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Abstract. In this article, we establish some new integral inequalities on
fractional calculus operator i.e.k-Caputo fractional derivative operator.
As a consequence, we obtain new variety of fractional integral inequal-
ities. Also we apply the Young’s inequality to find new versions of in-
equalities for the generalized fractional derivative. Such results for this
new and generalized fractional derivative are very useful and worthwhile
in the fields of differential equations and fractional differential calculus
which has very deep connection with the real world problems. These re-
sults may motivate further research in different areas of pure and applied
sciences.
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1. INTRODUCTION

Fractional calculus refers to the study of integral and derivative operators of fractional
order. This subject is as significant as calculus itself and have been of huge importance
in the last few decades (see for example [1], [2], [3], [7], [8], [9], [10], [11], [12]). Frac-
tional calculus has been applied in different areas of engineering, science, finance, applied
mathematics, bio engineering etc. Mathematical inequalities are important to the study of
mathematics as well as many related fields and their uses are broad in scope.

Grüss inequality is stated in the next theorem.

Theorem 1.1. [6] Let< be a set of real numbers,m,M,n, N ∈ <, andΩ, Υ : [τ1, τ2] → <
be two positive functions such thatm ≤ Ω(µ) ≤ M, n ≤ Υ(µ) ≤ N, for µ ∈ [τ1, τ2].
Then∣∣∣∣∣∣

1
τ2 − τ1

τ2∫

τ1

Ω(µ)Υ(µ)dµ− 1
(τ2 − τ1)2

τ2∫

τ1

Ω(µ)dµ

τ2∫

τ1

Υ(µ)dµ

∣∣∣∣∣∣
≤ 1

4
(M −m)(N − n),

(1. 1)
where the constant14 cannot be improved.

Following definition of Caputok-fractional derivatives is given in [5].

Definition 1.2. Letα > 0, k ≥ 1 andα /∈ {1, 2, 3, ...}, n = [α] + 1, Ω ∈ ACn[a, b]. The
left and right sided Caputok-fractional derivatives of orderα are defined as follows:

CDα,k
a+ Ω(%) =

1
kΓk(n− α

k )

∫ %

a

Ω(n)(χ)
(%− χ)

α
k−n+1

dχ, % > a (1. 2)

and

CDα,k
b− Ω(%) =

(−1)n

kΓk(n− α
k )

∫ b

%

Ω(n)(χ)
(χ− %)

α
k−n+1

dχ, % < b (1. 3)

whereΓk(α) is the k-Gamma function (Diaz et al. in[4]) defined as

Γk(α) =
∫ ∞

0

χα−1e
−χk

k dχ,

also

Γk(α + k) = αΓk(α)

If α = n ∈ {1, 2, 3, ...} and usual derivative of ordern exists, then Caputok-fractional
derivative(CDα,1

a+ Ω)(x) coincides withΩ(n)(x).
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2. MAIN RESULTS

The first main result is given in next theorem.

Theorem 2.1.Letα > 0, k ≥ 1 andα /∈ {1, 2, 3, ...}, n = [α]+1, Ω, Ψ1, Ψ2 ∈ ACn[a, b].
and let

(
CDα,k

a+ f
)

denotes the Caputo k-fractional derivative of orderα > 0. Suppose that

the existΨ1
(n),Ψ2

(n) such that

Ψ1
(n)(ξ) ≤ Ω(n)(ξ) ≤ Ψ2

(n)(ξ), (2. 4)

for all ξ ∈ [0,∞). Then
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ) +
(

CDα,k
a+ Ψ2

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ)

≥
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ Ψ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Ω

)
(ξ). (2. 5)

Proof. Using ( 2. 4 ) for allγ ≥ 0, δ ≥ 0, we have

[Ψ2
(n)(γ)− Ω(n)(γ)][Ω(n)(δ)−Ψ1

(n)(δ)] ≥ 0,

then

Ψ2
(n)(γ)Ω(n)(δ) + Ψ1

(n)(δ)Ω(n)(γ) ≥ Ψ1
(n)(δ)Ψ2

(n)(γ) + Ω(n)(γ)Ω(n)(δ). (2. 6)

If we multiplying by (ξ−γ)n−α
k
−1

kΓk(ν(n−µ)) on both sides of ( 2. 6 ) and integrating the resulting
identity for the variableγ over the interval(a, ξ) we get

Ω(n)(δ)
1

kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ψ2

(n)(γ)dγ

+ Ψ1
(n)(δ)

