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Abstract. In this article, we establish some new integral inequalities on
fractional calculus operator i.ek-Caputo fractional derivative operator.
As a consequence, we obtain new variety of fractional integral inequal-
ities. Also we apply the Young's inequality to find new versions of in-
equalities for the generalized fractional derivative. Such results for this
new and generalized fractional derivative are very useful and worthwhile
in the fields of differential equations and fractional differential calculus
which has very deep connection with the real world problems. These re-
sults may motivate further research in different areas of pure and applied
sciences.
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1. INTRODUCTION

Fractional calculus refers to the study of integral and derivative operators of fractional
order. This subject is as significant as calculus itself and have been of huge importance
in the last few decades (see for example [1], [2], [3], [7], [8], [9], [10], [11], [12]). Frac-
tional calculus has been applied in different areas of engineering, science, finance, applied
mathematics, bio engineering etc. Mathematical inequalities are important to the study of
mathematics as well as many related fields and their uses are broad in scope.

Griss inequality is stated in the next theorem.

Theorem 1.1.[6] Let% be a set of real numbersy, M, n, N € ®,andQ, Y : [r, 2] — R
be two positive functions such that < Q(u) < M, n < YT(u) < N, for p € |11, 72
Then

—— [T~ 5 [ Qi [ V)] < FO =)V = )

1.1)
where the constarﬁ cannot be improved.

Following definition of Caputd-fractional derivatives is given in [5].

Definition 1.2. Letar > 0,k > 1l anda ¢ {1,2,3,...},n = [a] + 1,Q € AC"[a,b]. The
left and right sided Caputé-fractional derivatives of ordet are defined as follows:

1 e Q(y)
C o,k _ X
Dy Qo) = ka(n—;‘)/a (gfx)%—n+1dx’g>“ 1. 2)
and
-1" by
€ pekop) = — / . d b 1.3
b SUo) Rk(n— ) J, (x— 170" (1.3)

wherel';,(«) is the k-Gamma function (Diaz et al. [4]) defined as

e a—1 i
Fk (Oé) = X ek an
0
also
Ii(a+ k) = alk(a)

If « =n € {1,2,3,...} and usual derivative of order exists, then Caputé-fractional
derivative(“ D' Q)(x) coincides with(™) (x).
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2. MAIN RESULTS
The first main result is given in next theorem.
Theorem2.1.Leta > 0,k > 1anda ¢ {1,2,3,...},n = [a]+1,Q, Ty, ¥y € AC"[a,b].
and Iet(Cijjf f ) denotes the Caputo k-fractional derivative of order- 0. Suppose that
the exist¥; ™, U, (™ such that
¥, (€) < () < v (9, 2.4
forall £ € [0,00). Then
(“patwn) ) (“Dte) (© + (Cputws) ) (CDite) (©)
> (“pgfwn) @ (“psten) © + (“Dgte) () (“pite) ©). @ 5)
Proof. Using (2. 4) forally > 0, 6 > 0, we have
(02 (7) = QW (][O (8) — ¥, (8)] > 0,
then
Wy ()M (8) + T, M (5)QM) () > T M (5) W™ (7) + QM ()M (5). (2. 6)

If we multiplying by % on both sides of (2. 6 ) and integrating the resulting

identity for the variabley over the intervala, ) we get

¢
80 = /5 D E B () dy
k

¢
+ M) krk /f PRI (y)dy
¢
> \I/l(n)( krk /5 ,yn o (n)( )d’y
(n) 1 n—2¢—1
+ 00 k)/(f WEO (),

a

which can be written as
Q) (“D3wR) (€ + ¥V @) (D) ©
> 0 ™0) (YD) (§) + 2™0) (“DR) (©). 2. 7)

Now multiplying by (5‘”(7) on both sides of ( 2. 7 ) and integrating the resulting
identity for the variable) on the intervala, &) we get
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(“psfw) € (“Dete) () + (D ws) (6) (CDiER) (9)
> (“pztw) (@ (“pates) © + (CDiER) ©) (D) ©
This complete the proof. |

Corollary 2.2. Letm, M € R, withm < M, andk,¢ > 0. LetQ(™ be a positive function
such thatm < Q) (¢) < M. Then

mR(€)(CDAFQ)(€) + MR(£)C D Q(¢)
> mMR(€R(E) + (CDyEQ€)(CDgQ) (),
where
(2. 8)

Remark 2.3. Takek = 1 in Theorem 2.1 and Corollary 2.2 we get the results for the
Caputo fractional derivative.

