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Abstract.: We construct a family of 2-step simultaneous methods for de-
termining all the distinct roots of single variable non-linear equations. We
further extend this family of simultaneous methods to the case of multiple
roots. It is proved that both the family of methods are of convergence or-
der eight and has better computation efficiency as compared to some other
simultaneous methods in the literature. At the end, numerical test exam-
ples are given to demonstrate the efficiency and performance of the newly
constructed simultaneous methods.
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1. INTRODUCTION

One of the primeral problems in mathematics is the determination of roots of non-linear
equation. There are number of applications of non-linear equation in science and engi-
neering. Newton’s method is a numerical method which finds a single root at a time. The
simultaneous iterative methods such as, Weierstrass method is used to find all the distinct
roots. The iterative methods for finding single and multiple roots of non linear polynomial
equation have been studied by Wang [35], Li [15], Osda [19], Chun and Neta [5], Homeier
[8], Bi [2], Proinov and Ivanov [30], Ivanov [11] and many others. On the other hand, there
are lot of numerical iterative methods devoted to approximate all roots of polynomial equa-
tion simultaneously (see, e.g. Weierstrass’ [36], Kanno [12], Proinov [23], Sendov [34],
Petkovi´c [20], Mir [16], Nourein [18], Aberth [1], Cholakov [4], Iliev [10], Kyncheva [13]
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and the references therein). The simultaneous iterative methods are popular as compared
to single root finding methods due to their wider range of convergence, are more stable
and can be implemented for parallel computing as well. Further details on simultaneous
methods, their convergence analysis, efficiency and parallel implementations can be seen
in [6, 24, 35, 25, 18, 26, 22, 7, 27, 28, 3, 29, 31, 32, 33, 9, 14] and references cited there in.
The main objective of this paper is to develop simultaneous methods which have a higher
convergence order and can find distinct as well as multiple roots of non-linear polynomial
equation, say:

f(x) = 0. (1. 1)

2. CONSTRUCTIONS OF SIMULTANEOUS METHODS

We construct here a family of higher order simultaneous methods which are more effi-
cient than the methods existing in literature.

2.1. Construction of Family of Simultaneous Methods for Distinct Roots.Consider
2-step method proposed by Li et al. [36]:




y(k) = x(k) − f(x(k))

f ′ (x(k))
,

z(k) = y(k) − f(y(k))

f ′ (y(k))−αf(y(k))
,

(k = 0, 1, 2, ...) (2. 2)

whereα is any arbitrary real parameter. The 2-step method ( 2. 2 ), is of fourth order
convergence, ifα = 0, then it is well-known 2-step Newton’s method for calculating single
root at a time. We would like to convert it into simultaneous method for approximating all
the distinct roots of ( 1. 1 ).
Method ( 2. 2 ) can be written as:

y(k) = x(k) − f(x(k))

f ′ (x(k))
,

z(k) = y(k) −
(

1
f′(y(k))

f(y(k))
−α

)
.

(2. 3)

Let

w(xi) =
f(xi)

n

Π
j 6=i
j=1

(xi − xj)
, i = 1, 2, 3, ..., n, (Weierstrass’ Correction [8]). (2. 4)

Taking natural logarithm of ( 2. 4 ) and then differentiating, we obtaine (see [14]):

w′(xi)
w(xi)

=
f ′(xi)
f(xi)

−
n∑

j 6=i
j=1

1
(xi − xj)

. (2. 5)

Let x1, . . . , xn be the distinct approximations to the rootsξ1,...,ξn of non-linear equation (
1. 1 ). Replacingxj by x∗j in ( 2. 5 ), we have:

w′(xi)
w(xi)

=
f ′(xi)
f(xi)

−
n∑

j 6=i
j=1

1
(xi − x∗j )

, (2. 6)
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or equivalently

w(xi)
w′(xi)

=
1

f ′(xi)
f(xi)

−
n∑

j 6=i
j=1

1
(xi−x∗j )

=
1

1
N(xi)

−
n∑

j 6=i
j=1

1
(xi−x∗j )

, (2. 7)

where x∗j = xj − f(xj)
f ′(xj)

andN(xi) =
f(xi)
f ′(xi)

.

