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Abstract. This study aims to propose extensions of morphisms in the
geometry of configuration and Goncharov motivic chain complexes. First,
the geometry of these complexes will be extended for weight 3 by intro-
ducing some interesting morphisms and then this extension for weight 4
and 5 will be presented. The commutativity of these generalized diagrams
will also be proven.
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1. INTRODUCTION

Grassmannian complex was first introduced by Suslin [11, 12,17]. Goncharov [5-7]
defined trilogarithmic grouBs (F') and generalized Bloch-Suslin complex known as Gon-
charov’s motivic Complex, then connected the Grassmannian configuration with the Bloch-
Suslin complex and Goncharov motivic complex for weigland3, while proving the as-
sociated diagrams to be bicomplex and commutative. Cathelineau [1, 2] used a derivation
map to introduce a variant of Goncharov complex in two ways, one was infinitesimal, while
the other was in a tangential setting. Khalid et al. [9, 10, 13] defined a new geometry for the
configuration and variant of Cathelineau complexes up to weightN. The same author
also defined some extensions in the geometry of variant of Cathelineau and Grassmannian
chain complexes for weight 4 and 5 [14, 15]. In this paper, the proposed work of Khalid et
al. in [13] is extended in the geometry of Goncharov motivic and configuration complexes.

This paper has the following structure: Sectibdescribes the concepts of configuration

chain complexes, cross ratio, projected cross ratio, triple cross ratio, classical polyloga-
rithmic groups complexes and Goncharov’s generalized polylog chain complex. Section
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3 presents the geometry, and some extensions for the geometry, of Grassmannian config-
uration and Goncharov motivic chain complexes for weigjlup to weight5 to produce
commutative diagrams. The last section concludes the entire research work.

2. PRELIMINARY AND BACKGROUND

This section discusses the preliminary background relevant to this research in detalil.
It covers the Grassmannian complex, cross ratio, classical polylog groups and Goncharov
motivic polylog chain complexes, all of which are crucial for this research study.

2.1. Grassmannian Complex. Let G,,41(n) be a free abelian group generated by config-
uration of (n 4+ 1) points inn-dimensional vector spadé™ over some arbitrary number
field F. These groups form Grassmannian chain complex as given below

Grya(n+2) —2> Gris(n +2) —2> Gria(n +2) (A)
& I

Gn+3(n + 1 *d> Gn+2(n + ].) $ Gn+1 n—+ 1

T

n+2 —d> Gn+1( )

—~

Lemma 2.2. The diagramAlis bi-complex and commutatiysee [17])

2.3. Cross Ratio. Cross ratio of four points is defined as
A(’Uo,vg)ﬂ(vl,vg)
Ao, v2) A(vr,v3)

where A(vg,v3) = (v3 — vg) shows determinant of pointsy and vz in 2-dimensional
vector space. Siegel [16] introduced the following most important property of cross ratio:

7‘(“07711,7)27113) =

1- 7/.(UOvvla V2, ’U3) - 7"(?}0, VU27(U1a(U3) =0. (21)

2.3.1. Projected Cross RatioGoncharov [5] defined the following projected cross ratio of
four points with single projected point as

A(vi|vo, v3) A(vilv,v2) — A(wi, vo, v3)A(v4, v1, v2)

_ @2
A(vi|vg, v2) A(vi|vr,v)  A(vs, vo, v2) A(vs, v1,v3) 22)

7(vil(vo, v2,v1,v3) =
whereA(v;|vg, v3) shows determinant of points, v, andvs.

2.3.2. Triple Cross Ratio.Goncharov [5] generalized cross ratio as a triple cross ratio of
six points, given by

A(vo, v1,v5)A(v1,v2,v3) A(v2, 00, V4)
A(vo, v1,v3) A (v, Uz,v4)A(Uz,onvs).

(2.3)

(Vg ..., U5) =

Theorem 2.4. The ratio of two projected cross ratio of four points can be written in the
form of triple cross ratio of six points.
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Proof. Let us assuméuy, ..., v5) to be six points with two projected points andv,, then

7(valvg, v1,v3,v5)  A(va,v0,v5) N (v2,v1,v3) , A(v1,v0,v5)A(v1,02,04)

( )
7(v1|vo, v2,v4,v5)  A(v2,v0,v3)A(v2, v1,v5)" Avr,v0,v4)A(v1,v2,5)
(U2,U07 5)A(02701,U3) (Ul,vo, V4

)

