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Abstract.: In this paper, we discuss some more properties of quasi topo-
logical loops when multiplication mapping is separately irresolute, sep-
arately semi-continuous and separatelyG-semi-continuous with their in-
verse mappings are irresolute, semi-continuous andG-semi-continuous re-
spectively. Moreover, we provide a comparative overview of these topo-
logical loops respecting three different forms of continuity based on Levine’s
semi-open set.
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1. INTRODUCTION

It is always captivating to go through the properties of topological spaces over various
algebraic structures. Mostly, it requires continuity of algebraic operations. By and large,
to generalize these structures, enfeeble form of continuity is used. Many mathematicians
are interested to use the forms of continuity based on Levine’s semi-open set [1, 9, 11].
Here, we utilize three forms of continuity to study the properties of topological spaces over
a more stimulating algebraic structure; loop.
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A subsetM of X is semi-open, if there is an open setU in X such that

U ⊆ M ⊆ Cl(U)

or

M ⊆ Cl(Int(M)).

The class consisting of all the semi-open sets contained inY is declared asSO(Y ). Ar-
bitrary union of semi-open sets is semi-open, but their finite intersection may not be semi-
open [14]. Intersection of a semi-open set and an open set is semi-open. Semi-closed set
is the compliment of semi-open set. Each closed (open) set is semi-closed (semi-open).
M1 ×M2 is semi-open inX × Y , if M1 ⊆ X andM2 ⊆ Y are semi-open sets.M2 ⊆ X
is a semi-open nbhd oft ∈ X, if there existsM1 ∈ SO(X) satiating

t ∈ M1 ⊆ M2.

A point t ∈ X is a semi-interior point ofM , if there exists a semi-open setM ′ satisfying

t ∈ M ′ ⊆ M.

sInt(M) consists of all semi-interior points ofM . For any subsetM of X, t ∈ sCl(M)
if and only if Mt ∩M 6= φ for any semi-open nbhdMt of t.

A subsetM of a topological spaceX is semi-compact (semi-Lindelof), if there exists
a finite (countable) subcover for any semi-open cover ofM in X [6, 10]. M ⊆ X is a
semi-open nbhd of a subsetQ ⊆ X, if M is a semi-open nbhd oft in X for eacht ∈ Q;
i.e.,Q ⊆ sInt(M). A space(L, τ) is s-regular, if for allt ∈ L and each closed setQ ⊆ L
with t /∈ Q, there exist semi-open nbhdsM andN of t andQ, respectively, such that
M ∩N = φ.

Let X be a set andG ⊆ P (X). G is said to be generalized topology (denoted byG-
topology), ifφ ∈ G andG is closed under arbitrary union [2]. Members ofG are said to be
generalized open sets denoted byG-open sets and their compliments are generalized closed
sets (G-closed sets). A subsetM of X is generalized semi-open (G-semi-open), if there is
aG-open setU in X satiating

U ⊆ M ⊆ Cl(U).

The class consisting of allG-semi-open sets of a spaceX is declared asGSO(X). The class
of all generalized semi-open sets comprisingt is denoted byGSO(X, t). Finite intersection
of G-semi-open sets need not beG-semi-open but any union ofG-semi-open sets remain
G-semi-open. The compliment of aG-semi-open set is aG-semi-closed set. EveryG-closed
(G-open) set is aG-semi-closed (G-semi-open).M2 ⊆ X is aG-semi-open nbhd oft ∈ X,
if there existsM1 ∈ GSO(X) satiating

t ∈ M1 ⊆ M2.

If there is aG-semi-open setM ′ satisfyingt ∈ M ′ ⊆ M , thent ∈ X is aG-semi-
interior point ofM . Class of allG-semi-interior points ofM is declared asGsInt(M).
For any subsetM of X, t ∈ GsCl(M) if and only if Mt ∩M 6= φ for anyG-semi-open
nbhdMt of t [3]. A G-topological space(L,G) is G-s-regular, if for eacht ∈ L and every
G-closed setQ ⊆ L with t /∈ Q, there existG-semi-open nbhdsM andN of t andQ,
respectively, such thatM ∩N = φ.
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G-topological space(L,G) is G-s regular, if for eacht ∈ L and everyG-closed set
Q ⊆ L, there exists aG-semi-open nbhdsM , N containingt andQ respectively with
t /∈ Q satiatingM ∩N = φ.