Replacingf(xi)
f ′(xi)

by w(xi)
w′(xi)

in ( 2. 3 ), we have:

yi = xi − 1

1
N(xi)

−
nP

j 6=i
j=1

1
(xi−x∗

j
)

, (i, j = 1, 2, ..., n)

zi = yi − 1

1
N(yi)

−
nP

j 6=i
j=1

1
(yi−yj)−α

,
(2. 8)

whereα is a real parameter.

Thus, we have constructed a new family of 2-step simultaneous methods ( 2. 8 ), abbrevi-
ated asMMN8D, for extracting all the distinct roots of non-linear equation.

2.1.1. Construction of Family of Simultaneous Methods for Multiple Roots.Now, family
of method ( 2. 8 ) for extracting all the distinct roots of non-linear equations modified for
finding multiple roots of ( 2. 4 ) as given by

yi = xi − σi

σi
N(xi)

−
sP

j 6=i
j=1

σj
(xi−x∗

j
)

, (i, j = 1, 2, ..., s ≤ n)

zi = yi − σi

σi
N(yi)

−
sP

j 6=i
j=1

σj
(yi−yj)−α

,
(2. 9)

where

x∗j = xj − σj
f(xj)
f ′(xj)

,

andσi is the multiplicity of actual multiple rootsζi. It should be noted that we denotey(xi)
by yi andz(xi) by zi.

We denote the method ( 2. 9 ) byMMN8M.

2.2. Convergence Analysis.In this section, the convergence analysis of a family of two-
step simultaneous methods ( 2. 9 ) given in form of the following theorem. Obviously,
convergence for the method ( 2. 8 ) will follow from the convergence of the method ( 2. 9
) from theorem (1) when the multiplicities of the roots are simple.

Theorem 2.3. :Let ξ1 , ..., ξs be all distinct roots of non-linear polynomial equation ( 1. 1

) with multiplicitesσ1, ..., σs, respectively. Ifx(0)
1 , ..., x

(0)
s be the initial approximations

of the roots respectively and sufficiently close to actual roots, the order of convergence of
method ( 2. 9 ) equals eight.



34 N. A. Mir, M.Shams, N. Rafiq, S. Akram and R. Ahmed

Proof. Let

εi = xi − ξi,

ε′i = yi − ξi,

and ε
′′
i = zi − ξi

be the errors inxi, yi andzi approximations respectively. Considering the first step of ( 2.
9 ), which is

yi = xi − σi

σi

N(xi)
−

s∑
j 6=i
j=1

σj

(xi−x∗j )

,

where

N(xi) =
f(xi)
f ′(xi)

.

Then, obviously for distinct roots:

1
N(xi)

=
f ′(xi)
f(xi)

=
n∑

j=1

1
(xi − ξj)

=
1

(xi − ξi)
+

n∑

j 6=i
j=1

1
(xi − ξj)

.

Thus, for multiple roots we have from ( 2. 9 ):

yi = xi − σi

σi

(xi−ξi)
+

s∑
j 6=i
j=1

σj

(xi−ξj)
−

s∑
j 6=i
j=1

σj

(xi−x∗
j
)

,

yi − ξi = xi − ξi − σi

σi

(xi−ζi)
+

s∑
j 6=i
j=1

σj(xi−x∗j−xi+ζj)

(xi−ζj)(xi−x∗
j
)

,

ε′i = εi − σi

σi

εi
+

s∑
j 6=i
j=1

−σj(x∗j−ξj)

(xi−ξj)(xi−x∗j )

,

= εi − σiεi

σi + εi

s∑
j 6=i
j=1

−σj(x∗j−ξj)

(xi−ξj)(xi−x∗j )

,

= εi − σi.εi

σi + εi

s∑
j 6=i
j=1

Eiε2j

,
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wherex∗j − ξj = ε2j ([17]) andEi = −σj

(xi−ξj)(xi−x∗j ) .

