30 x 25™ " 4+ 5
= max 7 7
100 x 25m 1’ 50 x 25m 1

75 x 25™ ~" 4 8
100 x 25m —1

Also

max {Hp, (T5,Tp,Tp), Hp, (Tp,Tp,T5)}

100 x 25™ " 44 75 x 25™ —" 4 8
max 7 ) /
100.25m —1 100 x 25m 1

100 x 25™ —" 4 4
100.25m 1
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Now, for j = Sj, p = Sp, we have

W(]apvp) = maX{Dq(j,p,p),Dq(j,Tj,Tj),Dq(]?,TP,Tp)}

1

1 T 1

T T

D 1 11 D( T )
= max{ ‘1(5><25m’*1’25 T 55n=1), Dg 5X125’”l*1715x25m/*1’ 5x25m —1 )’

Dy (

1
25n—19 25n—1) 25n—1

2 2

1 2
(z57=1 + sxz57=1 T 5xz5

1+10x25m " £10x25™ " 54242 54242

W(j,p,p) = maX{

5 x 25m —1 95 x 25m —17 5 x 25n—1 [
(2.33)
Wipp) - 1420x25™ " 54242 54242
b b - X ’ b ’ b
Rk 5 x 25m =1 725 x 25m’~17 5 x 2511
. 1420x25m "
5x25m' -1
As
100 x 25™ —" 4 4 _ 1+20x 95m —n
100.25m 1 - 5 x 25m —1
100 x 25™ —" 4 4 _ 5 1420 x 25m —n
100.25m 1 - 8 5 x 25m —1

max {Hp, (Tj,Tp,Tp),Hp, (Tp,Tp,Tj)} < uwW(,p,p)).

Case II: Forn > m’ and

o o
T T T
By using(2.31), we have
80+ 5 x 257 5042 x 25"
Hp, (Tj,Tp,Tp) =
D, (T3, Tp, Tp) max{ 100.25"-1 100 x 2571 }
8045 x 25
100.2571

Similarly, by using(2.32), we have

7548 x 25"™  §x 25n-m | 30}

Hp, (Tp,Tp,Tj) =
p,(Tp. TP, Tj) max{ 100.257-1  ° 50.25n-1

10 x 25"~™ 4 60
100,251

1 2 2 1
+ 5m=t t 5mnc
= max{ 5x25m —1 | 25m7T 25’1)7(5><25m/*1 225><25’"/*1 25.25m" -1

')
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L.H.S.

. _ 804+ 5 x 25" 10 x 25" 4 60
max {Hp, (T, Tp,Tp),Hp, (Tp,Tp,Tj)} }

max ,
{ 100.257—1 100.257—1

10 x 25"~™ 4 60
100.257—1

Now, by (2.33), R.H.S. forj = Sj,p < Sp,

95mm 4120 54242 54242
5.257=1 95 9ogm’—1" 5 25n-1

W(jp,p) = max {

_a5nm 490
o 5.25n—1
As
10 x 25"~™ 4 60 - 95n—m" 4 20
100.257—1 = 5.25n-1
10 x 25"~™ + 60 5 (25"™ 420
or < | =
100.257—1 8 5.25n—1
or max {Hp, (T§,Tp) Tp,Hp, (Tp,Tp,Tj)} < wn(De(j,p,p))-
Case lll: For
1
J=0,p En 1
We have

HDq(T]7Tpan) =

sup Dy(a,Tp,Tp), sup D4(Tj,b,b)
a€Tj beTp

1 1
Dy Dy(0,b,b
:GHJI")j 5><25n 175 % 25n— 1) bseuipp q( » Uy )}

Il
=)