A (v, v, v3)A(v1, Vo, v5) A(v1, V2, V4

; (2.4)
0

2.5. Classical Polylog Groups and ComplexesThe classical p-logarithms series is ex-

pressed afi,(z) = Z v ,inthe unitdisc. Fop = 1, Li; (z) = —Li(1—z) with gener-
n=0 np
alized formlog z+logy = log zy. F is afield andF*® = F—{0,1}. letZ[P1/{0,1, o }]
is a free abelian group generated by [x], where [x] means logarithms of an element x. The
groupB(F) is a quotient ofZ[PL] by its subgroup generated by Abel’s five term relation

[x]f[yw[ﬂfﬁ:; }+H_ ] where % y andz, y # 0,1 [3,4,8].

2.6. Goncharov Motivic Polylog Chain Complexes.Let Bz (F) = Z[P1}./{0,1,0}]/ <
4

Ry (F) >, where< Ry(F) > is generated by grouge(F) = > (—1)'r(vo, ..., Ui, ..., va),
=0

which is a five term relation of cross ratio. Construct a chain

By(F) *5>/\2F>< )

Where,d is a morphism defined as: [z], — (1 — z) A z. This complex is called Bloch-
Suslin complex for weigh. For weight3, Goncharov [5] defined a seven-term relation of
triple cross ratio of six points given as

6

Rg(F) = Z(—l)iAl% [T(Uo, ceey ﬁi, ceey 1)6):| . (25)

=0

Goncharov [5] introduced a subgroup groBp(F) = Z[P%/{0,1,¢}]/ < R3(F) >
Following is a chain complex for weigt

B3(F) —2 By(F) @ F* —2 p3px .

Finally, Goncharov [5] generalized the subgrd@{ ') = Z[P1./{0,1,00}]/ < R (F) >,
then introduced a generalized chain complex expressed as

AP FX
Ba(F) 2 By 1 (F)@ F* 5 By o(F) @ A2 (F) S . L By(F)@ A 2(F) 2 . (2.6)

2 — torsion
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3. GEOMETRY AND EXTENSION UPTOWEIGHT 6 OF GRASSMANNIAN AND
GONCHAROV COMPLEXES

3.1. Geometry for Weight 2. As defined in [13], the geometry of Grassmannian configu-
ration and Goncharov motivic in weight-2 is represented as

Ge(3) 4 G5(3) (B)

where,
9oV, s 2) = — A(v1) A A(wa) + Alvg) A A(ve) — Alvg) A A(vy) (3.7)
and
91 (V0, ., v3) = [(v0, -+, v3)]2. (3.8)
Lemma 3.2. The diagranB!lis bi-complex and commutatiy3].

3.3. Geometry for Weight 3. The geometry of Grassmannian and Goncharov motivic for
weight-3 is presented in [13] as follows:

G7(3) —1= Go(3) ©
Go(2) —m G5(2) —2n By(F) & F*
Gs(1) — Gy(1) — 2= p3 o
where,
3 ) 3
gg(’l]071)1,’02,'03) - Z (_1)’L+1 /\ A(UJ) (mOd 4) (39)
i=j+1 j#i
and
1 4 ) 4
g3 (vo,v1, -y va) — 3 Z(*l)l[r(vm ey iy ey Va)]2 ® HA(%‘,UT) (mod 5). (3.10)
1=0 i#ET

Lemma 3.4. The diagraniC is bi-complex and commutatiy&3].
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3.4.1. Extension in Geometry for Weight &or weight3, morphismg3 is introduced to
connect Grassmannian and Goncharov complexes and extend the commutative diagram:

3

G7(3) —> G (3) —=— Bs(F) (D)
, , lg
Go(2) —> G5(2) —> By(F) & F>
i” i lg
Gs(1) —s Ga(1) — 2 pspx

where,

A(vo, v1,v5) A (v, v2,v3)A(v2, V0, Va)
A(UO, U17v3)A(U1,1)271)4)&(1)27@07”5) 3.

1
3 —
92(’[}0,...,’05) = 15Alt6|: (311)

Morphism g3 is well defined because if the length of vectors or volume formation is
changed, then, due to homogeneity propettynu,) = a/\(vy) and no effect is observed.

Lemma 3.5. giop=d0gs.