Thus,

ε
′
i =

ε2i
s∑

j 6=i
j=1

Eiε
2
j

σi + εi

s∑
j 6=i
j=1

Eiε2j

. (2. 10)

If it is assumed that absolute values of all errorsεj (j = 1, 2, 3, ...) are of the same order
as, say|εj | = O |ε|, then from ( 2. 10 ), we have:

ε
′
i = O(ε)4. (2. 11)

From second equation of ( 2. 9 ),

zi = yi − σi

σi

N(yi)
−

s∑
j 6=i
j=1

σj

(yi−yj)
− α

,

zi − ξi = yi − ξi − σi

σi

yi−ξi
+

s∑
j 6=i
j=1

σj

(yi−ξj)
−

s∑
j 6=i
j=1

σj

(yi−y
j
) − α

.

This implies,

ε
′′
i = ε′i −

σi

σi

ε′i
+

s∑
j 6=i
j=1

σj

(yi−ξj)
−

s∑
j 6=i
j=1

σj

(yi−y
j
) − α

= ε′i −
σi.ε

′
i

σi + ε
′
i




s∑
j 6=i
j=1

σj .(yi−yj−yi+ξj)
(yi−ξj)(yi−yj)


− ε

′
iα

,

= ε′i −
σi.ε

′
i

σi + ε
′
i




s∑
j 6=i
j=1

−σ
j
.(y

j
−ξj)

(yi−ξj)(yi−yj)


− ε

′
iα

,

= ε′i −
σiε

′
i

σi + ε
′
i

s∑
j 6=i
j=1

ε
′
jFi − ε

′
iα

, whereFi =
−σj

(yi − ξj)(yi − yj)
.
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This implies,

ε
′′
i = ε

′
i −

σi.ε
′
i

σi + ε
′
i




s∑
j 6=i
j=1

ε
′
jFi − α




,

= (ε
′
i)

2




s∑
j 6=i
j=1

ε
′
jFi − α

σi + ε
′
i




s∑
j 6=i
j=1

ε
′
jFi − α







.

Since from ( 2. 11 )ε
′
i = O(ε)4, thus,

ε
′′
i = O((ε)4)2,

ε
′′
i = O(ε)8,

which shows convergence order of method ( 2. 9 ) is eight. Hence, it proves the theorem.

3. COMPUTATIONAL ASPECT

Here we compare the computational efficiency and convergence behavior of the M. S.
Petkovi´c, L. D. Petkovi´c, J. D. Zunic ,methods [10, 3] and the new method( 2. 9 ). As
presented in [3], the efficiency of an iterative method can be estimated using the efficiency
index given by:

EL(m) =
logr
D

, (3. 12)

whereD is the computational cost andr is the order of convergence of the iterative
method. Using arithmetic operation per iteration with certain weight depending on the
execuation time of operation to evaluate the computational costD. The weights used for
division, multiplication and addition plus subtraction are wd, wm, wAS respectively. For a
given polynomial of degreem andn roots, the number of division, multiplication addition
and subtraction per iteration for all roots are denoted by Dm, Mm and ASm. The cost of
computation can be calculated as:

D = D(m) = wasASm + wmMm + wdDm, (3. 13)

thus ( 3. 12 ) becomes:

EL(m) =
log r

wasASm + wmMm + wdDm
(3. 14)

Considering the number of operations of a complex polynomial with real and complex
roots reduce to operation of real arithmetic, given in Table 3.1 as polynomial degree m
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FIGURE 1

taking the dominant term of order(m2). Apply ( 3. 14 ) and data given in Table 3.1, we
calculate the percentage ratioρ((2.9), (X)) [3] given by:

ρ((2.9), (X)) =
(

EL(2.9)
EL(X)

− 1
)
× 100 (in percent), (3. 15)

where X is Petkovi´c methods. Figure 1 graphically illustrates these percentage ratios.
It is evident from Figure 1 that the newly constructed simultaneous method2.9 is more
efficient as compared to the M. S. Petkovi´c, L. D. Petkovi´c, J. D. Zunic methods [10, 3].