I
=

a 2 ) (0 2 2 )
X + + +
5 x 25n—1 5 x 25n—17 4 x 25n—1 4 x 25n—1

=

ax

2 1 n 1
5><25” 1 5><25” 1792 x 2571 © 2 x 25n~—1

=

ax

1 1 1
D
ax{ ’5 x 25n—17 5 » 95n— 1) ‘I(O’4X25n—1’4x25n—1)}

2 B 2
5X25m71 2x 2571 2x25n—1"
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Now,
HDq(Tp7 Tp7 T.]) = max (Sup Dq(aaa’7Tj)a sup Dq(Tp7 Tpa b))
a€Tp beTyj
- Dy(a.a,0), sup Dy(— )
- AR O e @B PR el g o510 5 % a5n-1
1 1 1 1
max{ s Tt DalgSgm 5oag ’0)}
1 2 1 P
max{(4 251 T ot 2O (Gigm Tt t (0))}
1 1 1 P
Hp (T4, Tp,Tp) =
p,(T3,Tp, Tp) max{(4 o5 T awas 1) (5xomT TEx 25"1)}
max 3 3
4x 257175 x 2571
B 3
4 x25nl
LH.S.
max {Hp, (Tj,Tp,Tp),Hy (Tp,Tp,Tj)} = max 2 3 .
a \2D 2P S P)y Ha LD A D, 2 % 25717 4 x 2501
B 2
- 2x 25nL

Now, R.H.S. forj = Sj,p < Sp

W(j,p,p) = max{Dy(j,p,p),Dq(j,T5,Tj),Dq(p,Tp,Tp)}
1 1 1 1 1
= e { D0, o o) D, 0.0 T0) Dy (i T T ) |
P P 1 P P
- 04— 4+ —=).(0+2(0) +2(0
max{( +ognt + gt ) (04 200) +200), (G + 5951 T 5% 25”1)}
B 4,9 4
e BT T R SV T Ul (AT T
As
P .4
2 x 25n—1 25n—1

(0]

2 5( 4
r——— < - (—
2x25n—1 = 8\ 2571

max {Hp, (T'5,Tp,Tp),Hp, (Tp,Tp,Tj)} < w(W(j,p,p)).

Case |V: For
1

]ZW,IJZ

0
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We have

Sup Dq(aanv Tp)a bseuip Dq(Tjabab)>
p

beTp

1
7:0,0), Dq(25x25n_17070)}

aeTj
1
= max Dy(5a7o
1
= max
1
T 20 x 251

Now

HDq(Tpan7Tj) =

2

1
= max{sup_Dq(a,0,0), sup Dq<25><25”1’b’b)}

77725 x 25n-1

1
20 x 25717 25 x 2571 }

sup D,(a,a,Tj), sup Dy(Tp, Tp, b))

beTyj

1
sup Dq(d,(l, W), sup Dq(0,0,b)}

beTj

1
D -
), Dq(0,0, 20 x 25%-1)}

2

2
25 x 25717 20 x 257—1 }

(

{
{200
{

{

10 x 251"

L.H.S.

max {Hp, (T4, Tp,Tp), Hp, (Tp,Tp,T5)} =

1
25 x 25717 10 x 2571 }

1 1
e { 20 x 257110 x 2571 }
_ 1
10 x 2571



Common Fixed Point of Multivalued Mappings in Ordered Dislocated Quasi G-Metric Spaces

19

Now, R.H.S. forj = Sj,p < Sp

W(j,p,p) = max{Dy(j,p,p),Dq (4,15, Tj),Dq(p,Tp,Tp)}
1 1 1 1
— max Dq(WvovO)’Dq (5><25"*1 ) 25251 25><25"*1) )
Dy (0,0,0)
1 1 2 2
— max (W ‘*‘(H‘O)v(sx%w1 + a5xosT T 25X25n,1),
(040 +0)

1 7 .
= ma.
15 x 257-1" 25 x 2571

B 7
T 25 x 251"
As
1 7
<
10 x 2571 = 25 x 25n—1
1
or - < § #
10 x 2571 8 \ 25 x 25n—1

or max {Hp, (Tj,Tp,Tp),Hp, (Tp,Tp,Tj)} 1w (W (5, p,p)) .

Case V:The result trivially holds forj = 0 andp = 0. As jo = 1, j1 = +.

