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Abstract. The main objective of this paper is to communicate the con-
cept of a class of generalized functions, known as generalized geometri-
cally convex functions. We derive numerous consequences associated to
generalized geometrically convex functions. Additionally, we provide the
improved class of Hermite-Hadamard inequality via generalized geomet-
rically convex functions. Our outcomes provide some results which are
already existing in the literature.

AMS (MOS) Subject Classification Codes: 26D15; 26D10, 90C23
Key Words: generalized convex functions, GA-Convex functions, Hermite-Hadamard’s

type inequalities, Elder’s inequality

1. INTRODUCTION

Few decades ago, the speculation of convexity has transformed into one of the most
intriguing and valuable fields to investigate a broad class of issues emerging in mathe-
matics and engineering sciences. Creative strategies and computations have capitulated
various fields for the investigation of convex analysis. Lately, different variants for con-
vex functions and their refinements been created by utilizing innovative strategies; see
[1,2,4,5,6,7,8,10, 14, 16, 20, 19, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 35].
The concept of convex functions is firmly identified to principle of variants. It is well re-
garded that a function is convex, if and only an integral inequality is satisfied, which is
referred to as the Hermite-Hadamard inequality; see [11].
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u

G(u+w) < ! /G(m)dm < M
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Such sorts of integral inequalities are valuable in computing the estimates. For ongoing
improvements and applications, see [9, 11, 12, 13, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46].
The convex sets and convex functions have been broadened and amplified in various ways
utilizing modern techniques to deal with distinct problems in a modified form; see [15, 17,
18, 47, 48, 49, 50, 51, 52, 53, 54]. One of the latest momentous speculations of convex
functions is thep-convex function, explored by Gord;ji et al. [9], one of the prominent fea-
ture of this class is the non-convex functions. For modern developments, see [18] and the
references therein.The principle purpose of this class of generalized convex functions, that
are referred to as generalized geometrically convex functions. We build up some new con-
sequences by utilizing the fundamental inequalities. We develop new Hermite-Hadamard
integral inequalities for the generalized geometrically convex functions. Various special
cases are thought of. Our results are a major and necessary modification of well-known
results for inequalities.

2. PRELIMINARIES

Let I be an interval in real lin® and letG : I = [z,y] C (0,00) — R be a differen-
tiable function on the interiof° of I; moreover, letw(-,-): R x R — R be a continuous
bifunction. In the sequel, we will symbolize:

R = (—00,+), Ry =(0,00) and R_ = (—o0,0).

definition 2.1. ([9]) Let C R. We say that a functio&': I = [z,y] — R is generalized
convex with respect to an arbitrary bifunctiei-, -): R x R — R, if

Gex + (1 —e)y) < G(y) + en(G(z),G(y)), Vx,y e l,ec]|0,1].

If n(z,y) = = — y, then the generalized convex function becomes a convex function.
Every convex function is a generalized convex function, but the converse is not true; see,
for example, Examples 2.2 and 2.3.

Example 2.2. ([8]) For convexity ofG, we can obtain a functiom different from the
functionn(x,y) = x — y such thatG is generalized convex. AssurGgz) = 2 and
n(z,y) =2z +y. Then

Glex+ (1 —¢e)y)

(ex + (1 —e)y)?

ex® + 9% + (1 —e)2xy

ex® +y? +e(1 —e)(a® +y?)
V2 +e(2? + 22 + y?)

v+ e(22% + %)

G(y) +en(G(x), G(y))

ININ A
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forall z,y € Rande € (0,1). Additionally we haver®> < 32 + (222 + y?) andy? <
y?, ¥V x,y € R show the correctness of inequality for= 1 ande = 0, respectively.
This means tha€ is generalized convex function. observe that functitfn) = 22 is
generalized convex with respect toallz, y) = ax+by witha > 1,6 > —1 andz,y € R.

Example 2.3. ([8]) ConsiderG : R — R as
—x ifz>
x ifz <0

and define a bifunction = —x —y forall z,y € R~ = (—o0,0). ThenG is n-convex, but
the converse is not true.

definition 2.4. ([17]) Let! C R, is said to be a geometrically convex set, if
yt~c eI, Vr,yel, £€[0,1].

definition 2.5. ([17]) Let/ C R, and we say that a functio: I C Ry = (0,00) — R
is geometrically convex oh if

G(y'~*2%) < (1-€)G(y) +£(G() Yoy €T, e € (0.1,

where(y!=¢2¢) and (1 — ¢)G(y) + e(G(x)) presents as weighted geometric mean of
two positive numbers: andy and the weighted arithmetic mean Gfx) andG(y) , re-
spectively.