A mapf : A → B is said to be:

• Irresolute, if f−1(M2) is semi-open inA, for each semi-open setM2 ⊆ B [7];
• Semi-continuous, if the setf−1(M2) is semi-open inA, for every open setM2 ⊆

B [14];
• G-semi-continuous, if the setf−1(M2) is aG-semi-open inA for all G-open set

M2 ⊆ B [2];
• Pre semi-open, if f(M) is semi-open inB, for every semi-open setM in A;
• Semi-open, if f(M) is semi-open inB, for every open setM in A [4];
• G-semi-open, if f(M) is aG-semi-open inB, for everyG-open setM in A [2];
• Semi-homeomorphism, if f is pre semi-open, bijective, and irresolute;
• s-homeomorphism, if f is pre semi-open, semi-continuous and bijective [8];
• Quasi s-homeomorphism, if it is bijective, semi-open and semi-continuous [8];
• QuasiG-s-homeomorphism, if f is aG-semi-open,G-semi-continuous and bijec-

tive.

A groupoid(L, ∗) is a loop if the following conditions are fulfilled:

• L contain an identity element.
• for everyt1 ∈ L, the mapslt1 : L → L andrt1 : L → L are bijective, where

lt1(t2) = t1 ∗ t2 andrt1(t2) = t2 ∗ t1 for all t2 ∈ L [5].

An inverse property loop (IP-loop)L is a loop having two sided inverset−1 such that
(r ∗ t) ∗ t−1 = r = t−1 ∗ (t ∗ r) for all r, t ∈ L. Left (right) translations and left (right)
inverse maps are defined on a loop(L, ∗) as follows:

• Left translation lt1 : L → L is given bylt1(t2) = t1 ∗ t2;
• Right translation rt1 : L → L is given asrt1(t2) = t2 ∗ t1;
• Left inverse map iL : L → L is defined byiL(t) = (t)−1

L ;
• Right inverse mapiR : L → L is defined asiR(t) = (t)−1

R ;

wheret, t1, t2 ∈ L.
We used the standard notions and terminologies as in [15].

This paper is aimed to characterize the properties of quasi topological loops with dif-
ferent forms of continuity. Insection II, we discuss quasi topological loops with respect to
irresoluteness. Thesection III of this paper is based on the properties of quasi topological
loop with respect to semi-continuity. Quasi topological loop with respect to generalized
semi-continuity is conferred insection IV. It is to be noted that, a quasi topological loop
with respect to irresoluteness is a quasi topological loop with respect to semi-continuity
which is a quasi topological loop with respect to generalized semi-continuity. Moreover,
some examples are given to elaborate the concept.

2. Quasi Topological Loops with respect to Irresoluteness

Definition 2.1. A triplet (L, ∗, τ) is called a quasi irresolute topological loop, if the fol-
lowing conditions are fulfilled:

(1) (L, ∗) is a loop.
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(2) (L, τ) is a topological space.
(3) Multiplication map is separately irresolute in(L, ∗, τ).
(4) Left and right inverse maps are irresolute in(L, ∗, τ).

Example 2.2.Consider a loopL9(5) of order10 with the topologyτ = {φ, {2, 4}, {3, 6, 9},
{e, 5}, {e, 2, 4, 5}, {2, 3, 4, 6, 9}, {e, 3, 5, 6, 9}, L9(5)}. The inverse mappings are irres-
olute in (L9(5), ∗, τ) but multiplication mapping is not separately irresolute. Therefore,
(L9(5), ∗, τ) is not a quasi irresolute topological loop.(L9(5), ∗, τ ′) is a quasi irresolute
topological loop with the topologyτ ′ = {φ,L9(5)} which is also a quasi s-topological
loop and quasiG-s-topological loop.

Lemma 2.3. In a quasi irresolute topological loop, left and right inverses of a semi-open
set are also semi-open.

Proof. Suppose that(L, ∗, τ) is a quasi irresolute topological loop. ForM ∈ SO(L),
sinceiL : L → L is semi-homeomorphism in(L, ∗, τ), so for everyM ∈ SO(L) we have
iL(M) = (M)−1

L ∈ SO(L). Consequently,(M)−1
R ∈ SO(L). ¤

Corollary 2.4. Let (L, ∗, τ) be a quasi irresolute topological loop andM ⊆ L. Then
sInt(M−1

L ) = (sInt(M))−1
L , and sInt(M−1

R ) = (sInt(M))−1
R . Also sCl(M−1

L ) =
(sCl(M))−1

L , andsCl(M−1
R ) = (sCl(M))−1

R .