Proof. Let (v, ..., v5) be 6 pointse G4(3) such that the differential mapis a applied to
the6 points as

5

pvo, - v5) = ¥ _(=1)'(vi[vg, -.ry B, .oy 05). (3.12)
=0

Now by applying morphisng; on Eq.3.12):

5 5
g2 o plvg, ..., v5) = —% D (=17 (1) [r(vilvo, .oy D1, By ey v5)]2®
J#i i#]
5
HA(Ui|UT,Uj). (3.13)
r#j

Let us considefuvy, ..., v5) € Gg(3) again and apply morphisigs

1 A(UO V1 1)5)A(U1,U2 ’Ug)A(’Ug Vo U4)
3(vg, ..., v5) = — Alt L ’ L . 3.14
95(v0, > Vs) 15 6{A(Uo,Ul,’U3>A(U1,’U27’U4)A<’UQ,’U0,U5)]3 ( )

Now by applying homomorphisth
1 A (vg,v1,v5)A(v1, v, v3) A (V2, Vo, V4)
Sogs=—Alt P ’
°92 =15 6{A(Uo,vl,U3)A(U17U2,U4)A(U27U07U5)}2®

A(vg,v1,v5)A(v1,v2,v3) A(v2, Vo, V) (3.15)

A (v, v1,03) A(v1,v2,v4) AN(v2,00,05)
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Simplify Eq.(3.15) using Siegel properties of sectioiis3.],2.3.2), Theorem2.4), tensor
and odd cycle properties, to obtain

5 5 5
1 : ‘ o
§0g3(vg,...,v5) = -3 S DD () rilvo, ey Bi, By, s v5)]2 ® [ [ Awilor, v;).
J#i i#] r#j
(3.16)
From Eq.8.139) and Eq/B.16), it is observed thay} o p = 6 o g3. O

3.6. Geometry for Weight 4. Geometry for weight 4 is defined in [13] as follows

Gs(3) —=G7(3) (E)

By(F) @ N2F*

» » la
4

Ge(1) Gs(1) NFX
where
4 ‘ 4
(Vo - va) = Y (1) A\ A(vy) (mod 5) (3.17)
i=j+1 J#i
and
1 5 ) 5
gi(vo, ..., v5) — G 2(71)%[7”(00, ooy By Dy ey U5)]2 © H A(vi, vp)A
i#£] r#£i
5
[T 2,0 (mod 6). (3.18)

T#j
Lemma 3.7. The diagraniElis commutativésee [13])

3.7.1. Extension in Geometry for Weight &or this extension, two morphisng$ andg;
are introduced

4

d 93

Go(4) Gs(4) By(F) (F)
p p §

G (3) — Ga(3) —Zm By(F) © F
P P §

Gr(2) —2 > Go(2) —Lm By(F) @ N2 F
P p §

Gs(1) —= N X
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6 6
1
4 ~
gz(’Uo, = § E Altﬁ[ ’UQ,...,’UZ',...,U(;)]B(X) H‘A(’UT,U“’U]‘), (319)
i=0 r#I£]
4 1
g3 (vo, ..., v7) = %Altg[r(vo,...,w)h. (3.20)

Following lemmas/3.8) and 3.9), shows that the extended diagraits commutative.
Lemma 3.8. giop=40g;5.

Proof. Let (v, ..., v6) be 7 pointss G7(3), applying the differential map yields

6
P(v0, -y v6) = (=1 (vilvg, -vry B -, V). (3.21)
=0
Now applying morphisny;
1 O ,
gt 0 (v, ..y v6) = 5 Z(_l)f Z(_mr(viwo, ooy Dy 0y Dy ey V6)]2®
Jj#i 17£]
6 6

H A(vi|vg, vp) A H A(vg|vg, vr). (3.22)
r#j r#k

Taking (vo, ...,v6) € G7(3) again and apply morphism followed by the composition
with morphismd, yields

6 6
1 N
g5 (v, oy V6) = —82 AltG[ vo,...,vi,...,UG)L@ H A(vp, v;,v5). (3.23)
rit
1S5 6
(509‘21 78; Alt6|: ’l}o,...,’lA)i,...,U(;)i|2®T(U0,...,1Aji7...,’06)/\EA(UT,Ui7Uj).