Table 3.1: The number of basic operations
Methods ASm Mm Dm

Petkovic Method (PJ8M) 15m2 + O(m) 13m2 + O(m) 2m2 + O(m)
Petkovic Method(PJ10D) 22m2 + O(m) 18m2 + O(m) 2m2 + O(m)
New Method( 2. 9 ) 8m2 + O(m) 10m2 + O(m) 2m2 + O(m)

We also calculate the CPU execuation time, as all the calculations are done using maple
18 on (Processor Intel(R) Core(TM) i3-3110m CPU@2.4GHz with 64-bit Operating Sys-
tem. We observe that CPU time of the method MMN8M is less than M. S. Petkovic meth-
ods [10, 3], showing the dominance efficiency of our method ( 2. 9 ) as compared to them.

4. NUMERICAL RESULTS

Here, some numerical test examples are considered in order to demonstrate the perfor-
mance of our family of two-step eighth order simultaneous methods, namelyMMN8D (
2. 8 ) andMMN8M ( 2. 9 ). We compare our family of methods with M. S. Petkovi´c,
L. D. Petkovi´c, J. D. Zunic [10] method of order six for multiple roots (abbreviated as
PJ6M method) and M. S. Petkovi´c, L. D. Petkovi´c, J. D. Zunic [3] method of order ten
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for multiple roots (abbreviated as PJ10D method). All the computations are performed us-
ing Maple 18 with 64 digits floating point arithmetic. We take∈ = 10−30 as a tolerance
and approximating the roots the following stopping criteria are used:

(i) ei =
∣∣∣f

(
x

(k+1)
i

)∣∣∣ <∈,

(ii) ei =
∥∥∥x

(k+1)
i − ξ i

∥∥∥
2

=

(
n∑

i=1

∣∣∣x (k+1)
i − ξ i

∣∣∣
) 1

2

, (k = 0, 1, ...),

whereei represents the absolute error of function values in(i) and norm-2 in(ii) [10].
In all the examples forMMN8M , we have takenα = 0.001. Numerical tests examples

from [15, 17, 4] are provided in Tables4.1(a), 4.1(b), 4.2(a), 4.2(b), 4.3(a), 4.3(b), 4.4(a)
and4.4(b) In Table4.1(a), 4.2(a), 4.3(a), and Table4.4(a) the stopping criteria(i) is used
while in Table4.1(b), 4.2(b), 4.3(b) and Table4.4(b), stopping criteria(ii) is used. In all
Tables CO represents the convergence order, n represents the number of iterations,γ=1
represents for multiplicity is equal to one ,γ 6=1 represents for multiplicity not equal to oneand
CPU represents computational time in seconds. For multiplicity unity,we get numerical
results for distinct roots. We observe that numerical results of the methods MMN8M and
MMN8D are better than PJ6M and PJ10D methods on second iteration.The Figure 2 ,3, 4,
5 shows the residual fall of different methods for the examples 4.1,4.2,4.3,4.4, shows that
MMN8M is more efficient as compared to the other methods.