Proof. Since,iL is semi-homeomorphism and for a subsetM of L, we havesInt(M−1
L ) =

(sInt(M))−1
L , andsCl(M−1

L ) = (sCl(M))−1
L [4]. Accordingly,sInt(M−1

R ) = (sInt(M))−1
R ,

andsCl(M−1
R ) = (sCl(M))−1

R . ¤

Theorem 2.5. Every semi-open sub-loop in a quasi irresolute topological loop with pre
semi-open left translation is semi-closed.

Proof. Suppose thatL is a quasi irresolute topological loop andL′ is its semi-open sub-
loop. By the definition of semi-closure, each semi-open nbhd ofs meetsL′ if and only if
s ∈ sCl(L′). As, s ∗ L′ is a semi-open nbhd ofs, it meetsL′. Therefore,∃m, t ∈ L′ such
thatt = s ∗m. But, thens = t/m ∈ L′. So,sCl(L′) = L′. Hence,L′ is semi-closed. ¤

Lemma 2.6. Let X be a topological space and(L, ∗, τ) be a quasi irresolute topological
loop. If f : X → L is an irresolute map, then the mapsf−1

L : X → L given byf−1
L (x) =

(f(x))−1
L , andf−1

R : X → L given byf−1
R (x) = (f(x))−1

R are irresolute.

Proof. As, f−1
L = iL ◦ f , wheref andiL are irresolute, thereforef−1

L is irresolute. Con-
sequently,f−1

R is irresolute. ¤

The theorems given below are about semi-compactness and semi-Lindelof.

Theorem 2.7. t∗N−1 is semi-compact in a quasi irresolute topological loop(L, ∗, τ) with
inverse property, ifN is semi-compact.

Proof. Consider a semi-open cover{Mi : i ∈ I} of t ∗ N−1. So t ∗ N−1 ⊆ ∪i∈IMi,
N−1 ⊆ t−1 ∗∪i∈IMi = ∪i∈It

−1 ∗Mi. Hence,N ⊆ ∪i∈IM
−1
i ∗ t. By semi-compactness

of N , there is a finiteI0 ⊆ I such thatN ⊆ ∪i∈I0M
−1
i ∗ t, N ∗ t−1 ⊆ ∪i∈I0M

−1
i . Thus

t ∗N−1 ⊆ ∪i∈I0Mi. Therefore,t ∗N−1 has semi-open finite subcover inL. ¤
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Theorem 2.8. Letβe be a class of semi-open nbhds ofeL in a quasi irresolute topological
loop (L, ∗, τ). Then,

(1) For any elementM1 of βe, there exists an elementM2 in βe such thatM1 contains
both left and right inverses ofM2.

(2) For eachM1 ∈ βe, there existsM2 ∈ βe such thatt ∗M2,M2 ∗ t ⊆ M1, wheret
is an arbitrary element ofM1.

Proof.

(1) As given is that(L, ∗, τ) is a quasi irresolute topological loop, so for allM1 ∈ βe,
there isM2 ∈ βe such thatiL(M2) = (M2)−1

L ⊆ M1, andiR(M2) = (M2)−1
R ⊆

M1.
(2) For allM1 ∈ βe containingt, there existsM2 ∈ βe such thatlt(M2) = t ∗M2 ⊆

M1. Accordingly,rt(M2) = M2 ∗ t ⊆ M1 ∀t ∈ M1.

¤
Theorem 2.9. Letβe be a class of semi-open nbhds ofeL in a quasi irresolute topological
loop (L, ∗, τ). Then,

(1) For every elementM1 of βe and fort ∈ L, if lx is pre semi-open, then there exists
M2 ∈ βe such that(t ∗M2) ∗ (t)−1

R ⊆ M1.
(2) For all M1 ∈ βe and t ∈ L, if the right translation is pre semi-open then there

existsM2 ∈ βe such that(t)−1
L ∗ (M2 ∗ t) ⊆ M1.

Proof.

(1) It follows that lt is pre semi-open,rt is irresolute inL, andlt(e) = t. Then, there
existsM2 ∈ SO(L, e) such thatlt(M2) = t ∗M2, t ∗M2 is a semi-open nbhd of
t, andr(t)−1

R
(t ∗M2) = (t ∗M2) ∗ (t)−1

R ⊆ M1.