(3.24)

After simplifying Eq. 8.24), by using Siegel propertie23.1, 2.3.2), Theorem [2.4),
tensor and odd cycle properties:

6 6
1 ; ; A
do gg(”@? ey U6) = 6 Z(_l)] Z(_l)l[r(vi|1]07 <oy Uiy Uy Vky +ens UG)]2®
J#i i#]
6 6
[T 2@l o) A ] Awilor, o). (3.25)
r#£j r#k
From Eq. B.22) and Eq. 8.25), it is observed thay o p = 6 0 g3. O

Lemma 3.9. gsop=24o0gs.
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Proof. Let (vy, ..., v7) be 8 pointss Gg(4) and by applying differential mapfollowed by
composition with morphismgs, which yield,

7
P00, -y v7) = D (=1 (Vilv0, evry By ey V7). (3.26)
=0
1 < 7 .
g% o) p(vo, ceey 1)7) = —% (—]_)J Z(—l)ZAltﬁ |:7"('Ui|1)0, ceey ’lA)i, 'lA}j, ceey 'U7):| 3®
J#i i#]
7
[T 2@ilvevs,ve). (3.27)
rj#k
Let us take(vo, ..., v7) € Gg(4) again, applying morphisn
1
gg(vo, iy U7) = %Altg[’f‘(’l}o, ey U7)]4. (3.28)
Now by applying differential morphism, the above Eq.3.7.1) becomes
1
50 g3(vo, ..., v7) = %Altg[’l"(vo, ey U7)]3 @ (g, ...y V7). (3.29)

By using Siegel propertie®(3.1,12.3.2), Theorem/2.4), tensor and odd cycle properties,
Eq. (3.29 becomes

7 7
do gg(vo, ey U7) = —% (—l)j Z(—l)iAltG [r(ui|v0, oy 0y Djy e, U7) 3®
J#i 1#]
7
H A(vs|or, v, Ug). (3.30)
r#iZk
From Eq. B.27) and Eq. 8.30), it is observed thay3 o p = 6 o g3. O

3.10. Geometry for Weight 5. As defined in [13], the following commutative diagram is
obtained

Gy (3) — Gs(3) G)
D p
Go(2) — G2(2) —2m By (F) @ NI F
ip l lg
Gr(1) —= Go(1) — 2o p5
where,
g0 (v, ...y v5) — i (—1)i/)\A(vj)( mod 6) (3.31)

i=j+1 J#i
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and
. S8 ' 6
g5 (vo, .., V) — — 0 Z (—=1)*[r(vo, ..., Vi, Of, Dk, -y Vg)]2 © HA(Ui,vT)
i#j#k r#i
6 6
A H A(vj,vp) A H A(vg,vy) (mod 7). (3.32)
I£j rk

Lemma 3.11. The diagraniG is commutativésee [13])

3.11.1. Extension in Geometry for Weight Bor this extension in geometry, three new
morphisms are introduced, name#; g5 andg3:

5

G11(5) —L= Gro(5) ——— B5(F) (H)
p p 5
Gro(4) —= Gol1) —5— By(F) & P>
P p 5
Go(3) —L> Gs(3) < Bs(F) @ A2F*
p p )
Go(2) — > Ga(2) 2 By(F) ® N3 F*
p p )

Gr(1) —L= Gg(1) — B X

Morphismsg3, g3 andg; are respectively defined as

7
1 i A~ A~
gg’(vo, ...,U7) = = Z(—l) Altg |:7"(U0, ey Vg, Uy, ...,127)}3@
i#]
7 7
H A(vp,vi,05) A H A(vp, v, v8). (3.33)
r#ineqk r#£j
18 _ 8
g5 (vo, ...y v8) = ~105 Z(—l)lAlts [7’(1}0, ooy D, ...,US)L ® H A(vp, v5, 05, Vg).
i=0 r#i£j#£k
(3.34)
ga (v vg) = LAl?ﬁl [r(v v )} (3.35)
1 (Vo ..., Vg 190 0 050 V9) | - .

Itis shown in lemmas3.12), (3.13 and 3.14) that the extended diagraifiis commutative.

Theorem 3.12. giop=27Jo0gs5.
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Proof. Supposduy, ..., v7) 8 pointse Gg(3). Applying differential magp followed by the
morphismg?,

7
p(vo, - v7) = Y _(=1) (vilvo, ..., By, ..y v7), (3.36)
=0
1 7 , 7 )
g5 o p(vg, ..., v7) = - (=17 > (1) [P (vilvo, ..y Biy D5, By By ey v7)]2@
jAitk i=0
7 7 7
H A(vilvg, ve) A H A(vi|vg, vr) A H A(vi|vg,vr). (3.37)
r#j r#k r#l