Algorithm of simultaneous iterative methods (MMN8M)
Step 1: For givenx(0)

1 , x
(0)
2 , x

(0)
3 , ..., x

(0)
s , calculatex(1)

1 , x
(1)
2 , x

(1)
3 , ..., x

(1)
s such that

yi = xi − σi

σi
N(xi)

−
sP

j 6=i
j=1

σj
(xi−x∗

j
)

, (i, j = 1, 2, ..., s ≤ n),

zi = yi − σi

σi
N(yi)

−
sP

j 6=i
j=1

σj
(yi−yj)−α

,

wherex∗j = xj − σj
f(xj)

f ′ (xj)
,andσi is the multiplicity of actual multiple rootsζi.

Step 2: For a given∈ > 0,
∣∣∣f

(
x

(k+1)
i

)∣∣∣ <∈ or

(
n∑

i=1

∣∣∣x (k+1)
i − ξ i

∣∣∣
) 1

2

<∈, then stop.

Step 3: Setk = k + 1 and go to step 1.
Example 4.1[15]: Consider

f(x)=(x + 1)2 (x + 3)3 (x2 − 2x + 2)2 (x− 1)3 (x2 − 4x + 5)2 (x2+4x + 5)2,

with multiple exact roots (γ 6=1):

ξ1 = −1, ξ2 = −3, ξ3,4 = 1± i, ξ5 = 1, ξ6,7 = −2± I, ξ8,9 = 2± I.

The initial approximations have been taken as:

(0)
x1 = −1.3 + .2i,

(0)
x2 = −2.8− .2i,

(0)
x 3 = 1.2 + 1.3i,

(0)
x 4 = 0.8− 1.2i,

(0)
x 5 = 0.8− 0.3i,

(0)
x 6,7 = −1.8± 1.2i,

(0)
x 8,9 = 1.8± .8i.

For distinct roots (γ = 1):

f(x)=(x + 1) (x + 3)(x2 − 2x + 2)(x− 1)(x2 − 4x + 5)(x2+4x + 5).
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FIGURE 2. Residual fall for Example 4.1.

Table.4.1(a)
Method CO CPU γ n e1 e2 e3 e4 e5 e6 e7 e8 e9

PJ6M 6 1.547 γ 6=1 2 0.2e-46 0.4e-81 0.3 e-35 0.2e-35 0.2 e-55 0.8 e-48 0.5 e-49 0.1 e-36 0.4e-35

PJ6M 6 1.156 γ = 1 2 3.6e-1 4.5e-1 4.3 e-0 8.8 e-0 2.9 e-0 5.0 e-1 7.2 e-1 1.5 e-0 4.3e-0

PJ10D 10 0.797 γ=1 2 1.0e-9 6.9e-13 4.0 e-7 4.2 e-8 2.6 e-7 8.0 e-11 1.2 e-10 1.3 e-8 6.0e-7

MMN8M 8 0.203 γ 6=1 2 0.2e-44 0.3e-101 0.1 e-30 0.4 e-32 0.1 e-59 0.3 e-50 0.6 e-54 0.7 e-42 0.5e-29

MMN8D 8 0.234 γ=1 2 3.8e-28 1.0 e-33 2.2 e-21 5.5 e-24 3.3 e-20 3.5e-35 1.8e-31 7.3 e-24 1.4e-21

Table.4.1(b)
Method CO CPU γ n e1 e2 e3 e4 e5 e6 e7 e8 e9

PJ6M 6 1.641 γ 6= 1 2 0.6e-26 0.1 e-29 0.2 e-20 0.1e-20 0.6e-20 0.1 e-27 0.4 e-28 0.6 e-22 0.4e-21

PJ6M 6 1.172 γ = 1 2 3.6e-1 6.4 e-6 9.5 e-3 1.9e-2 1.8e-2 2.0 e-5 2.9 e-5 8.6 e-3 2.5e-2

PJ10D 10 0.766 γ = 1 2 0.6e-26 0.1 e-29 0.2 e-20 0.1e-20 0.6e-20 0.1 e-27 0.4 e-28 0.6 e-22 0.4e-21