1
kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ω(n)(γ)dγ

≥ Ψ1
(n)(δ)

1
kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ψ2

(n)(γ)dγ

+ Ω(n)(δ)
1

kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ω(n)(γ)dγ,

which can be written as

Ω(n)(δ)
(

CDα,k
a+ Ψ2

)
(ξ) + Ψ(n)

1 (δ)
(

CDα,k
a+ Ω

)
(ξ)

≥ Ψ1
(n)(δ)

(
CDα,k

a+ Ψ2

)
(ξ) + Ω(n)(δ)

(
CDα,k

a+ Ω
)

(ξ). (2. 7)

Now multiplying by (ξ−δ)n−α
k
−1

kΓk(n−α
k ) on both sides of ( 2. 7 ) and integrating the resulting

identity for the variableδ on the interval(a, ξ) we get
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(
CDα,k

a+ Ψ1

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ) +
(
kDµ,ν

a+ Ψ2

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ)

≥
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ Ψ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Ω

)
(ξ).

This complete the proof. ¤

Corollary 2.2. Letm,M ∈ <, with m < M, andk, ξ > 0. LetΩ(n) be a positive function
such thatm ≤ Ω(n)(ξ) ≤ M. Then

mR(ξ)(CDα,k
a+ Ω)(ξ) + MR(ξ)CDα,k

a+ Ω(ξ)

≥ mMR(ξ)R(ξ) + (CDα,k
a+ Ω(ξ))(CDα,k

a+ Ω)(ξ),

where

R(ξ) =
(ξ − a)n−α

k

Γk

(
n− α

k + k
) . (2. 8)

Remark 2.3. Takek = 1 in Theorem 2.1 and Corollary 2.2 we get the results for the
Caputo fractional derivative.

Theorem 2.4. Letk > 0, and let
(

CDα,k
a+ f

)
denotes the Caputo k-fractional derivative of

orderα > 0, and letΩ(n) andΥ(n) be two positive functions on[a, ξ). Suppose that ( 2. 4

) holds and there exist integrable functionsϕ
(n)
1 andϕ

(n)
2 on [a, ξ) such that

ϕ
(n)
1 (ξ) ≤ Υ(n)(ξ) ≤ ϕ

(n)
2 (ξ). (2. 9)

Then the following inequalities holds:

a.
(

CDα,k
a+ ϕ1

)(
CDα,k

a+ Ω
)

(ξ) +
(

CDα,k
a+ Ψ2

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ)

≥
(

CDα,k
a+ ϕ2

)
(ξ)

(
CDα,k

a+ Ψ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ),

b.
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ) +
(

CDα,k
a+ ϕ2

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ)

≥
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ ϕ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ),

c.
(

CDα,k
a+ Ψ2

)
(ξ)

(
CDα,k

a+ ϕ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ)

≥
(

CDα,k
a+ Ψ2

)
(ξ)

(
CDα,k

a+ Υ2

)
(ξ) +

(
CDα,k

a+ ϕ2

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ),

d.
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ ϕ1

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ)

≥
(

CDα,k
a+ Ψ1

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ) +
(

CDα,k
a+ ϕ1

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ).

Proof. For all ξ ∈ [0,∞), it follows from ( 2. 4 ) and ( 2. 9 ) we get

[Ψ2
(n)(γ)− Ω(n)(γ))][Υ(n)(δ)− ϕ

(n)
1 (δ))] ≥ 0.



On Some new Gr̈uss inequalities concerning to Caputok-fractional Derivative 21

Then

Ψ2
(n)(γ)Υ(n)(δ) + ϕ

(n)
1 (δ)Ω(n)(γ) ≥ ϕ

(n)
1 (δ)Ψ2

(n)(γ) + Ω(n)(γ)Υ(n)(δ).

Multiplying by (ξ−γ)n−α
k
−1

kΓk(ν(n−µ)) on both side and integrating the resulting identity for the vari-
ableγ over the interval[a, ξ) we have that

Υ(n)(δ)
1

kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ψ2

(n)(γ)dγ

+ ϕ
(n)
1 (δ)

1
kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ω(n)(γ)dγ

≥ ϕ
(n)
1 (δ)

1
kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ψ2

(n)(γ)dγ

+ Υ(n)(δ)
1

kΓk

(
n− α

k

)
ξ∫

a

(ξ − γ)n−α
k−1Ω(n)(γ)dγ,

which can be written as

Υ(n)(δ)
(

CDα,k
a+ Ψ2

)
(ξ) + ϕ

(n)
1 (δ)

(
CDα,k

a+ Ω
)

(ξ)

≥ ϕ
(n)
1 (δ)

(
CDα,k

a+ Ψ2

)
(ξ) + Υ(n)(δ)

(
CDα,k

a+ Ω
)

(ξ).