Theorem 2.4. Letk > 0, and Iet(Cfoff) denotes the Caputo k-fractional derivative of

ordera > 0, and letQ2(™ and Y(") be two positive functions da, ¢). Suppose that ( 2. 4
) holds and there exist integrable functiopg”) and goé") on[a, &) such that

P(€) < TM (&) < ¥l (9), 2. 9)
Then the following inequalities holds:

a. (D) (CDiFQ) (€ + (D) (9 (CDIET) (9)

> (“Dyten) (©) (“Detw2) () + (“Dste) ©) (TP (©),

b (D) © (TP (© + (TDste2) (9 (“DifR) (©
> (“Dptwn) ) (Dt ) (© + (“Dite) ©) (CDHET) (@),

e (“Datwe) © (“Deten) © + (“DsfR) (© (D) (©

> (“Dfws) (©) (“DEr2) (6 + (“Diten) (9 (CDite) (¢,

d. (“Defw) © (“Deten) © + (“Dafe) © (CET) )
> (“Dgfwn ) () (CDHET) © + (TDiten) (©) (“DifR) (©):
Proof. For all¢ € [0, c0), it follows from (2. 4 ) and ( 2. 9) we get
[0 (7) = QM ()T (8) = 1" (5))] > 0.
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Then
Ty ()T (8) + ™ (6)Q2M (1) > o{™ (5) T, (1) + QM) ()T (5).

Multiplying by m on both side and integrating the resulting identity for the vari-
abley over the intervala, £) we have that

¢
T(")((S)krk()/(f PP ETEL M (7)dy
k
£
RO / €=t ()
€
> o) e / PR, (9)dy
-0 s / (=) F e ()
k

a

which can be written as
TE) (CDeEws) (€) + o1 (9) (CDae) (o)
@) (“Detws) () + T 0) (D) (©).
’“% )l on both side and integrating the resulting identity for the
variabled over the intervala, £) we have that

(“Difen) (0 (pite) @ + (D) (0 (“Dif ) ©
> (“Dafen) © (9D ) (©) + (CDafe) (© (CDET)

This complete the part (a).
To prove the part (b)-(d) following inequalities shall be used.

B).  ($57(7) — T () (R (6) — ¥, (8))) > 0.

Again multiplying by(g 6)(

(©). (T2 (3) = QW ()T (3) — i (8)) = 0.

(d). (@ () = QW)X (8) — M (8))) = 0.
O

Corollary 2.5. LetQ(™) and Y(™ be two positive functions da, £). Suppose that there
exist real constantn, M,n, N such thatm < Q" (¢) < M, n < Y™ (&) < N for all
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¢ €[0,00). Then
a. nR(E (D) (€) + MAE) (DY) ()
> nMR(§R(E) + (C Df;fQ) ) (CDZ“f T) ()

b mR(€) (CD‘”“T> )+ NR(€) (C O‘kQ) ©)
> mNR(EmR(E) + (D5fe) (©) (“DT) ()
. NMRERE)+ (D) © (“Dafr) (¢

> MR() (“DT) (6 + NR(©) (“Dife) (©)

d. wmREORE) (“Dier) © + (“DiER) ©) (CDT) (©)
> mR(E) (“DEET) (6) + nmR(e) (“DIR) (6),
R(¢) is defined by ( 2. 8).

