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Abstract. This study aims to propose extensions of morphisms in the
geometry of configuration and Goncharov motivic chain complexes. First,
the geometry of these complexes will be extended for weight 3 by intro-
ducing some interesting morphisms and then this extension for weight 4
and 5 will be presented. The commutativity of these generalized diagrams
will also be proven.
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1. INTRODUCTION

Grassmannian complex was first introduced by Suslin [11, 12, 17]. Goncharov [5–7]
defined trilogarithmic groupB3(F ) and generalized Bloch-Suslin complex known as Gon-
charov’s motivic Complex, then connected the Grassmannian configuration with the Bloch-
Suslin complex and Goncharov motivic complex for weight2 and3, while proving the as-
sociated diagrams to be bicomplex and commutative. Cathelineau [1, 2] used a derivation
map to introduce a variant of Goncharov complex in two ways, one was infinitesimal, while
the other was in a tangential setting. Khalid et al. [9,10,13] defined a new geometry for the
configuration and variant of Cathelineau complexes up to weightn = N . The same author
also defined some extensions in the geometry of variant of Cathelineau and Grassmannian
chain complexes for weight 4 and 5 [14,15]. In this paper, the proposed work of Khalid et
al. in [13] is extended in the geometry of Goncharov motivic and configuration complexes.

This paper has the following structure: Section2 describes the concepts of configuration
chain complexes, cross ratio, projected cross ratio, triple cross ratio, classical polyloga-
rithmic groups complexes and Goncharov’s generalized polylog chain complex. Section
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3 presents the geometry, and some extensions for the geometry, of Grassmannian config-
uration and Goncharov motivic chain complexes for weight3 up to weight5 to produce
commutative diagrams. The last section concludes the entire research work.

2. PRELIMINARY AND BACKGROUND

This section discusses the preliminary background relevant to this research in detail.
It covers the Grassmannian complex, cross ratio, classical polylog groups and Goncharov
motivic polylog chain complexes, all of which are crucial for this research study.

2.1. Grassmannian Complex.Let Gn+1(n) be a free abelian group generated by config-
uration of(n + 1) points inn-dimensional vector spaceV n over some arbitrary number
field F . These groups form Grassmannian chain complex as given below

Gn+4(n + 2) d //

p

²²

Gn+3(n + 2) d //

p

²²

Gn+2(n + 2)

p

²²
Gn+3(n + 1) d //

p

²²

Gn+2(n + 1) d //

p

²²

Gn+1(n + 1)

p

²²
Gn+2(n) d // Gn+1(n) d // Gn(n)

(A)

Lemma 2.2. The diagramA is bi-complex and commutative(see [17]).

2.3. Cross Ratio. Cross ratio of four points is defined as

r(v0, v1, v2, v3) =
4(v0, v3)4(v1, v2)
4(v0, v2)4(v1, v3)

,

where4(v0, v3) = (v3 − v0) shows determinant of pointsv0 andv3 in 2-dimensional
vector space. Siegel [16] introduced the following most important property of cross ratio:

1− r(v0, v1, v2, v3)− r(v0, v2, v1, v3) = 0. (2.1)

2.3.1. Projected Cross Ratio.Goncharov [5] defined the following projected cross ratio of
four points with single projected point as

r(vi|(v0, v2, v1, v3) =
4(vi|v0, v3)4(vi|v1, v2)
4(vi|v0, v2)4(vi|v1, v3)

=
4(vi, v0, v3)4(vi, v1, v2)
4(vi, v0, v2)4(vi, v1, v3)

, (2.2)

where4(vi|v0, v3) shows determinant of pointsvi, v0 andv3.

2.3.2. Triple Cross Ratio.Goncharov [5] generalized cross ratio as a triple cross ratio of
six points, given by

r(v0, ..., v5) =
4(v0, v1, v5)4(v1, v2, v3)4(v2, v0, v4)
4(v0, v1, v3)4(v1, v2, v4)4(v2, v0, v5)

. (2.3)

Theorem 2.4. The ratio of two projected cross ratio of four points can be written in the
form of triple cross ratio of six points.