Again multiplying by (ξ−δ)n−α
k
−1

kΓk(n−α
k ) on both side and integrating the resulting identity for the

variableδ over the interval[a, ξ) we have that
(

CDα,k
a+ ϕ1

)
(ξ)

(
CDα,k

a+ Ω
)

(ξ) +
(

CDα,k
a+ Ψ2

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ)

≥
(

CDα,k
a+ ϕ1

)
(ξ)

(
CDα,k

a+ Ψ2

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ)

This complete the part (a).
To prove the part (b)-(d) following inequalities shall be used.

(b). (ϕ(n)
2 (γ)−Υ(n)(γ))(Ω(n)(δ)−Ψ1

(n)(δ))) ≥ 0.

(c). (Ψ2
(n)(γ)− Ω(n)(γ))(Υ(n)(δ)− ϕ

(n)
2 (δ)) ≥ 0.

(d). (Ψ(n)
1 (γ)− Ω(n)(γ))(Υ(n)(δ)− ϕ

(n)
1 (δ))) ≥ 0.

¤

Corollary 2.5. Let Ω(n) andΥ(n) be two positive functions on[a, ξ). Suppose that there
exist real constantm,M, n,N such thatm ≤ Ω(n)(ξ) ≤ M, n ≤ Υ(n)(ξ) ≤ N for all
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ξ ∈ [0,∞). Then

a. nR(ξ)
(

CDα,k
a+ Ω

)
(ξ) + MR(ξ)

(
CDα,k

a+ Υ
)

(ξ)

≥ nMR(ξ)R(ξ) +
(

CDα,k
a+ Ω

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ)

b. mR(ξ)
(

CDα,k
a+ Υ

)
(ξ) + NR(ξ)

(
CDα,k

a+ Ω
)

(ξ)

≥ mNR(ξ)mR(ξ) +
(

CDα,k
a+ Ω

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ)

c. NMR(ξ)R(ξ) +
(

CDα,k
a+ Ω

)
(ξ)

(
CDα,k

a+ Υ
)

(ξ)

≥ MR(ξ)
(

CDα,k
a+ Υ

)
(ξ) + NR(ξ)

(
CDα,k

a+ Ω
)

(ξ)

d. nmR(ξ)R(ξ)
(

CDα,k
a+ ϕ1

)
(ξ) +

(
CDα,k

a+ Ω
)

(ξ)
(

CDα,k
a+ Υ

)
(ξ)

≥ mR(ξ)
(

CDα,k
a+ Υ

)
(ξ) + nmR(ξ)

(
CDα,k

a+ Ω
)

(ξ),

R(ξ) is defined by ( 2. 8 ).

Lemma 2.6. Let k > 0, and let
(

CDα,k
a+ f

)
denotes the Caputo k-fractional derivative of

orderα > 0, and letΨ1
(n) andΨ2

(n) be two integrable functions on[0,∞). Then

R(ξ)((CDα,k
a+ Ω2)(ξ))− ((CDα,k

a+ Ω)(ξ))2

= ((CDα,k
a+ Ψ2)(ξ)− (CDα,k

a+ Ω)(ξ))(CDα,k
a+ Ω(ξ)− CDα,k

a+ Ψ1(ξ))

− R(ξ)((CDα,k
a+ Ψ2)(ξ)− (CDα,k

a+ Ω)(ξ))((CDα,k
a+ Ω)(ξ)− (CDα,k

a+ Ψ1)(ξ))

+ R(ξ)CDα,k
a+ (Ψ1(ξ)Ω(ξ))− ((CDα,k

a+ Ψ1)(ξ)(CDα,k
a+ Ω)(ξ))

+ R(ξ)CDα,k
a+ (Ψ2(ξ)Ω(ξ))− (CDα,k

a+ Ψ2)(ξ)(CDα,k
a+ Ω)(ξ)

− R(ξ)CDα,k
a+ (Ψ1(ξ)Ψ2) + (CDα,k

a+ Ψ1)(ξ)(CDα,k
a+ Ψ2)(ξ),

R(ξ) is defined by ( 2. 8 ).