MMN8M 8 0.234 γ 6= 1 2 0.6e-25 0.2 e-36 0.4 e-18 0.7e-19 0.2e-21 0.1 e-28 0.1 e-30 0.1 e-24 0.4e-18

MMN8D 8 0.156 γ = 1 2 9.7e-31 1.5 e-37 5.12 e-24 1.2e-26 2.0e-22 1.4 e-38 7.6 e-35 4.0 e-27 8.1e-21

Example4.2[15]: Consider

f(x) = (x+1) 2 (x+2) 3(x 2-2 x+2) 2 (x2+1)2(x-2) 3 (x+2i)2,

with multiple exact roots (γ 6=1):

ξ1 = −1, ξ2 = −2, ξ3,4 = −2± i, ξ5,6 = ±i, ξ7 = 2, ξ8 = −2 + i.

The initial approximations valve have been taken as:

(0)
x1 = −1.3 + .2i,

(0)
x2 = −2.2− .3i,

(0)
x 3 = 1.3 + 1.2i,

(0)
x 4 = 0.7− 1.2i,

(0)
x 5 = −0.2 + .8i,

(0)
x 6 = 0.2− 1.3i,

(0)
x 7 = 2.2− .3i,

(0)
x 8 = −2.2 + 0.7i.
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FIGURE 3. Residual fall for Example 4.2

For distinct roots (γ = 1):

f(x) = (x+1) (x+2) (x 2-2 x+2) (x2+1) (x-2) (x+2i).

Table.4.2(a)
Method CO CPU γ n e1 e2 e3 e4 e5 e6 e7 e8

PJ6M 6 0.922 γ 6=1 2 2.6e-7 1.8e-7 5.5e-0 1.1e-7 8.4e-9 8.0e-8 1.2e-7 1.0e-7

PJ6M 6 1.078 γ=1 2 2.0e-9 1.2e-7 6.3e-12 5.7e-10 3.4e-12 5.4e-10 5.4e-19 5.5e-11

PJ10D 10 0.594 γ=1 2 1.2e-1 3.0e-2 2.7e-1 7.9e-2 1.8e-1 3.1e-2 1.2e-1 8.2e-3

MMN8M 8 0.250 γ 6=1 2 3.5e-47 2.7e-88 0.0 1.4e-45 3.7e-62 7.7e-47 2.2e-97 1.8e-49

MMN8D 8 0.156 γ =1 2 2.6e-35 3.8e-36 0.0 0.0 5.1e-38 4.6e-32 1.9e-37 0.0

Table.4.2(b)
Method CO CPU γ n e1 e2 e3 e4 e5 e6 e7 e8

PJ6M 6 1.047 γ 6=1 2 6.2e-7 4.3e-8 8.9e-9 7.0e-8 1.3e-8 1.1e-7 8.2e-9 1.0e-8

PJ6M 6 0.906 γ=1 2 6.2e-9 9.4e-10 4.1e-12 7.4e-10 1.3e-10 8.9e-10 2.5e-10 2.9e-10

PJ10D 10 0.578 γ=1 2 3.9e-3 1.5e-4 2.1e-1 4.9e-4 2.8e-3 3.5e-4 2.4e-3 2.3e-4

MMN8M 8 0.203 γ 6=1 2 0.8e-25 0.2e-30 0.1e-32 0.1e-24 0.2e-32 0.4e-25 0.5e-33 0.6e-27

MMN8D 8 0.156 γ =1 2 6.6e-37 2.0e-38 1.1e-39 3.6e-34 1.6e-39 5.2e-34 4.2e-42 5.4e-37

Example4.3[4]: Consider

f(x) = (e x (x−1) (x−2) (x−3) − 1) 4,

with multiple exact roots (γ 6=1):

ξ1 = 0, ξ2 = 1, ξ3 = 2, ξ4 = 3.