Extension in the Geometry of Goncharov Motivic and Configuration Chain Complexes 85

Proof. Let us assume(v0, ..., v5) to be six points with two projected pointsv1 andv2, then

r(v2|v0, v1, v3, v5)
r(v1|v0, v2, v4, v5)

=
4(v2, v0, v5)4(v2, v1, v3)
4(v2, v0, v3)4(v2, v1, v5)

/
4(v1, v0, v5)4(v1, v2, v4)
4(v1, v0, v4)4(v1, v2, v5)

=
4(v2, v0, v5)4(v2, v1, v3)4(v1, v0, v4)
4(v2, v0, v3)4(v1, v0, v5)4(v1, v2, v4)

. (2.4)

¤

2.5. Classical Polylog Groups and Complexes.The classical p-logarithms series is ex-

pressed asLip(x) =
∞∑

n=0

xn

np
, in the unit disc. Forp = 1, Li1(x) = −Li(1−x) with gener-

alized formlog x+log y = log xy. F is a field andF •• = F−{0, 1}. letZ[P1
F /{0, 1,∞}]

is a free abelian group generated by [x], where [x] means logarithms of an element x. The
groupB(F ) is a quotient ofZ[P1

F ] by its subgroup generated by Abel’s five term relation

[x]− [y] +
[y

x

]
−

[1− y−1

1− x−1

]
+

[1− y

1− x

]
, where x6= y andx, y 6= 0, 1 [3,4,8].

2.6. Goncharov Motivic Polylog Chain Complexes.LetB2(F ) = Z[P1
F /{0, 1,∞}]/ <

R2(F ) >, where< R2(F ) > is generated by groupR2(F ) =
4∑

i=0

(−1)ir(v0, ..., v̂i, ..., v4),

which is a five term relation of cross ratio. Construct a chain

B2(F ) δ // ∧2F× .

Where,δ is a morphism defined asδ : [x]2 → (1− x) ∧ x. This complex is called Bloch-
Suslin complex for weight2. For weight3, Goncharov [5] defined a seven-term relation of
triple cross ratio of six points given as

R3(F ) =
6∑

i=0

(−1)iAlt6

[
r(v0, ..., v̂i, ..., v6)

]
. (2.5)

Goncharov [5] introduced a subgroup groupB3(F ) = Z[P1
F /{0, 1,∞}]/ < R3(F ) >.

Following is a chain complex for weight3

B3(F ) δ // B2(F )⊗ F× δ // ∧3F× .

Finally, Goncharov [5] generalized the subgroupBn(F ) = Z[P1
F /{0, 1,∞}]/ < Rn(F ) >,

then introduced a generalized chain complex expressed as

Bn(F )
δ−→ Bn−1(F )⊗F× δ−→ Bn−2(F )⊗∧2(F )

δ−→ . . .
δ−→ B2(F )⊗∧n−2(F )

δ−→ ∧nF×

2− torsion
. (2.6)
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3. GEOMETRY AND EXTENSION UPTOWEIGHT 6 OF GRASSMANNIAN AND

GONCHAROV COMPLEXES

3.1. Geometry for Weight 2. As defined in [13], the geometry of Grassmannian configu-
ration and Goncharov motivic in weight-2 is represented as

G6(3) d //

p

²²

G5(3)

p

²²
G5(2) d //

p

²²

G4(2)
g2
1 //

p

²²

B2(F )

δ

²²
G4(1) d // G3(1)

g2
0 // ∧2F×

(B)

where,

g2
0(v0, ..., v2) =−4(v1) ∧4(v2) +4(v0) ∧4(v2)−4(v0) ∧4(v1) (3.7)

and

g2
1(v0, ..., v3) = [r(v0, ..., v3)]2. (3.8)

Lemma 3.2. The diagramB is bi-complex and commutative[13].

3.3. Geometry for Weight 3. The geometry of Grassmannian and Goncharov motivic for
weight-3 is presented in [13] as follows:

G7(3) d //

p

²²

G6(3)

p

²²
G6(2) d //

p

²²

G5(2)
g3
1 //

p

²²

B2(F )⊗ F×

δ

²²
G5(1) d // G4(1)

g3
0 // ∧3F×

(C)

where,

g3
0(v0, v1, v2, v3) →

3∑

i=j+1

(−1)i+1
3∧

j 6=i

4(vj) (mod 4) (3.9)

and

g3
1(v0, v1, ..., v4) → −1

3

4∑

i=0

(−1)i[r(v0, ..., v̂i, ..., v4)]2 ⊗
4∏

i 6=r

4(vi, vr) (mod 5). (3.10)