Proof. Sinceγ, δ > 0, we have

(Ψ2
(n)(δ)− Ω(n)(δ))(Ω(n)(γ)−Ψ1

(n)(γ))

+ (Ψ2
(n)(γ)− Ω(n)(γ))(Ω(n)(δ)−Ψ1

(n)(δ))

− (Ψ2
(n)(γ)− Ω(n)(γ))(Ω(n)(δ)−Ψ1

(n)(δ))

− (Ψ2
(n)(δ)− Ω(n)(δ))(Ω(n)(δ)−Ψ1

(n)(δ))

= (Ω(n)(γ))2 + (Ω(n)(δ))2 − 2Ω(n)(γ)Ω(n)(δ)

+ Ψ(n)
2 (δ)Ω(n)(γ) + Ψ(n)

1 (γ)Ω(n)(δ)−Ψ(n)
1 (γ)Ψ(n)

2 (δ) + Ψ(n)
2 (γ)Ω(n)(δ)

+ Ψ(n)
1 (δ)Ω(n)(γ)−Ψ(n)

1 (δ)Ψ(n)
2 (γ)−Ψ(n)

2 (γ)Ω(n)(γ) + Ψ(n)
1 (γ)Ψ(n)

1 (γ)

− Ψ(n)
1 (γ)Ω(n)(γ) + Ψ(n)

2 (δ)Ω(n)(δ) + Ψ(n)
1 (δ)Ψ(n)

2 (δ)−Ψ(n)
1 (δ)Ω(n)(δ).
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Multiplying both sides by(ξ−γ)n−α
k
−1

kΓk(n−α
k ) and integrating for the variableγ over the interval

[a, ξ] we get

(Ψ(n)
2 (δ)− Ω(n)(δ))(CDα,k

a+ Ω(ξ)− CDα,k
a+ Ψ1(ξ))

+ (CDα,k
a+ Ψ2(ξ)− CDα,k

a+ Ω(ξ))(Ω(n)(δ)−Ψ(n)
1 (δ)))

− CDα,k
a+ ((Ψ2(ξ)− Ω(ξ))(Ω(δ)−Ψ1(δ))))

− (Ψ(n)
2 (δ)− Ω(n)(δ))(Ω(n)(δ)−Ψ(n)

1 (δ)))R(ξ)

= (CDα,k
a+ Ω2(ξ)) + (R(ξ)Ω2(δ))− 2CDα,k

a+ Ω(ξ)Ω(n)(δ)

+ Ψ(n)
2 (δ)CDα,k

a+ Ω(ξ) + CDα,k
a+ Ψ1(ξ)Ω(n)(δ)

+ CDα,k
a+ Ψ1(ξ)Ψ

(n)
2 (δ) + Ψ(n)

2 (δ)Ω(n)(δ)

+ Ψ(n)
1 (δ)CDα,k

a+ Ω(ξ)−Ψ(n)
1 (δ)CDα,k

a+ Ψ2(ξ)

− CDα,k
a+ (Ψ2(δ)Ω(ξ)) + CDα,k

a+ (Ψ1(ξ)Ψ2(ξ))R(ξ)

− CDα,k
a+ (Ψ1(ξ)Ω(ξ))−Ψ(n)

2 (δ)Ω(n)(δ)R(ξ)

+ Ψ(n)
1 (δ)Ψ(n)

2 (δ)R(ξ)−Ψ(n)
1 (δ)Ω(n)(δ)R(ξ).

Multiplying both sides by(ξ−δ)n−α
k
−1

kΓk(n−α
k ) and integrating for the variableδ over the interval

[a, ξ] we get

(CDα,k
a+ Ψ2(ξ)− CDα,k

a+ Ω(ξ))(CDα,k
a+ Ω(ξ)− CDα,k

a+ Ψ1(ξ))

+ (CDα,k
a+ Ψ2(ξ)− CDα,k

a+ Ω(ξ))(CDα,k
a+ Ω(ξ)− CDα,k

a+ Ψ1(ξ)))

− CDα,k
a+ ((Ψ2(ξ)− Ω(ξ))(Ω(ξ)−Ψ1(ξ)))R(ξ)

− (CDα,k
a+ Ψ2(ξ)− CDα,k

a+ Ω(ξ))(CDα,k
a+ Ω(ξ)− CDα,k

a+ Ψ1(ξ)))R(ξ)

= (CDα,k
a+ Ω2(ξ))R(ξ) + R(ξ)(R(ξ)Ω2(ξ))− 2CDα,k

a+ Ω(ξ)CDα,k
a+ Ω(ξ)