(2) If rt is pre semi-open,lt is irresolute inL, and rt(e) = t. Then there exists
M2 ∈ SO(L, e) such thatrt(M2) = M2 ∗ t, M2 ∗ t is a semi-open nbhd oft and
l(t)−1

L
(M2 ∗ t) = (t)−1

L ∗ (M2 ∗ t) ⊆ M1.

¤
Theorem 2.10. Let (L, ∗) be an IP loop and(L, τ) be a topological space. If for each
M ∈ SO(L, e), there existN ∈ SO(L, e) satisfyingN−1 ⊆ M , also left and right
translations are irresolute inL then the inverse map is also irresolute inL.

Proof. Supposet ∈ L andS is a semi-open nbhd oft−1. Thus, there is a semi-open
nbhdM of e satiatinglt−1(M) = t−1 ∗ M ⊆ S. Then(lt)−1(N−1) = lt−1(N−1) =
t−1 ∗N−1 = (N ∗ t)−1 is a semi-open nbhd oft−1, whereN ∗ t is a semi-open nbhd oft
andi(N ∗ t) = (N ∗ t)−1 = t−1 ∗N−1 ⊆ t−1 ∗M ⊆ S. Thus, the inverse map is irresolute
in L. ¤
Theorem 2.11. A quasi irresolute topological loop(L, ∗, τ) with inverse property is s-
regular at e, if µe is a base ate and everyM ∈ µe there exists a symmetric semi-open
nbhdN of e satiatingN ∗N ⊆ M−1.

Proof. Let t ∈ sCl(N) andt ∗N is a semi-open nbhd oft. Clearly,t ∗N ∩N 6= φ. So,
there existsm,n ∈ N such thatn = t ∗m, t = n ∗m−1 ∈ N ∗N−1 = N ∗N ⊆ M−1.
ThussCl(N) ⊆ M−1. It givesL is s-regular ate. ¤
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3. Quasi Topological Loops with respect to Semi-continuity

Definition 3.1. [13] A triplet (L, ∗, τ) is called a quasi s-topological loop, if the following
conditions are fulfilled:

(1) (L, ∗) is a loop.
(2) (L, τ) is a topological space.
(3) Multiplication map is separately semi-continuous in(L, ∗, τ).
(4) Left and right inverse mapsiL, iR defined on(L, ∗, τ) are semi-continuous.

Example 3.2. Loop L7(4) of order 8 with the topologiesτ1 = P (L7(4)) and τ2 =
{φ,L7(4)} form a quasi s-topological loop.

Theorem 3.3. A quasi irresolute topological loop is a quasi s-topological loop.

Proof. Suppose that(L, ∗, τ) is a quasi irresolute topological loop, thereforeiL, iR, lx and
rx, are irresolute inL. As every irresolute map is semi-continuous. Hence,iL, iR, rx and
lx are semi-continuous inL. So,(L, ∗, τ) is a quasi s-topological loop. ¤

The subsequent corollary is the consequence of above result.

Corollary 3.4. In a loop with topology, if left (right) inverse map is semi-open, then right
(left) inverse map is semi-continuous.

Proof. Suppose, left inverse map is semi-open. Then for eachM ∈ O(L), (M)−1
L ∈

SO(L). Therefore,iR((M)−1
L ) = M . This implies right inverse map is semi-continuous.

¤
Next we will show that left and right inverses of an open set are semi-open in a quasi

s-topological loop.

Lemma 3.5. In a quasi s-topological loop, left and right inverses of an open set are semi-
open.

Proof. Suppose that(L, ∗, τ) is a quasi s-topological loop. ForM ∈ O(L), sinceiL :
L → L is quasi s-homeomorphism in(L, ∗, τ), so for everyM ∈ O(L) we haveiL(M) =
(M)−1

L ∈ SO(L). Consequently,(M)−1
R ∈ SO(L). ¤

The next theorem is about the property of a semi-open sub-loop of a quasi s-topological
loop.

Theorem 3.6. Each open sub-loop in a quasi s-topological loop with semi-open left trans-
lation is semi-closed.