Lemma 3.4. The diagramC is bi-complex and commutative[13].
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3.4.1. Extension in Geometry for Weight 3.For weight3, morphismg3
2 is introduced to

connect Grassmannian and Goncharov complexes and extend the commutative diagram:

G7(3) d //

p

²²

G6(3)
g3
2 //

p

²²

B3(F )

δ

²²
G6(2)

p

²²

d // G5(2)

p

²²

g3
1 // B2(F )⊗ F×

δ

²²
G5(1) d // G4(1)

g3
0 // ∧3F×

(D)

where,

g3
2(v0, ..., v5) =

1
15

Alt6

[4(v0, v1, v5)4(v1, v2, v3)4(v2, v0, v4)
4(v0, v1, v3)4(v1, v2, v4)4(v2, v0, v5)

]
3
. (3.11)

Morphism g3
2 is well defined because if the length of vectors or volume formation is

changed, then, due to homogeneity property,4(αv0) = α4(v0) and no effect is observed.

Lemma 3.5. g3
1 ◦ p = δ ◦ g3

2 .

Proof. Let (v0, ..., v5) be 6 points∈ G6(3) such that the differential mapp is a applied to
the6 points as

p(v0, ..., v5) =
5∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v5). (3.12)

Now by applying morphismg3
1 on Eq.(3.12):

g3
1 ◦ p(v0, ..., v5) = −1

3

5∑

j 6=i

(−1)j
5∑

i 6=j

(−1)i[r(vi|v0, ..., v̂i, v̂j , ..., v5)]2⊗

5∏

r 6=j

4(vi|vr, vj). (3.13)

Let us consider(v0, ..., v5) ∈ G6(3) again and apply morphismg3
2

g3
2(v0, ..., v5) =

1
15

Alt6

[4(v0, v1, v5)4(v1, v2, v3)4(v2, v0, v4)
4(v0, v1, v3)4(v1, v2, v4)4(v2, v0, v5)

]
3
. (3.14)

Now by applying homomorphismδ

δ ◦ g3
2 =

1
15

Alt6

[4(v0, v1, v5)4(v1, v2, v3)4(v2, v0, v4)
4(v0, v1, v3)4(v1, v2, v4)4(v2, v0, v5)

]
2
⊗

4(v0, v1, v5)4(v1, v2, v3)4(v2, v0, v4)
4(v0, v1, v3)4(v1, v2, v4)4(v2, v0, v5)

. (3.15)
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Simplify Eq.(3.15) using Siegel properties of sections (2.3.1, 2.3.2), Theorem (2.4), tensor
and odd cycle properties, to obtain

δ ◦ g3
2(v0, ..., v5) = −1

3

5∑

j 6=i

(−1)j
5∑

i6=j

(−1)i[r(vi|v0, ..., v̂i, v̂j , ..., v5)]2 ⊗
5∏

r 6=j

4(vi|vr, vj).

(3.16)

From Eq.(3.13) and Eq.(3.16), it is observed that,g3
1 ◦ p = δ ◦ g3

2 . ¤

3.6. Geometry for Weight 4. Geometry for weight 4 is defined in [13] as follows

G8(3) d //

p

²²

G7(3)

p

²²
G7(2) d //

p

²²

G6(2)
g4
1 //

p

²²

B2(F )⊗ ∧2F×

δ

²²
G6(1) d // G5(1)

g4
0 // ∧4F×

(E)

where

g4
0(v0, ..., v4) →

4∑

i=j+1

(−1)i+1
4∧

j 6=i

4(vj) (mod 5) (3.17)

and

g4
1(v0, ..., v5) → 1

6

5∑

i 6=j

(−1)i[r(v0, ..., v̂i, v̂j , ..., v5)]2 ⊗
5∏

r 6=i

4(vi, vr)∧

5∏

r 6=j

4(vj , vr) (mod 6). (3.18)

Lemma 3.7. The diagramE is commutative(see [13]).

3.7.1. Extension in Geometry for Weight 4.For this extension, two morphismsg4
2 andg4

3

are introduced

G9(4) d //

p

²²

G8(4)
g4
3 //

p

²²

B4(F )

δ

²²
G8(3)

p

²²

d // G7(3)

p

²²

g4
2 // B3(F )⊗ F×

δ

²²
G7(2) d //

p

²²

G6(2)

p

²²

g4
1 // B2(F )⊗ ∧2F×

δ

²²
G6(1) d // G5(1)

g4
0 // ∧4F×

(F)
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g4
2(v0, ..., v6) = − 1

28

6∑

i=0

(−1)iAlt6

[
r(v0, ..., v̂i, ..., v6)

]
3
⊗

6∏

r 6=i6=j

4(vr, vi, vj), (3.19)

g4
3(v0, ..., v7) =

1
66

Alt8[r(v0, ..., v7)]4. (3.20)

Following lemmas (3.8) and (3.9), shows that the extended diagramF is commutative.