+ CDα,k
a+ Ψ2(ξ)CDα,k

a+ Ω(ξ) + CDα,k
a+ Ψ1(ξ)CDα,k

a+ Ω(ξ)

+ CDα,k
a+ Ψ1(ξ)CDα,k

a+ Ψ2(ξ) + CDα,k
a+ Ψ2(ξ)CDα,k

a+ Ω(ξ)

+ CDα,k
a+ Ψ1(ξ)CDα,k

a+ Ω(ξ)− CDα,k
a+ Ψ1(ξ)CDα,k

a+ Ψ2(ξ)

− R(ξ)CDα,k
a+ (Ψ2(ξ)Ω(ξ)) + CDα,k

a+ (Ψ1(ξ)Ψ1(ξ))R(ξ)

− R(ξ)CDα,k
a+ (Ψ1(ξ)Ω(ξ))− CDα,k

a+ (Ψ2(ξ)Ω(ξ))R(ξ)

+ R(ξ)CDα,k
a+ (Ψ1(ξ)Ψ2(ξ))− CDα,k

a+ (Ψ1(ξ)Ω(ξ))R(ξ).

This complete the proof of lemma. ¤
Corollary 2.7. Letm < M, k > 0, and letΩ(n) be a positive function on[a, ξ) such that
m ≤ Ω(n)(ξ) ≤ M. Then

R(ξ)(CDα,k
a+ Ω2(ξ))− (CDα,k

a+ Ω(ξ))2

=
(
MR(ξ)− CDα,k

a+ Ω(ξ)
)(

CDα,k
a+ Ω(ξ)−mR(ξ)

)
− CDα,k

a+ ((M − Ω(ρ))(Ω(ρ)−m)).
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R(ξ) is defined by ( 2. 8 ).

Theorem 2.8. Letk > 0, and let
(

CDα,k
a+ f

)
denotes the Caputo k-fractional derivative of

order α > 0, and letΩ(n) Ψ(n)
1 , Ψ2

(n), ϕ
(n)
1 , andϕ

(n)
2 , be integrable functions on[a, ξ).

If conditions ( 2. 4 ) and ( 2. 9 ) are satisfied then

∣∣∣R(ξ)CDα,k
a+ (Ω(ξ)Υ(ξ))− (CDα,k

a+ Ω)(ξ)(CDα,k
a+ Υ)(ξ)

∣∣∣
≤

√
T (Ω, Ψ1, Ψ2)T (Υ, ϕ1, ϕ2), (2. 10)

where

T (Ω,Ψ1,Ψ2) = ((CDα,k
a+ Ψ2)(ξ)− (CDα,k

a+ Ω)(ξ))((CDα,k
a+ Ω)(ξ)− (CDα,k

a+ Ψ1)(ξ))

+ R(ξ)(CDα,k
a+ Ψ1(ξ)Ω)(ξ)− (CDα,k

a+ Ψ1)(ξ)(CDα,k
a+ Ω)(ξ)

+ R(ξ)(CDα,k
a+ )(Ψ2(ξ)Ω(ξ))− (CDα,k

a+ Ψ2)(ξ)(CDα,k
a+ Ω)(ξ)

+ (CDα,k
a+ Ψ1)(ξ)(CDα,k

a+ Ψ2)(ξ)−R(ξ)(CDα,k
a+ )(Ψ1Ψ2(ξ)),

and

T (Υ, ϕ1, ϕ2) = ((CDα,k
a+ ϕ2)(ξ)− (CDα,k

a+ Υ)(ξ))((CDα,k
a+ Υ)(ξ)− (CDα,k

a+ ϕ1)(ξ))

+ R(ξ)(CDα,k
a+ )(ϕ1(ξ)Υ(ξ))− (CDα,k

a+ ϕ1)(ξ)(CDα,k
a+ Υ)(ξ)

+ R(ξ)(CDα,k
a+ )(ϕ2(ξ)Υ(ξ))− (CDα,k

a+ ϕ2)(ξ)(CDα,k
a+ Υ)(ξ)

+ (CDα,k
a+ ϕ1)((ξ)CDα,k

a+ ϕ2)(ξ)−R(ξ)(CDα,k
a+ )(ϕ1(ξ)ϕ2(ξ)),

R(ξ) is defined by ( 2. 8 ).