Proof. Suppose,L′ is an open sub-loop in a quasi s-topological loopL. By the definition
of semi-closure, each semi-open nbhd ofs meetsL′ if and only if s ∈ sCl(L′). As, s ∗ L′

is a semi-open nbhd ofs, it meetsL′. Therefore,∃m, t ∈ L′ such thatt = s ∗m. But, then
s = t/m ∈ L′. So,sCl(L′) = L′. Hence,L′ is semi-closed. ¤
Lemma 3.7. Let (L, ∗, τ) be a quasi s-topological loop andX be a topological space. If
f : X → L is an open and semi-continuous map, then the mapsf−1

L : X → L given
by f−1

L (x) = (f(x))−1
L , and f−1

R : X → L given byf−1
R (x) = (f(x))−1

R are semi-
continuous.
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Proof. As, f−1
L = iL ◦ f , whereiL is semi-continuous andf is semi-continuous and open,

thereforef−1
L is semi-continuous. Consequently,f−1

R is semi-continuous. ¤

Theorem 3.8. Let βe be a class of semi-open nbhds ofeL in a quasi s-topological loop
(L, ∗, τ). Then,

(1) For anyM1 ∈ O(L, e), there exists an elementM2 in βe such thatM1 contains
both left and right inverses ofM2.

(2) For eachM1 ∈ O(L, e), there existsM2 ∈ βe such thatt ∗ M2,M2 ∗ t ⊆ M1,
wheret is an arbitrary element ofM1.

Proof.

(1) As given is that(L, ∗, τ) is a quasi s-topological loop, so for allM1 ∈ O(L, e),
there existsM2 ∈ βe such thatiL(M2) = (M2)−1

L ⊆ M1, and iR(M2) =
(M2)−1

R ⊆ M1.
(2) For all M1 ∈ O(L, e) containingt, there existsM2 ∈ βe such thatlt(M2) =

t ∗M2 ⊆ M1. Accordingly,rt(M2) = M2 ∗ t ⊆ M1 ∀t ∈ M1.

¤

Theorem 3.9. Letβe be a class of open nbhds ofeL in a quasi s-topological loop(L, ∗, τ).
Then,

(1) For every elementM1 of βe and for t ∈ L, if left translation is semi-open, then
there existsM2 ∈ βe such that(t ∗M2) ∗ (t)−1

R ⊆ M1.
(2) For all M1 ∈ βe and t ∈ L, if the right translation is semi-open then there exists

M2 ∈ βe such that(t)−1
L ∗ (M2 ∗ t) ⊆ M1.

Proof.

(1) As rt is semi-continuous andlt is semi-open inL, andlt(e) = t. Then there exists
M2 ∈ O(L, e) such thatlt(M2) = t ∗M2, t ∗M2 is a semi-open nbhd oft, and
r(t)−1

R
(t ∗M2) = (t ∗M2) ∗ (t)−1

R ⊆ M1.

(2) If rt(e) = t, lt is semi-continuous andrt is semi-open inL. Then there exists
M2 ∈ SO(L, e) such thatrt(M2) = M2 ∗ t, M2 ∗ t is a semi-open nbhd oft, and
l(t)−1

L
(M2 ∗ t) = (t)−1

L ∗ (M2 ∗ t) ⊆ M1.

¤

Theorem 3.10. Suppose thatf : (L, ∗, τL) → (M, ∗′ , τM ) is a homomorphism between a
quasi s-topological loopM and a quasi irresolute topological loopL with pre semi-open
left translation inL. f is semi-continuous inL, if f is irresolute ateL.

Proof. Suppose that fors ∈ L, W is an open nbhd off(s) = t in M . Therefore, there
is a semi-open nbhdV of eM satiatinglt(V ) = t ∗ V ⊆ W . Thus,f(U) ⊆ V for
U ∈ SO(L, eL). As s ∗U ∈ SO(L, s). Therefore,f(s ∗U) = f(s) ∗ f(U) = t ∗ f(U) ⊆
t ∗ V ⊆ W . So,f is irresolute for anys ∈ L. ¤

Corollary 3.11. Suppose thatf : (L, ∗, τL) → (M, ∗′ , τM ) is a homomorphism between
a quasi s-topological loopM and a quasi irresolute topological loopL with pre semi-open
left translation inL. If f is semi-continuous ateL thenf is continuous inL.
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Theorem 3.12. Let (L, ∗) be an IP loop and(L, τ) be a space. If for allM ∈ SO(L, e),
there existsN ∈ O(L, e) satiatingN−1 ⊆ M , also right and left translations are semi-
continuous inL then inverse map is also semi-continuous inL. ThereforeL is a quasi
s-topological loop.