Let us takeg(vy, ..., v7) € Gg(3) again, apply morphism3
7

1 1 A~ A
gg o (vg, ..., v7) = YT Z(—l)’AltG [r(vo, ey 04y Vg4 ooy 117)}3@
i#]
7 7
H A(vp, 05, 0) A H A(vp,vj,v;). (3.38)
r#iZtk r#j#k
By applying differential morphism, the following is obtained.
1 < .
do gg’(vo, T U7) = E Z(*l)ZAltG |:T(’U0, veny ’LA}?;, @j, ceey U7):| ) ® T’(Uo, ceey 171', ’Dj, veey 1}7)
i#]
7 7
A H A(vp, v;,v5) A H A(vp,vj, V).
r#i#k r#j#k

(3.39)

Simplification yields

7 7
1 ; - .
5o g5(vo, ..., v7) = 10 (—=1) Z(—l)l[r(vih}o, vy 03y 0, Ok, Op, ooy 07) 2@
jHitk i=0
7 7 7
[T 2@ilvs, ) AT Ailve,ve) AT Ailon,vr). (3.40)
r#£j r#k r#l
From Eq. 8.37) and Eq. 8.40), it is observedg? o p = § o g5. 0
Theorem 3.13. ghop=2J0g3.

Proof. Let (v, ..., vs) be 9 pointse Gg(4) and apply the differential map followed by
morphismgs,

8
p(vo, - v8) = Y (=1)*(vilvo, ..., iy ..., Vs) (3.41)

=0
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8

1 i NN
gg Op(’Uo, ...,’Ug) = E Z(—l) Alts [7‘(1)“’00, -eey U5, Vg, Uk, ...,1}8):|3®
i#]
8 7
H A(v|ve, v, v1) A H A(vi|vp, vg, vr). (3.42)
Pl rARAL

Now take(vo, ..., vg) € Gg(4) again and applying morphisp3 followed by,

8

1 )
5 _ 7 -
93 (vo, ..., v8) = 105 ;(_1) Altg [r(va"'vviv ~~~av8)h®
8
H A(vyp, v4, 05, V). (3.43)
vtk
;38
5 _ _1)¢ o
40 g3(vg, ..., v8) = 105 ;( 1) Altg |:7“(Uo, ey D, ...,vg)L@)

8
7(V0y ooy Vgy ooy Vg) A H A(vp, i, 05, V). (3.44)
riti Ak

After simplifying by using Siegel, wedge, tensor and odd cycle properties, Bgl4) (
becomes

8
5 1 ; A
d o g3(vo,...,v8) = T Z(—l) Altg [r(vi\vo, vy Uy, 05, Vs, oy Vg) 3®
i#]
8 7
H A(vs|vr, v, v1) A H A (0| g, Vg, V7). (3.45)
r#iAl r#kAl
Then using Eq.3.42) and Eq. B.49), it is observed thag3 o p = § o g3. O
Theorem 3.14. ghop=2J0g;.

Proof. Let (v, ..., v9) be 10 pointse G1¢(5) and apply the projection map

9

P00, - 09) = Y _(=1)*(vilvo, ..., By, ..., v9), (3.46)
=0
now by applying morphism3
1 9
5 _ _1)¢ . 5 B
a8 0Pl - t0) = g5 (1) Alts[r(04fu0, s 1y 555 v9) | ®

9

H A(vs|vr, v5, vi, U7). (3.47)

T#J
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Let us take(vy, ..., v9) € G10(5) again and by applying morphisgj followed by §

92 V0, ey ) = %Altm [r(vo, ...,vg)L, (3.48)
5 1
d0gy: (voy.,vg) = %Altlo [T(Uo, ...,’Ug):|4 ® 1(vg, ..., Vg). (3.49)
After simplification, we obtain
; IR -
00 g;(vg,...,v9) = ~105 ;(—l)zAlts [r(vi|vo, vy 04,0y, ...,UQ)L(X)
9
H A(vi|vp, vj, vk, v7). (3.50)
r#j
Then Eq/8.47) and Eq/8.50) shows thatg3 o p = § o g3. O

4. CONCLUSION

In this paper, the extension of homomorphisms in geometry of configuration and Gon-
charov motivic polylogarithmic chain complexes has been proposed to produce commuta-
tive diagrams. Initially, for weight 3 single homomorphigis defined to extend com-
mutative diagram. For the geometry of weight 4, two morphigiand g5 have been
presented. Eventually, this work has been extended up to weight 5 by introducing three
morphismsg3, g3 andg; for extending commutative diagram. This work, will be very
helpful in understanding the generalized extension in geometry of configuration and Gon-
charov motivic polylogarithmic chain complexes.
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