Proof. Let ξ > 0, γ, δ ∈ [a, ξ], Ω(n), Υ(n) be two positive function on[0,∞] such that
conditions ( 2. 4 ) and ( 2. 9 ) are satisfied andT (γ, δ) defined by

T (γ, δ) = (Ω(n)(γ)− Ω(n)(δ))(Υ(n)(γ)−Υ(n)(δ)). (2. 11)

Taking the product on both side ( 2. 11 ) by(ξ−γ)n−α
k
−1(ξ−δ)n−α

k
−1

2(kΓk(n−α
k ))2 integrating for the

variablesγ andδ over the interval[a, ξ] we get

ξ∫

a

ξ∫

a

(ξ − γ)n−α
k (ξ − δ)n−α

k

2(kΓk

(
n− α

k

)
)2

T (γ, δ)dγdδ

=
ξ

ν(n−µ)
k

Γk

(
n− α

k + k
) (CDα,k

a+ )(Ω(ξ)Υ(ξ))− (CDα,k
a+ Ω)(ξ)(CDα,k

a+ Υ)(ξ).(2. 12)

Applying Cauchy Schwarz Inequality we get
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


ξ∫

a

ξ∫

a

(ξ − γ)n−α
k−1(ξ − δ)n−α

k−1

2(kΓk

(
n− α

k

)
)2

(Ω(n)(γ)− Ω(n)(δ))(Υ(n)γ)−Υ(n)(δ)dγdδ
)2

≤
ξ∫

a

ξ∫

a

(ξ − γ)n−α
k (ξ − δ)n−α

k−1

2(kΓk

(
n− α

k

)
)2

(Ω(n)(γ)− Ω(n)(δ))2dγdδ

×
ξ∫

a

ξ∫

a

(ξ − γ)n−α
k (ξ − δ)n−α

k

2(kΓk

(
n− α

k

)
)2

(Υ(n)(γ)−Υ(n)(δ))2dγdδ

(2. 13)

From ( 2. 12 ) and ( 2. 13 ) we get

(R(ξ)((CDα,k
a+ )(Ω(ξ)Υ(ξ))− (CDα,k

a+ Ω)(ξ)(CDα,k
a+ Υ)(ξ))2

≤ (R(ξ)(CDα,k
a+ Ω2)(ξ)− ((CDα,k

a+ Ω)(ξ))2)

× (R(ξ)(CDα,k
a+ Υ2)(ξ)− ((CDα,k

a+ Υ)(ξ))2)

Since

(Ψ2
(n)(ξ)− Ω(n)(ξ))(Ω(n)(ξ)−Ψ1

(n)(ξ))) ≥ 0,

and

(ϕ(n)
2 (ξ)−Υ(n)(ξ))(Υ(n)(ξ)− ϕ

(n)
1 (ξ)) ≥ 0,

we have

R(ξ)(Ψ2
(n)(ξ)− Ω(n)(ξ))(Ω(n)(ξ)−Ψ1

(n)(ξ))) ≥ 0,

and

R(ξ)(ϕ(n)
2 (ξ)−Υ(n)(ξ))(Υ(n)(ξ)− ϕ

(n)
1 (ξ)) ≥ 0.

Thus from the Lemma 2.6 we have

R(ξ)((CDα,k
a+ Ω2)(ξ))− ((CDα,k

a+ Ω)(ξ))2

≤ ((CDα,k
a+ Ψ2)(ξ)− (CDα,k

a+ Ω)(ξ))((CDα,k
a+ Ω)(ξ)− (CDα,k

a+ Ψ1)(ξ))

+ R(ξ)(CDα,k
a+ )(Ψ1(ξ)Ω(ξ))− (CDα,k

a+ Ψ1)(ξ)(CDα,k
a+ Ω)(ξ)

+ R(ξ)(CDα,k
a+ )(Ψ2(ξ)Ω(ξ))− (CDα,k

a+ Ψ2)(ξ)(CDα,k
a+ Ω)(ξ)

+ (CDα,k
a+ Ψ1)(ξ)(CDα,k

a+ Ψ2)(ξ)−R(ξ)(CDα,k
a+ )(Ψ1(ξ)Ψ2(ξ))

= T (Ω, Ψ1,Ψ2) (2. 14)

and
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R(ξ)((CDα,k
a+ Υ2)(ξ))− ((CDα,k

a+ Υ)(ξ))2

≤ ((CDα,k
a+ ϕ2)(ξ)− (CDα,k

a+ Υ)(ξ))((CDα,k
a+ Υ)(ξ)− (CDα,k

a+ ϕ1)(ξ))