We now mention the class of generalized convex functions on the geometrically convex
set with respect to an arbitrary bifunctiar(-, -), which is called the generalized geometri-
cally convex functions is mainly due to [18].

definition 2.6. ([18]) A functionG : I € Ry = (0,00) — R is said to be generalized
geometrically with respect to a bifunctiagt-,-): R x R — R, if

G(yl_sxs) S (1 — e)G(y) + e(G(y) + U(G(ﬂf), G(y)))’ Vl‘, Yy € Iv €€ [O’ 1}' (2 1)

If n(xz,y) = x — y, then the Definition 2.6 reduce to geometrically convex functions
given in Definition 2.5.

If e = 1 in (2. 1), then we have generalized Jensen geometrically convex function.

G(/am) < Gly) + 31(G(@),G), Yoy el c€0,1] 2.2)

We will use the subsequent symbols in the paper:
(i) The arithmetic mean:

a+b

A(a,b) = Va,b € Ry, a+#b,
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(ii) The logarithmic mean:

L(a,b) = b=

=% vVabeRy,a#b,
logb — loga

(iii) The generalized logarithmic mean:

pptl _ gptl

Llab) = )]%, p# -1

p+1)(b—a

We will use the following lemma (see Ardic et al. [3]), which plays a key role for
proving our coming results.

Lemma 2.7. ([3]) LetG: I C R, = (0,00) — R be differentiable function of° where
w,u € I°withw < ulf G’ € L([w,u]) for all v € [w,u] then the following inequality
holds:

Z u
w?Gu) —w’Gw) —2  0G(0)do
Z, v Z,
= (Inu — Inv) (u3E v3(1_€))G'(u5v1_€)ds + (Inv — Inw) (v35 w3(1_5))G/(va1_5)de.
0 0

3. MAIN RESULTS

In this section, we derive some new Hermite-Hadamard type inequalities for generalized
geometrically convex functions. We dendte- [a, b], unless otherwise specified.

This segment devoted to some new variants related to the Hermite-Hadamard type for
generalized geometrically convex functions.

Theorem 3.1. LetG: I € R; = (0,00) — R be differentiable function odi® where
w,u € I°withw < wandG’" € L([w, u]) . If |G'| is generalizeds A-convex orw, u], for
all v € [w, u] then the following inequality holds

Z
u?Gu) — w?G(w) —2  0G(6)do

3u® (lnu — Inv) — u® + v*
9(Inu — lnv)?
3v3 (Inv — lnw) — v® + w?

9(lnv — lnw)?

< (Inu = nw) | G’ (v)|L(u®, v™) + (|G ()], |G (v)])

+(Inv — Inw) | G’ (w)|L(v?, w®) + n(|G' (v)], |G (w)]) .(3.3)
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Proof. Utilizing Lemma 2.7, the property of modulus and generaliz&d-convexity of
| G'|, we have

W2G () — WG (w) — 2 / u HG(G)dG‘

1
< (lnu _ lnv)/ (uSE,US(l—a))l GI(UE’U(l_E))IdE
0

1
+(Inv — lnw)/ (3w G (v w1 ~9))|de

0

< (Inu — lnv)/o (@G (0)] + enl (G (w)], |G (v)) ] }de

+(lnv—lnw)/o (30w |G (w)] + en(|G' (v)], |G (w)]) }de

< (Inu — Inv) {v3|G’(v)| /01 (z>3€de +39(|G" (W), |G (v))) /01 s<z>3ed€}
—whw—wnwﬂw3cxw>Kf(g)%d5+uﬁmcrwnmawwnyéle(;)%d%

u3 nu —inv —u3 113
st4m$dwmﬁﬁHmwmewm3UWJ_%w+ ”

3v3(Inv — Inw) — v3 +w

+(Inv — Inw) {|G’(w)|L(US7w3) + (|G (v)], |G’(w)|)( 9(Inv — lnw)?