Proof. Supposet ∈ L andS is an open nbhd oft−1. So, there exists a semi-open nbhd
M of e satiatinglt−1(M) = t−1 ∗ M ⊆ S. Then(lt)−1(N−1) = lt−1(N−1) = t−1 ∗
N−1 = (N ∗ t)−1 is a semi-open nbhd oft−1, whereN ∗ t is a semi-open nbhd oft and
i(N ∗ t) = (N ∗ t)−1 = t−1 ∗N−1 ⊆ t−1 ∗M ⊆ S. Thus inverse map is semi-continuous
in L. ¤

Theorem 3.13.A quasi s-topological loop(L, ∗, τ) with inverse property is s-regular ate,
if µe is a base ate and everyM ∈ µe there exists a symmetric open nbhdN of e satisfying
N ∗N ⊆ M−1.

Proof. Let t ∈ sCl(N) andt ∗N is a semi-open nbhd oft. Clearly,t ∗N ∩N 6= φ. So,
there existm,n ∈ N such thatn = t ∗m, t = n ∗m−1 ∈ N ∗ N−1 = N ∗ N ⊆ M−1.
ThussCl(N) ⊆ M−1. It givesL is s-regular ate. ¤

4. Quasi Topological Loops with respect to Generalized Semi-continuity

Definition 4.1. [12] A triplet (L, ∗,G) is said to be a quasiG-s-topological loop, if the
following conditions are fulfilled:

(1) (L, ∗) is a loop.
(2) (L,G) is aG-topological space.
(3) Multiplication map is separatelyG-semi-continuous in(L, ∗,G).
(4) Left and right inverse maps areG-semi-continuous in(L, ∗,G).

Example 4.2.LoopL7(3) of order8 with the generalized topologyG = {φ, {1, 5, 7}, {e, 6},
{e, 1, 5, 6, 7}} is not a quasiG-s-topological loop. Moreover, with the topologyG′ = {φ},
(L7(3), ∗,G′) is a quasiG-s-topological loop which is neither a quasi irresolute topologi-
cal loop nor a quasi s-topological loop.

Corollary 4.3. In a loop withG-topology, if left (right) inverse map isG-semi-open, then
right (left) inverse map isG-semi-continuous.

Proof. Suppose, left inverse map isG-semi-open. Then for eachM ∈ GO(L), (M)−1
L ∈

GSO(L). Therefore,iR((M)−1
L ) = M . This implies right inverse map isG-semi-continuous.

¤

Remark 4.4. It is to be noted that, unlike topology, inG-topology the intersection ofG-
open andG-semi-open sets is not necessarilyG-semi-open.

Next we show that left and right inverses of eachG-open set areG-semi-open in a quasi
G-s-topological loop.

Lemma 4.5. Left and right inverses of aG-open set in a quasiG-s-topological loop are
G-semi-open.
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Proof. Let (L, ∗,G) be a quasiG-s-topological loop. ForM ∈ GO(L), sinceiL : L → L is
a quasiG-s-homeomorphism in(L, ∗,G), soiL(M) = (M)−1

L ∈ GSO(L). Consequently,
(M)−1

R ∈ GSO(L). ¤
The next theorem is about the property of aG-semi-open sub-loop of a quasiG-s-

topological loop.

Theorem 4.6. EveryG-open sub-loop in a quasiG-s-topological loop with aG-semi-open
left translation is aG-semi-closed.

Proof. Suppose,L′ is aG-open sub-loop in a quasiG-s-topological loopL. By the defini-
tion of aG-semi-closure, eachG-semi-open nbhd ofs meetsL′ if and only if s ∈ GsCl(L′).
As, s ∗ L′ is aG-semi-open nbhd ofs, it meetsL′. Thus,∃m, t ∈ L′ such thatt = s ∗m.
But, thens = t/m ∈ L′. So,GsCl(L′) = L′. Hence,L′ is aG-semi-closed. ¤
Lemma 4.7. Let(L, ∗,G) be a quasiG-s-topological loop andX be aG-topological space.
If f : X → L is aG-open andG-semi-continuous map, then the mapsf−1

L : X → L given
by f−1

L (x) = (f(x))−1
L , andf−1

R : X → L given byf−1
R (x) = (f(x))−1

R are G-semi-
continuous.