Lemma 2.6. Letk > 0, and Iet(cDg‘ff> denotes the Caputo k-fractional derivative of
ordera > 0, and let®; ™ and ¥, ™ be two integrable functions df, cc). Then
R()((CDaf2?)(€) - (“Dgf)(€))?
= ((OD3 ) (€) — (D) (D) - D (€))
—  R(OUCDEEW,)(€) — (CDIFEQ)(€)(CDEEQ) (&) — (YD) (€))
+ REODE(@1(9E)) — (UDgw1)()(CDEF)(€))
+ R(ODEE()Q8) — (“Drw2)(€)(C D) (©)
— R()DIE (W1 (&)W2) + (CDEFw ) (6)(C DS ,)(€),
R(¢) is defined by (2. 8).

Proof. Sincevy,d > 0, we have

(05 (8) = 2 (8)(Q) (1) - ¥ <">< ))
+ (1 (9) = QM () QM (8) — W, M (6))
— (W (y) = QW) (7)) (6) — w1<n><a>>

(02 (8) — QM (6)) (™ (8) — W, (8))
= (20 (7))2 + (™ (8))2 — 20 (1)Q)(5)
+ W0 (1) + B (1) (8) — I (1) WFV () + W5 ()2 (8)
+ U0 () — BT () — WLV (1)QM (1) + T (1) ()
— WM (y) + B (3)QM (8) + BV (8) Y (5) — v (8)2M (6)



On Some new Grss inequalities concerning to Caputdractional Derivative

Multiplying both sides by% and integrating for the variable over the interval
[a, &) we get
(U5 (8) — 2 (9))(C D) — C Dy (€))

+ (ODFws () - CDIF€) QM (6) - vV (6)))

— ODIF((W2(€) — Q9)() — ¥1(5))))

— (W5 (8) — QM (0) (™ (8) — ¥ (6))) R(€)
(D) + (RO (9)) — 29D (€)™ (5)
w5 (6)° DY) + C DY w1 (€)™ (6)

CDYF ()W (8) + 05 (6)2™ (6)

v (6)° Dy xP(")(a)CD“ Wy (€)
CDI(2(5)(¢) F(01 (&) W2(8)) R(E)

— DY (W (6)Q() <6>Q<"<> R(¢)

+ UV () ws (0)R(E) — W’( 5™ (B)R(E).

+ o+

) -
)+
) =

(n)

Multiplying both sides by% and integrating for the variabl&over the interval
[a, €] we get
(CDyFwy(€) - C D)) (CDgEQ(E) — C Dy (€))

+ (ODgM(8) - CDYFO€))(CDYFQE) — D (€)))

— CDI((T2(8) — QE)(QUE) — W1 (£))R(E)

— (ODIWa(8) - CDgFA))(C D) - CDgl R (€)R(E)

= (9D (O)R(E) + RE(R(E)Q(E)) — 2° Dy () D (g

+ CDIEwL(9)ODIFE) + DI ()9 DY)
+ DI (OO DYWL (€) + O Dy, (OO D)
n

)
)
) —
)

~— —

DU (O DILENE) — DY () DI W(6)
—  R(OIDIF(W2()Q(E)) + ODeE (W1 (W1 (€))R(E)
—  R(ODy (U1(9)0(8)) — C D (W2()Q())R(E)
+  R(ODYI (U1 (€)W2(€)) — “DLF(W1(Q(E))R(E).
This complete the proof of lemma. a

Corollary 2.7. Letm < M, k > 0, and letQ(™) be a positive function ofu, £) such that
m < QM (¢) < M. Then

R(E)(“DefQ?(€) — (D)
= (MR - “Def(©) (“DEE) — mR(E) — DM ~ 2p)(QAp) — m)).
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R(¢) is defined by (2. 8).