After suitable arrangment we immideately get the desired inequality. O

)

Remark 3.2. [fwe choosey(| G/ ()|, | G'(v)]) = | G (w)|—| G’ (v)| andy(| G’ (v)],| G' (w)]) =

| G'(v)] — | G'(w)], then Theorem 3.1 becomes Theorem 3[B]in

Theorem 3.3. LetG: I € R,y = (0,00) — R be differentiable function oi®° where
w,u € I[°withw < wandG’ € L([w,u]) . If | G’|? is generalized A-convex onw, u],
for all v € [w, u] then the following inequality holds

uw?G(u) — w?G(w) — 2/u

w

0G(9)d0‘

< (= ) (£, o) (| 6@ + 500 & @ €0 )

-
Q=

(i — Inw) (L, 0 P( |Mm0mmwwm)@®
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Proof. Utilizing Lemma 2.7, the property of modulus, generalized-convexity of| G'|“
and Hblder inequality we have

u?G(u) — w?G(w) — 2/u

w

eawmﬂ
1
< (lnu _ lm))/ (u3€v3(175))| G/(usv(lfa))ld6
0

1
+(Inv — lnw)/ (Vw1 79))| G’ (v*w =) de
0

1 % 1 q
< (lnu—lnv)(/ u35pv3(1€)pd€> / |G/(u€v(16))qd5)
0
1 1 :
+(va—lnw)</ 033 5)pd5) (/ |G’(v€w(1_5))|qd€)
0
1 35p 1 %
<t (v [ () ) ( / (6@ + el 6/, | 6'0)]")ae))
0 0

+(va—lnw)<w3p ( )351’ ) |G’ R, )|q,|G’(w)|q)ds>;
< (1 - l“><?m_ln)) (| G+ Sl Gl Gf@)q)f

3p_ <

_ 10, N4 N I AN A
i ’"w><3p(zm_znw> G+ 5 GO 6w
After suitable arrangment we immediately get the desired inequality (4. 8). O

Remark 3.4. If we choosey(| G/ (u)|?, | G'(v)|?) = | G'(u)|"—| G’ (v)|? andn(| G’ (v)|?,| G’ (w)|?)
| G’ (v)|* — | G'(w)]?, then Theorem 3.3 becomes Theorem 3[&8]n

Theorem 3.5. Under the assumption of Theorem 3.3, the following inequality holds

z
W2G(u) — wiG(w) —2  0G(0)do

w

Q=

. , 3q(lnu — Inv) — 1 , ,
< (i) L, 0% | @)+ I L G 6 o)
q(Inu — Inv)

o , 3q(Inw — lnw) — 1
H(nw — Inw) L, w0 | G (w7 4 Sme = nw) =1

’ / q
aine ey " |G @I G @I @9

whereg > 1and; + 1 = 1.
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Proof. Utilizing Lemma 2.7, the property of modulus, generalized-convexity of| G'|“
and Hblder inequality we have

u?G(u) — w?G(w) — 2 /u HG(G)dG‘

w

1
< (Inu — lm))/ (W3] G (o)) |de
0

1
+(lnv _ lnw)/ (U35w3(1—s))| G/(Us,w(l—s-:))|d(€

0
< =t [ de)’l’ o [ (z)ggqu &I +en( G| G’<v>|q>>der
= ([ ds); o [ (;’,)quﬂ &) +en( G'w)1,| c:'<w>|q>)de]é

< (znu—zm)</01da>'l’ {v3q| G’(U)W/Ol (ﬁ)gqus

v o [ «(2) " w]

0

+(inw — lnw)(/ol da)’l’ {w3q| & (w)[? /01 (Z)geqda

w1 [Co(2) ]

0

Q=

3 3q

ud — v 3q(lnu — lnv) —

! q 1 l q / q
< (nu—to) [ =2 (| @+ I Ly g 6w )|

034

oo — o) |

3q(Inv — lnw) 3q(Inv — Inw)

Q=

3q(Inu — Inv) —
3q(Inu — Inv)

<t~ tno) | (.00 (| G0 + Sl 6l ¢ )|

Q=

3q(Inv — lnw) —

L @@ 6w

+(Inv — Inw) [L(”?)q» w?) <| G'(w)l" + 3q(lnv — Inw)

This is the required result. O

Remark 3.6. If we choosey(| G/ ()% | G (v)|%) = | G’ (u)|*—| G’ (v)|* andn(| G/ (v)|%, | G’ (w)[%)
| G'(v)|* — | G'(w)]?, then Theorem 3.5 becomes Theorem 3[Bjn