+ R(ξ)(CDα,k
a+ )(ϕ1(ξ)Υ(ξ))− (CDα,k

a+ ϕ1)(ξ)(CDα,k
a+ Υ)(ξ)

+ R(ξ)(CDα,k
a+ )(ϕ2(ξ)Υ(ξ))− (CDα,k

a+ ϕ2)(ξ)(CDα,k
a+ Υ)(ξ)

+ (CDα,k
a+ ϕ1)(ξ)(CDα,k

a+ ϕ2)(ξ)−R(ξ)(CDα,k
a+ )(ϕ1(ξ)ϕ2(ξ))

= T (Υ, ϕ1, ϕ2) (2. 15)

Therefore, the inequality ( 2. 10 ) follows from ( 2. 14 ) and ( 2. 15 ). This complete the
proof. ¤

Corollary 2.9. Let m, M, n,N ∈ <, T (Ω, Ψ1, Ψ2) = T (Ω, m,M) andT (Υ, ϕ1, ϕ2) =
T (Υ, n, N). Then the inequality ( 2. 10 ) reduces to
∣∣∣R(ξ)(CDα,k

a+ )(Ω(ξ)Υ(ξ))− (CDα,k
a+ Ω)(ξ)(CDα,k

a+ Υ)(ξ)
∣∣∣ ≤ (R(ξ))2 (M −m)(N − n).

Theorem 2.10. Letk > 0 andΩ(n) andΥ(n) be two positive functions defined on[0,∞).
Then the following inequalities holds:

1. q (CDα,k
a+ Ωp)(ξ) + p (CDα,k

a+ Υq)(ξ) ≥ pq
1

R(ξ)
(kDµ,ν

a+ Υ)(ρ)(CDα,k
a+ Ω)(ξ),

2. q (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υp)(ξ) + p (CDα,k
a+ Ωq)(ξ)(CDα,k

a+ Υq)(ξ)

≥ pq((CDα,k
a+ )(Ω(ξ)Υ(ξ)))2,

3. q (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υq)(ξ) + p (CDα,k
a+ Ωq)(ξ)(CDα,k

a+ Υp)(ξ)

≥ pq((CDα,k
a+ )(Ω(ξ)Υp−1(ξ))((CDα,k

a+ )(Ω(ξ)Υq−1(ξ)),

4. q (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υq)(ξ) + p (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υq)(ξ)

≥ pq(CDα,k
a+ )(Ωp−1(ξ)Υq−1(ξ))(CDα,k

a+ )(Ω(ξ)Υ(ξ)),

5. q (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υ2)(ξ) + p (CDα,k
a+ Ω2)(ξ)(CDα,k

a+ Υq)(ξ)

≥ pq(CDα,k
a+ )(Ω(ξ)Υ(ξ))(kDµ,ν

a+ )(Ω
2
q (ξ)Υ

2
p (ξ)),

6. q (CDα,k
a+ Ω2)(ξ)(CDα,k

a+ Υq)(ξ) + p (CDα,k
a+ Ωp)(ξ)(CDα,k

a+ Υ2)(ξ)

≥ pq(CDα,k
a+ )(Ω

2
p (ξ)Υ

2
q (ξ))(CDα,k

a+ )(Ωp−1(ξ)Υq−1(ξ)),

7. q (CDα,k
a+ )(Ω2(ξ)Υq(ξ)) + p (CDα,k

a+ )(Ω2(ξ)Υp)(ξ)

≥ pq
1

R(ξ)
(CDα,k

a+ )(Ω
2
p (ξ)Υq−1(ξ))(CDα,k

a+ )(Ω
2
q (ξ)Υp−1(ξ)),
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R(ξ) is defined by ( 2. 8 ).

Proof. By Young’s Inequality we have

ap

p
+

aq

q
≥ ab, (a, b ≥ 0, p, q > 1,

1
p

+
1
q

= 1),

puta = Ω(n)(γ), andb = Υ(n)(δ), we have

(Ω(n)(γ))p

p
+

(Υ(n)(δ))q

q
≥ Ω(n)(γ)Υ(n)(δ),

for all Ω(n)(γ),Υ(n)(δ) ≥ 0.

Multiplying by (ξ−γ)n−α
k
−1

kΓk(n−α
k ) and integrating for the variableγ over the interval[a, ξ] we get

ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) (Ω(n)(γ))p

p
dγ +

ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) (Υ(n)(δ))q

q
dγ

≥
ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) Ω(n)(γ)Υ(n)(δ)dγ,

and it becomes

1
p

CDα,k
a+ Ωp(ξ) +

1
q
Υq(δ)R(ξ) ≥ Υ(δ)CDα,k

a+ Ω(ξ).