Theorem 2.8. Letk > 0, and Iet(cDgff) denotes the Caputo k-fractional derivative of

ordera > 0, and letQ™ T\ W, (" andy{™ | be integrable functions of, ).
If conditions (2. 4) and ( 2. 9) are satisfied then

[RE©CDEFQOT(©) — (“DEEE (D))

< VT(Q, 01, U2)T (Y, 01, 02), (2. 10)
where
T(Q,01, W) = ((“Dyfws)(€) — (CDIF)))(CDeEQ) () — (CDgfFw)(€))
+ RE(CDIUL(E)Q)(€) — (CDLER)(€)(CDIER)(©)
+ RE(CDI)(W2(6)Q(E)) — (CDEFwL)(€)(CDIFQ)(€)
+ (ODIU ) () (CDEFW,)(€) — R(€)(CDYE)(T1T5(€)),
and
T(Y,p1,02) = ((CDsFpa)(€) — (CDUEYYE)(CDLET)(E

)(€) — (“Daife1)(©))
+ REEDIE) ()T - (¢ a+<p1)( E(CDIE)()
+ RE(EDIE) (p2()Y() — (D) ()(CDEET)(E)
+ (ODFen) (O DeLea) (&) — RE(CDI) (01(E)p2()),

R(¢) is defined by ( 2. 8).

Proof. Let& > 0, 7,6 € [a,&], Q) T pe two positive function o0, co] such that
conditions (2. 4) and ( 2. 9) are satisfied an@y, §) defined by

T(7,8) = (@™ (7) = Q" (6)) (X" (v) = T (3)). (2.11)

Taking the product on both side (2. 11) b ,(,g 7)2(” © (& g‘;)))";rl integrating for the

variablesy andd over the intervala, £] we get

E ,Y n—f § 5) -2
/ ka ’n,f o )2 T(r%é)d"ydé

(n;)

_ §F ok . ok
- mﬁh JQUOT(E) — (DL CDLFTY©).(2. 12)

Applying Cauchy Schwarz Inequality we get
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(//f e

<Q(">< ) = Q)X ) — T ) drds)

n k 7%71
/ = ZFI; 7n —a 5 (0 () — YOV (8))2dryds

(2. 13)

From (2. 12)and (2. 13) we get

(RE)((CDEENQAET(E)) — (CDILEQ)(E)(CDLFT)(€))?

< (REEDEF?)(€) — (P D )(€))?)

x (RECDIIT?)(E) = (CDIET)(€))
Since

(T2 (&) — QM () (™ (€) — v, ™M (€))) > 0,
and
(¢§7(&) = TME)(TM () — (™ () > 0,
we have
R()(W2" (&) — (€)™ (¢) — ¥, (€))) > 0,

and

R(€)(¢8 (&) = TM () (T (€) — 1" (€)) > 0.

Thus from the Lemma 2.6 we have
RE)((CDEFa?)(€)) — (CDgfQ)(6))?
(CDgEw2) () — (CDIFE))(CDLEQ)(E) — (CDgFw)(€))
R(&)(C DY) (w1(£)9(8)) — (CDgF ) (€)(C D) (€)
RE)(C DY) (2(6)Q(E)) — (CDLFW,)(€)(CDIFQ)(€)
(CDEw)(E)(CDeFw2)(€) — R(€)(CDLE) (W1(6)Wa(6))

T(Q, ¥, W)

1€
(€

m—+ 4+ + IA

(W
(0,
)(
(2. 14)

and
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R(E)((CDFY?)(€)) — (CDEF1)(€))?

< ((ODgFe2)(€) = (CDEENNEN (D)) = (CDg 01)(€))

+ REOEDIE (1)) = (D o) ()(C D) (€)

+ RE(EDEN) (92T () = (CDge2) ()(CDGEY)(E)

+ (OD3 o) OO D) (&) — RE(CDIE) (p1(§)p2($))

= T(Y,¢1,p2) (2.15)
Therefore, the inequality (2. 10) follows from (2. 14 ) and ( 2. 15). This complete the
proof. =

Corollary 2.9. Letm,M,n,N € R, T(Q,¥1,¥y) = T(Q,m, M) andT (Y, p1,p2) =
T(Y,n,N). Then the inequality (2. 10 ) reduces to

R(E(DEH(QEY(E) — (CDE)(E(CDEET)(E)| < (R(€)* (M —m)(N —n).