Lemma 3.8. g4
1 ◦ p = δ ◦ g4

2 .

Proof. Let (v0, ..., v6) be 7 points∈ G7(3), applying the differential mapp yields

p(v0, ..., v6) =
6∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v6). (3.21)

Now applying morphismg4
1

g4
1 ◦ p(v0, ..., v6) =

1
6

6∑

j 6=i

(−1)j
6∑

i 6=j

(−1)i[r(vi|v0, ..., v̂i, v̂j , v̂k, ..., v6)]2⊗

6∏

r 6=j

4(vi|vj , vr) ∧
6∏

r 6=k

4(vi|vk, vr). (3.22)

Taking (v0, ..., v6) ∈ G7(3) again and apply morphismg4
2 followed by the composition

with morphismδ, yields

g4
2(v0, ..., v6) = − 1

28

6∑

i=0

(−1)iAlt6

[
r(v0, ..., v̂i, ..., v6)

]
3
⊗

6∏

r 6=i6=j

4(vr, vi, vj). (3.23)

δ ◦ g4
2 = − 1

28

6∑

i=0

(−1)iAlt6

[
r(v0, ..., v̂i, ..., v6)

]
2
⊗ r(v0, ..., v̂i, ..., v6) ∧

6∏

r 6=i

4(vr, vi, vj).

(3.24)

After simplifying Eq. (3.24), by using Siegel properties (2.3.1, 2.3.2), Theorem (2.4),
tensor and odd cycle properties:

δ ◦ g4
2(v0, ..., v6) =

1
6

6∑

j 6=i

(−1)j
6∑

i 6=j

(−1)i[r(vi|v0, ..., v̂i, v̂j , v̂k, ..., v6)]2⊗

6∏

r 6=j

4(vi|vj , vr) ∧
6∏

r 6=k

4(vi|vk, vr). (3.25)

From Eq. (3.22) and Eq. (3.25), it is observed that,g3
1 ◦ p = δ ◦ g3

2 . ¤

Lemma 3.9. g4
2 ◦ p = δ ◦ g4

3 .
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Proof. Let (v0, ..., v7) be 8 points∈ G8(4) and by applying differential mapp followed by
composition with morphismg4

2 , which yield,

p(v0, ..., v7) =
7∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v7). (3.26)

g4
2 ◦ p(v0, ..., v7) = − 1

28

7∑

j 6=i

(−1)j
7∑

i 6=j

(−1)iAlt6

[
r(vi|v0, ..., v̂i, v̂j , ..., v7)

]
3
⊗

7∏

r 6=j 6=k

4(vi|vr, vj , vk). (3.27)

Let us take(v0, ..., v7) ∈ G8(4) again, applying morphismg4
3

g4
3(v0, ..., v7) =

1
66

Alt8[r(v0, ..., v7)]4. (3.28)

Now by applying differential morphismδ, the above Eq. (3.7.1) becomes

δ ◦ g4
3(v0, ..., v7) =

1
66

Alt8[r(v0, ..., v7)]3 ⊗ r(v0, ..., v7). (3.29)

By using Siegel properties (2.3.1, 2.3.2), Theorem (2.4), tensor and odd cycle properties,
Eq. (3.29) becomes

δ ◦ g4
3(v0, ..., v7) = − 1

28

7∑

j 6=i

(−1)j
7∑

i 6=j

(−1)iAlt6

[
r(vi|v0, ..., v̂i, v̂j , ..., v7)

]
3
⊗

7∏

r 6=j 6=k

4(vi|vr, vj , vk). (3.30)