Again Multiplying by (ξ−δ)n−α
k

kΓk(n−α
k ) and integrating for the variableδ over the interval[a, ξ]

we get

1
p
(CDα,k

a+ Ω)p(ξ)R(ξ) +
1
q

CDα,k
a+ Υq(ξ)R(ξ) ≥ kDµ,ν

a+ Υ(ρ)CDα,k
a+ Ω(ξ),

which implies that

1
p
(CDα,k

a+ Ω)p(ξ) +
1
q
(CDα,k

a+ S)q(δ) ≥ 1
R(ξ)

kDµ,ν
a+ Υ(ρ)CDα,k

a+ Ω(ξ).

This complete the proof of part (1).
The reaming inequalities can be proved using Young’s inequality in the similar manner by
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taking:

2. a = Ω(n)(γ)Υ(n)(δ), andb = Ω(n)(δ)Υ(n)(γ).

3. a =
Ω(n)(γ)
Υ(n)(γ)

, andb =
Ω(n)(δ)
Υ(n)(δ)

,

Υ(n)(γ)Υ(n)(δ) 6= 0.

4. a =
Ω(n)(δ)
Ω(n)(γ)

, andb =
Υ(n)(δ)
Υ(n)(γ)

,

Ω(n)(γ)Υ(n)(δ) 6= 0.

5. a = Ω(n)(γ)Υ(n)
2
p (δ),

andb = Ω(n)
2
q (δ)Υ(n)(γ).

6. a =
Ω(n)

2
p (γ)

(Ω(n)(δ))
, andb =

(Υ(n)
2
q )(γ)

Υ(n)(γ)
,

Ω(n)(δ)Υ(n)(δ) 6= 0.

7. a =
(Ω(n)

2
p )(γ)

Υ(n)(δ)
, andb =

(Ω(n)
2
q )(δ)

Υ(n)(γ)
,

Υ(n)(γ)Υ(n)(δ) 6= 0.

¤

Example 2.11. Let k > 0 and ϕ
(n)
2 (γ) be a positive function defined on[0,∞) and let

m = min
0≤γ≤ξ

Ω(n)(γ)
Υ(n)(γ)

andM = max
0≤γ≤ξ

Ω(n)(γ)
Υ(n)(γ)

. Then one can have

0 ≤ (CDα,k
a+ Ω2)(ξ)(CDα,k

a+ Υ2)(ξ) ≤ (m + M)2

4mM
(CDα,k

a+ )(ΩΥ(ξ)) (2. 16)

Proof. It follows from ( 2. 16 )

(
(Ω(n))(γ)
(Υ(n))(γ)

−m

)(
M − (Ω(n))(γ)

(Υ(n))(γ)

)
(Υ(n)2)(γ) ≥ 0,

and

Ω(n)2(γ) + mMΥ(n)2(γ) ≤ (m + M)Ω(n)(γ)Υ(n)(γ).
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Multiplying by (ξ−γ)n−α
k
−1

kΓk(n−α
k ) and integrating for the variableγ over the interval[a, ξ] we get

ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) Ω(n)2)(ξ)dγ + mM

ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) Υ(n)2(ξ)dγ

≤ (m + M)

ξ∫

a

(ξ − γ)n−α
k−1

kΓk

(
n− α

k

) Ω(n)(γ)Υ(n)(γ)dγ

This implies that

(CDα,k
a+ Ω2)(ξ) + mM(CDα,k

a+ Υ2)(ξ) ≤ (m + M)(CDα,k
a+ Ω)(γ)Υ(n)(γ). (2. 17)

Alternatively it follows from
(√

CDα,k
a+ Ω2(ξ)−

√
mMCDα,k

a+ Υ2(ξ)
)2

≥ 0

that

2
√

(CDα,k
a+ Ω2)(ξ)

√
mM(CDα,k

a+ Υ2)(ξ) ≤ (m + M)(CDα,k
a+ Ω)(γ)Υ(γ). (2. 18)

Therefore,

4mM(CDα,k
a+ Ω2)(ξ)(CDα,k

a+ Υ2)(ξ) ≤ (m + M)2((CDα,k
a+ Ω)(γ)Υ(γ))2

follows from ( 2. 17 ) and ( 2. 18 ), and proof is complete. ¤
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