Theorem 2.10. Letk > 0 and (™ and Y™ be two positive functions defined finoc).
Then the following inequalities holds:

L q(CDran)©) +p CDLFTE) > pq%

2. q (CDGE)E(CDIIT)E) +p (DN (€)(C DT (€)
> pa((“ D) Q)T (€))%,

(*DEYY)(p)(CDLEQ)(©),

3. q (°DEFar)(€)(CDIFT(€) +p (CDIEQY)(€)(CDIETP)(E)
> pa((C DY QTP HE)((CDLEY Q) TTL(€)),

4. q (CDZFOP)(E)(EDLETN(E) +p (CDLEQP)(E)(CDEETY)(€)
> pa(C DI (QPH O TI(E)(CDIE) ()T (€)),

2

5. q (CDIFP)(€)(CDIEY?)(€) +p (CDLEQ?)(E)(C DT (€)
> pg(CDIE)QE)T(€))(* DY) Q7 ()T 7 (€)),

6. g (CDIFO?)(€)(CDEEYN)€) + p (CDIFAP)(E)(CDLFY?) ()
> pg(C DEF)(QF ()15 (€)) (DI Q)T (€)),

7. g (CDINQHE)TIE)) +p (CDUFYQA(E)TP)(E)

x (CDEE) QP (I (O))(C D) Q7 () TP(€)),

quR(f)
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R(¢) is defined by (2. 8).

Proof. By Young's Inequality we have

aP

1 1
—+—>ab (a,b6>0,p,q>1, erf:l),
p q q

puta = Q" (v), andb = Y™ (§), we have

q — )

for all Q™) (y), Y (§) >

Multiplying by &= VE %Q

0.

3 and integrating for the variabteover the intervala, ] we get

[le=n)t @0, €= i (X))
/krk w2 +/

d
p N
F(e—yt
—N"TET o) ()
> [ 22—t 0 T (8)dry,
> [ AT e
and it becomes
Lo a 1 a
SODREE) + TUO)R(E) = YO DILOAE).
Again Multiplying by % and integrating for the variableover the intervala, ¢]
3 n—ﬁ
we get

DI ORE) + 1CD3+’“TQ<£>R<5> > MDY () DEFRAE)
which implies that

SCDIEPO) + L (CDIES)0) = 7 DI TP,
This completg the prppf of part (1).

The reaming inequalities can be proved using Young’s inequality in the similar manner by



28 S.Igbal, S. Ahmad, M.A. Khan and M.Samraiz

taking:
2. a=0" (7)1 (), andb = Q™ (E)T (7).

Q™ (y) Qlm (s)
3. Q_W(/y)7 andb—m,

TO ()T @) £ 0.

B Q(n)((S) B T(n)((s)
4. a= Q(T(’Y)’ andb = T(T(’y)’
Q) (7)1 (5) £ 0.
5. a= Q0 ()™ (),
andb = Q07 ()1 ()
Q)% (7) (X))
6. a= ( )(5)), andb = T(")(v) ,
0 (5T (9) #
(™)) (™))
7. a= T(”)(é) , andb = W’
T (1) 1) (5)

O

Example 2. 11 Letk > 0 and <p2 ( ) be a positive function defined g6, o) and let

m = min 2 () and M = Omax Then one can have

Qr
0Shee T(n)( (n)( )

(m+ M)?

0 < (D)D) <

(©DeENQY(©)) (2. 16)

Proof. It follows from (2. 16)

and

Q2 (9) + mMYT™? (1) < (m + M) (7)Y ().
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Multiplying by % and integrating for the variabteover the intervala, £] we get

%)

£
u (m)? E=)"F w2
/ T €+ mat / o T e

/\
oo a-\Q

< e+ 20) [ S T )

This implies that
(“DEE?)(€) + mM(CDIEY?)(€) < (m+ M)(CDEEQ)(NT™M (7). (2.17)
Alternatively it follows from

2
(Veputon - mureiira©) =0

that

2/(C D3F2)(€)\/mM (CDIFT2)(€) < (m+ MYEDIFV(N (). (2.18)
Therefore,
AmM (D) () (CDEFY?) () < (m+ M) (D) (1) Y (7))
follows from (2. 17 ) and ( 2. 18 ), and proof is complete. O
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