IN

Zma‘x{ui(Dq(jlvjth)v/’Li(Dq(j()vjlajl))
i=0
- 11 11
— (T 1 1 1 I
;maX{u (505 D0 (5 20}

= Zmax{/ﬂ‘(1 + 2 +2), 1 (1 + 2 + g)}

v 575 575
= Y ma{ ()R
=0
= max({(2), ()} + max{ud (), 11 ()} + -+ max{” (5,17 ()

5
1 5.
3 XZ(2)2:6.93<7:T
So,
n . .
Zma‘x{ul(Dq(jhjth)a:ul(Dq(jOajlajl)) <. for a” n € N.
1=0

Then the subsequengé,,, } of {j,.} is a sequence i6¥(S) and{j2,} — j* =0 € C(S)

andD,(j*,5%,j*) = 0. Also, inequality (i) holds forj*. HenceS andT" have a common

fixed point;* in Bp, (jo, ).
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By excluding ball, we obtain the following new result.
Theorem 2.3Let (x, <, D,) be an ordered bp-sequentially complete dislocated quasi
G metric space and,T : x — P(x) be the multivalued mappingSuppose that the
following assertions hold:
(i) There exists a functiop € ¥ such that for every, p € x with j = Sj, p < Sp, we
have
max{Hp, (T, Tp,Tp), Hp,(Tp,Tp,Tj)} < n(W(j,p,p)),
where
W(jvpap) = maX{Dq(jap7p)’ D(](j7 Tja T])? Dq(pa Tp7 Tp)}
(i) If Dg(j, T5,Tj) = Dq(j, p;p) andDy(T'j,Tj, j) = Dq(p, p, j), then
(a) If j = Sj, thenp = Sp (b) If j = Sj, thenp < Sp.
(i) The setC(S) = {j : j < Sj} is closed and containg.
Then the subsequendgz, } of {xT'(j,)} is a sequence iG'(S) and{jz,} — j* €
C(S)andD,(j*,5*,j*) = 0. Also, if the inequality (i) holds foj*. ThenS andT" have a
common fixed poin§* in x.

By excluding order and taking closed ball instead of open ball, we obtain the following
new result.
Theorem 2.4Let (x, D,) be a bip-sequentially complete dislocated quésmetric space
andS,T : x — P(x) be the multivalued mappingSuppose that the following assertions
hold:

(i) There exists a functiopn € VU, jo € x andr > 0 such that for everyj,p €
BDq (jOa T) n {XT(]n)}a we have

max{Hp, (Tj,Tp, Tp), Hp,(Tp, Tp,Tj)} < u(W(j,p,p)),
where
W (j,p,p) = max{Dq(j,p,p), Dq(j, T4, Tj), Dg(p, Tp,Tp)}.
(i)
n
Zmax{ui(Dq(jl,jl,jO),/f(Dq(jo,jl,ﬁ)) < r.foralln e N.
1=0

Then the subsequenég,, } of {xT'(j.)} is a sequence iBp, (jo,r) and{jz,} — j* €
Bp,(jo,r) andDg(5*, j*, j*) = 0. Also, if the inequality (i) holds for*. ThenS andT
have a common fixed poinit in Bp,_ (jo,7).

By excluding order and ball, we obtain the following new result.
Theorem 2.5Let (x, D,) be a bip-sequentially complete dislocated quésmetric space
andT : x — P(x) be a multivalued mappinguppose that there exists a functjore ¥
such that for every, p € x, we have

max{Hp (Tj,Tp,Tp), Hp,(Tp,Tp,Tj)} < n(W(j,p,p)),
where
W (j,p,p) = max{Dy(j,p,p), Dg(j, Tj,Tj), Dq(p, Tp,Tp)}.
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ThenS andT have a common fixed poift in x andD,(j*, j*,j*) = 0.

Remark 2.6 Corresponding fixed point results in metric spaces, quasi metric spaces, dislo-
cated quasi metric spaces, partial quasi metric spaces, partial metric spaces, diglecated
metric spaces an@- metric spaces can be obtained which will be still new in literature.
Remark 2.7 By taking six improper subsets of the 3&t(j, p, p), we can obtain different

new corollaries.

Remark 2.8 By taking self mapping instead of multivalued mappinge can obtain dif-
ferent new corollaries.
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