From Eq. (3.27) and Eq. (3.30), it is observed that,g4
2 ◦ p = δ ◦ g4

3 . ¤

3.10. Geometry for Weight 5. As defined in [13], the following commutative diagram is
obtained

G9(3) d //

p

²²

G8(3)

p

²²
G8(2) d //

p

²²

G7(2)
g5
1 //

p

²²

B2(F )⊗ ∧3F×

δ

²²
G7(1) d // G6(1)

g5
0 // ∧5F×

(G)

where,

g5
0(v0, ..., v5) →

5∑

i=j+1

(−1)i
5∧

j 6=i

4(vj) ( mod 6) (3.31)
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and

g5
1(v0, ..., v6) →− 1

10

6∑

i 6=j 6=k

(−1)i[r(v0, ..., v̂i, v̂j , v̂k, ..., v6)]2 ⊗
6∏

r 6=i

4(vi, vr)

∧
6∏

l 6=j

4(vj , vr) ∧
6∏

r 6=k

4(vk, vr) (mod 7). (3.32)

Lemma 3.11. The diagramG is commutative(see [13]).

3.11.1. Extension in Geometry for Weight 5.For this extension in geometry, three new
morphisms are introduced, namelyg5

2 , g5
3 andg5

4 :

G11(5) d //

p

²²

G10(5)
g5
4 //

p

²²

B5(F )

δ

²²
G10(4) d //

p

²²

G9(4)
g5
3 //

p

²²

B4(F )⊗ F×

δ

²²
G9(3) d //

p

²²

G8(3)
g5
2 //

p

²²

B3(F )⊗ ∧2F×

δ

²²
G8(2) d //

p

²²

G7(2)
g5
1 //

p

²²

B2(F )⊗ ∧3F×

δ

²²
G7(1) d // G6(1)

g5
0 // ∧5F×

(H)

Morphismsg5
2 , g5

3 andg5
4 are respectively defined as

g5
2(v0, ..., v7) =

1
45

7∑

i6=j

(−1)iAlt6

[
r(v0, ..., v̂i, v̂j , ..., v7)

]
3
⊗

7∏

r 6=ineqk

4(vr, vi, vk) ∧
7∏

r 6=j

4(vr, vj , vk). (3.33)

g5
3(v0, ..., v8) = − 1

105

8∑

i=0

(−1)iAlt8

[
r(v0, ..., v̂i, ..., v8)

]
4
⊗

8∏

r 6=i 6=j 6=k

4(vr, vi, vj , vk).

(3.34)

g5
4(v0, ..., v9) =

1
190

Alt10

[
r(v0, ..., v9)

]
5
. (3.35)

It is shown in lemmas (3.12), (3.13) and (3.14) that the extended diagramH is commutative.

Theorem 3.12. g5
1 ◦ p = δ ◦ g5

2 .
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Proof. Suppose(v0, ..., v7) 8 points∈ G8(3). Applying differential mapp followed by the
morphismg5

1 ,

p(v0, ..., v7) =
7∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v7), (3.36)

g5
1 ◦ p(v0, ..., v7) = − 1

10

7∑

j 6=i 6=k

(−1)j
7∑

i=0

(−1)i[r(vi|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗

7∏

r 6=j

4(vi|vj , vr) ∧
7∏

r 6=k

4(vi|vk, vr) ∧
7∏

r 6=l

4(vi|vl, vr). (3.37)

Let us take(v0, ..., v7) ∈ G8(3) again, apply morphismg5
2

g5
2 ◦ (v0, ..., v7) =

1
45

7∑

i 6=j

(−1)iAlt6

[
r(v0, ..., v̂i, v̂j , ..., v7)

]
3
⊗

7∏

r 6=i 6=k

4(vr, vi, vk) ∧
7∏

r 6=j 6=k

4(vr, vj , vk). (3.38)

By applying differential morphismδ, the following is obtained.

δ ◦ g5
2(v0, ..., v7) =

1
45

7∑

i6=j

(−1)iAlt6

[
r(v0, ..., v̂i, v̂j , ..., v7)

]
2
⊗ r(v0, ..., v̂i, v̂j , ..., v7)

∧
7∏

r 6=i 6=k

4(vr, vi, vk) ∧
7∏

r 6=j 6=k

4(vr, vj , vk).

(3.39)

Simplification yields

δ ◦ g5
2(v0, ..., v7) = − 1

10

7∑

j 6=i 6=k

(−1)j
7∑

i=0

(−1)i[r(vi|v0, ..., v̂i, v̂j , v̂k, v̂l, ..., v7)]2⊗

7∏

r 6=j

4(vi|vj , vr) ∧
7∏

r 6=k

4(vi|vk, vr) ∧
7∏

r 6=l

4(vi|vl, vr). (3.40)

From Eq. (3.37) and Eq. (3.40), it is observed,g5
1 ◦ p = δ ◦ g5

2 . ¤

Theorem 3.13. g5
2 ◦ p = δ ◦ g5

3 .