The initial approximations have been taken as:
(0)
x1 = 0.1,

(0)
x2 = 0.9,

(0)
x 3 = 1.8,

(0)
x 4 = 2.9,
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FIGURE 4. Residual fall for Example 4.3

For distinct roots (γ = 1):

f(x) = (e x (x−1) (x−2) (x−3) − 1).

Table.4.3(a)
Method CO CPU γ n e1 e2 e3 e4

PJ6M 6 0.234 γ 6=1 2 7.7e-9 2.6e-4 1.1e-3 9.3e-3

PJ6M 6 0.156 γ=1 2 9.3e-3 2.5e-4 2.0e-3 9.3e-3

PJ10D 10 0.125 γ=1 2 9.3e-3 2.7e-4 1.2e-3 9.3e-3

MMN8M 8 0.062 γ 6=1 2 0.0 0.0 0.0 0.0

MMN8D 8 0.062 γ=1 2 1.1e-9 0.0 0.0 1.1e-9

Table.4.3(b)
Method CO CPU γ n e1 e2 e3 e4

PJ6M 6 0.176 γ 6=1 2 1.5e-3 1.3e-4 6.5e-4 1.5e-3

PJ6M 6 0.110 γ=1 2 1.5e-3 1.3e-4 6.3e-4 1.5e-3

PJ10D 10 0.094 γ=1 2 1.5e-3 1.3e-4 6.5e-4 1.5e-3

MMN8M 8 0.063 γ 6=1 2 6.6e-11 6.0e-16 4.7e-14 3.8e-10

MMN8D 8 0.062 γ=1 2 1.7e-10 5.0e-16 2.4e-13 1.5e-10

Example 4.4[17]: Consider

f(x) = (x 3+5 x 2-4 x-20+cos (x 3+5 x 2-4 x-20)-1) 5,

with multiple exact roots (γ 6=1):

ξ1 = - 5, ξ2 = - 2, ξ3 = 2,

The initial approximations have been taken as:

(0)
x1 = −5.1,

(0)
x2 = −1.8,

(0)
x 3 = 1.9.
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For distinct roots (γ = 1):

f(x) = (x 3+5 x 2-4 x-20+cos (x 3+5 x 2-4 x-20)-1).
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FIGURE 5. Residual fall for Example 4.4.

Table.4.4(a)
Method CO CPU γ n e1 e2 e3

PJ6M 6 0.125 γ 6=1 2 2.7e-12 1.3e-11 1.2e-3

PJ6M 6 0.140 γ=1 2 4.9e-3 6.1e-3 2.6e-1

PJ10D 10 0.250 γ=1 2 4.9e-3 6.0e-3 2.5e-1

MMN8M 8 0.141 γ 6=1 2 7.2e-11 1.7e-10 2.3e-4

MMN8D 8 0.094 γ=1 2 5.1e-51 1.0e-50 4.8e-19

Table.4.4(b)
Method CO CPU γ n e1 e2 e3

PJ6M 6 0.031 γ 6= 1 2 2.3e-4 5.5e-4 8.4e-3

PJ6M 6 0.047 γ = 1 2 2.3e-4 5.1e-4 8.4e-3

PJ10D 10 0.062 γ = 1 2 2.3e-4 5.5e-4 8.4e-3

MMN8M 8 0.047 γ 6= 1 2 4.7e-12 8.3e-12 8.3e-6

MMN8D 8 0.016 γ = 1 2 4.7e-12 8.3e-12 7.7e-6

5. CONCLUSION

In this article, a new two-step eighth order family of iterative methods for the simulta-
neous approximations of all roots of a polynomial equation was introduced and discussed.
Our method MMN8M, determines all the multiple roots and as a special case for mul-
tiplicity unity all the distinct roots of polynomial equation. The results of numerical test
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examples, CPU time, residual error, computational efficiency corroborate theoretical analy-
sis, illustrate the effectiveness and rapid convergence of our proposed family of iterative
method as compared to the methods PJ6M and PJ10D [21, 22].
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