Proof. As, f−1
L = iL ◦ f , wheref is aG-open andG-semi-continuous andiL is G-semi-

open, thereforef−1
L is G-semi-continuous. Thereupon,f−1

R is G-semi-continuous. ¤
Theorem 4.8. Let βe be a class ofG-semi-open nbhds ofeL in a quasiG-s-topological
loop (L, ∗,G). Then,

(1) For anyM1 ∈ GO(L, e), there exists an elementM2 in βe such thatM1 contains
both left and right inverses ofM2.

(2) For eachM1 ∈ GO(L, e), there existsM2 ∈ βe such thatt ∗M2,M2 ∗ t ⊆ M1,
wheret is an arbitrary element ofM1.

Proof.

(1) As given is that(L, ∗,G) is a quasiG-s-topological loop, so for allM1 ∈ GO(L, e),
there existsM2 ∈ βe such thatiL(M2) = (M2)−1

L ⊆ M1, and iR(M2) =
(M2)−1

R ⊆ M1.
(2) For all M1 ∈ GO(L, e) containingt, there existsM2 ∈ βe such thatlt(M2) =

t ∗M2 ⊆ M1. Accordingly,rt(M2) = M2 ∗ t ⊆ M1 ∀t ∈ M1.

¤
Theorem 4.9. Let βe be a class ofG-open nbhds ofeL in a quasiG-s-topological loop
(L, ∗,G). Then,

(1) For every elementM1 of βe and fort ∈ L, if left translation isG-semi-open, then
there existsM2 ∈ βe such that(t ∗M2) ∗ (t)−1

R ⊆ M1.
(2) For all M1 ∈ βe andt ∈ L, if the right translation isG-semi-open then there exists

M2 ∈ βe such that(t)−1
L ∗ (M2 ∗ t) ⊆ M1.

Proof.

(1) As lt is G-semi-open andrt is G-semi-continuous inL, andlt(e) = t. Then there
existsM2 ∈ βe such thatlt(M2) = t ∗M2, t ∗M2 is aG-semi-open nbhd oft, and
r(t)−1

R
(t ∗M2) = (t ∗M2) ∗ (t)−1

R ⊆ M1.



116 M. K. Maqbool, A. Yousaf, M. Dilbar, M. S. Bosan, M. Younis, S. Sadique

(2) If rt is G-semi-open,lt is G-semi-continuous inL, andrt(e) = t. Then there
existsM2 ∈ βe such thatrt(M2) = M2 ∗ t, M2 ∗ t is aG-semi-open nbhd oft,
andl(t)−1

L
(M2 ∗ t) = (t)−1

L ∗ (M2 ∗ t) ⊆ M1.

¤

Theorem 4.10. Let (L, ∗) be an IP loop and(L,G) is aG-topological space. If for each
M ∈ GSO(L, e), there existsN ∈ GO(L, e) satisfyingN−1 ⊆ M , alsorx and lx are
G-semi-continuous inL then inverse map is alsoG-semi-continuous inL. ThereforeL is a
quasiG-s-topological loop.

Proof. Supposet ∈ L andS is aG-open nbhd oft−1. So, there is aG-semi-open nbhdM
of e satiatinglt−1(M) = t−1 ∗M ⊆ S. Then(lt)−1(N−1) = lt−1(N−1) = t−1 ∗N−1 =
(N ∗t)−1, whereN ∗t is aG-semi-open nbhd oft andi(N ∗t) = (N ∗t)−1 = t−1∗N−1 ⊆
t−1 ∗M ⊆ S. Thus inverse map isG-semi-continuous inL. ¤

Theorem 4.11.A quasiG-s-topological loop(L, ∗,G) with inverse property isG-s regular
at e, if µe is aG-base ate and everyM ∈ µe there exists a symmetricG-open nbhdN of e
satisfyingN ∗N ⊆ M .

Proof. Let t ∈ GsCl(N) andt ∗N is aG-semi-open nbhd oft. Clearly,t ∗N ∩N 6= φ.
So, there existm,n ∈ N such thatn = t ∗m, t = n ∗m−1 ∈ N ∗N−1 = N ∗N ⊆ M .
ThusGsCl(N) ⊆ M . It givesL is G-s regular ate. ¤
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