Proof. Let (v0, ..., v8) be 9 points∈ G9(4) and apply the differential mapp followed by
morphismg5

2 ,

p(v0, ..., v8) =
8∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v8) (3.41)
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g5
2 ◦ p(v0, ..., v8) =

1
45

8∑

i 6=j

(−1)iAlt6

[
r(vi|v0, ..., v̂i, v̂j , v̂k, ..., v8)

]
3
⊗

8∏

r 6=j 6=l

4(vi|vr, vj , vl) ∧
7∏

r 6=k 6=l

4(vi|vr, vk, vl). (3.42)

Now take(v0, ..., v8) ∈ G9(4) again and applying morphismg5
3 followed byδ,

g5
3(v0, ..., v8) = − 1

105

8∑

i=0

(−1)iAlt8

[
r(v0, ..., v̂i, ..., v8)

]
4
⊗

8∏

r 6=i 6=j 6=k

4(vr, vi, vj , vk). (3.43)

δ ◦ g5
3(v0, ..., v8) = − 1

105

8∑

i=0

(−1)iAlt8

[
r(v0, ..., v̂i, ..., v8)

]
3
⊗

r(v0, ..., v̂i, ..., v8) ∧
8∏

r 6=i 6=j 6=k

4(vr, vi, vj , vk). (3.44)

After simplifying by using Siegel, wedge, tensor and odd cycle properties, Eq. (3.44)
becomes

δ ◦ g5
3(v0, ..., v8) =

1
45

8∑

i 6=j

(−1)iAlt6

[
r(vi|v0, ..., v̂i, v̂j , v̂k, ..., v8)

]
3
⊗

8∏

r 6=j 6=l

4(vi|vr, vj , vl) ∧
7∏

r 6=k 6=l

4(vi|vr, vk, vl). (3.45)

Then using Eq. (3.42) and Eq. (3.45), it is observed thatg5
2 ◦ p = δ ◦ g5

3 . ¤

Theorem 3.14. g5
3 ◦ p = δ ◦ g5

4 .

Proof. Let (v0, ..., v9) be 10 points∈ G10(5) and apply the projection mapp

p(v0, ..., v9) =
9∑

i=0

(−1)i(vi|v0, ..., v̂i, ..., v9), (3.46)

now by applying morphismg5
3

g5
3 ◦ p(v0, ..., v9) = − 1

105

9∑

i=0

(−1)iAlt8

[
r(vi|v0, ..., v̂i, v̂j , ..., v9)

]
4
⊗

9∏

r 6=j

4(vi|vr, vj , vk, vl). (3.47)
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Let us take(v0, ..., v9) ∈ G10(5) again and by applying morphismg5
4 followed byδ

g5
4(v0, ..., v9) =

1
90

Alt10

[
r(v0, ..., v9)

]
5
, (3.48)

δ ◦ g5
4 : (v0, ..., v9) =

1
90

Alt10

[
r(v0, ..., v9)

]
4
⊗ r(v0, ..., v9). (3.49)

After simplification, we obtain

δ ◦ g5
4(v0, ..., v9) = − 1

105

9∑

i=0

(−1)iAlt8

[
r(vi|v0, ..., v̂i, v̂j , ..., v9)

]
4
⊗

9∏

r 6=j

4(vi|vr, vj , vk, vl). (3.50)

Then Eq.(3.47) and Eq.(3.50) shows that,g5
3 ◦ p = δ ◦ g5

4 . ¤

4. CONCLUSION

In this paper, the extension of homomorphisms in geometry of configuration and Gon-
charov motivic polylogarithmic chain complexes has been proposed to produce commuta-
tive diagrams. Initially, for weight 3 single homomorphismg3

2 is defined to extend com-
mutative diagram. For the geometry of weight 4, two morphismsg4

2 andg4
3 have been

presented. Eventually, this work has been extended up to weight 5 by introducing three
morphismsg5

2 , g5
3 andg5

4 for extending commutative diagram. This work, will be very
helpful in understanding the generalized extension in geometry of configuration and Gon-
charov motivic polylogarithmic chain complexes.
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