Theorem 3.7.LetG: I C R,y = (0,00) — R be differentiable function oi®° where
w,u € I°withw < wandG’ € L([w,u]) . If | G'|? is generalized GA-convex dw, u],

— w34 nv — lnw) — a
(|G’<w>|‘Z+3q“ ) 1n<|G'<v>|q,G’<w>|q>)}
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for all v € [w,u] and¥ ¢ > 1, then the following inequality holds

u

2G (1) — w2G(w) — 2 /

w

< (Inu — Inw)(L(u?,v%)) "4 {| G (v)|"L(u?, v%)

GG(G)dH‘

1

3ud(lnu — Inv) —ud +v3\ ]
9(Inu — Inv)?

ol G G’(v)%(

+(Inv — Inw) (L(*, w?)) " e {| G'(w)|" LW, w?)

(Inv — lnw) — v® + w3>} v (3.6)

9(lnv — lnw)?

U3
ol G W) G'(w)‘ﬂ(g

Proof. Utilizing Lemma 2.7, the property of modulus, generalized-convexity of| G'|“
and power mean integral inequality, we have

uw?G(u) — w?G(w) — 2/ 9G(0)d9‘
1
< (lnu N lm))/ (u3sv3(1—a))| G/(uav(l—e)”dg
0

1
+(lnv — lnw)/ (3wt G (v w79 |de
0
1—1

1 v i
< (lnu — lnv)(/ (u3€v3(15))d5> {/ (u35v5(175))| G'(uavle)|qde}
0 0

1 -2 1 H
+(lnv—lnw)(/ (v35w3(1_8))d5) [/ (v3ew3(1=2)))| G’(v8w1_5)|qd5]
0

0

= (=t (US /o1 <Z)3Ed5) - [”3 /01 <Z>BEI G’(u%“ﬂqur
+(Inv — Inw) (wS /01 (Z>35d5> =3 {w?’ /01 (11:))36' G’(qﬁwl_f)lqda} a
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< ) (o0 [ (%)) [ [ (&) oo saewr cwme]
oo 1) (? /(w) ) [w /(w) (1 >|‘1+en<|G'<v>|q,|G’(w)qnde}é
B <U3 RO
Jmeor [(4) de+vn|cli’< oo (1) e
el [ ()
Jerrer [[(2) e sumeor cwn [ (w)d]

< (tnu - zm)<3“3—“3)>13 D G/(U)q(ug’—v?’

Q=

u
v

(Inu — Inv 3(lnu — Inv)

ud(Inu — Inv) — ud + v3 v
9(lnu — Inv)?

(] G ()", ] G ()] (3

=i <3<B_wg>> [ G’<w>|q(“3—wg

Inv — lnw 3(Inv — lnw)

v3(Inv — Inw) — v3 + w3>} @

#6016/l (R

After simple calculations we get the desired inequality (3. 6). O

Remark 3.8. If we choosey(| G’ (u)|?,| G'(v)|?) = | G’ (u)|!—| G’ (v)|T andn(| G’ (v)|*, | G’ (w)|?) =
| G’ (v)|* — | G'(w)]?, then Theorem 3.7 becomes,

u?G(u) — w?G(w) — 2/u 0G(6)do

u(Inu — Inv) — u® + 03

< (lnu — lnv)(L(u3,v3))1_% [3 ( | G’ (u)|*

9(lnu — Inv)?

33 (Inu — Inw) — u® + v° v
#(per) - B )

9(lnu — Inv)?

3v3(Inv — lnw) — v* + w3

+(Inv — Inw) (L(US, wd)) [ | G (v)|*

9(Inv — lnw)?

303 (Inv — Inw) — v3 + w? v
3,3\ _ N
+(L(v ,w”) 900 — Inw)? )| G'(w) ] )

Theorem 3.9. LetG: I C R; = (0,00) — R be differentiable function odi® where
w,u € I°withw < wandG’ € L([w,u]) . If | G’|? is generalized7 A-convex onw, u],
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forall v € [w,u] andV ¢ > 1, then the following inequality holds:
z u
u?Gu) — w?Gw) —2  6G(0)do

w

3(a=p) 3a-p Lt
< (lnu —Inv) L(u 9-1 ,v a-1 ) ? Cq(u,v) ¢
3(a—p) 3(a—p) L1 1
+(nv —lnw) L(v a1 Jw a-1) B Cq(v,w) 4, (3.7
where i
Cylu,v) = | G/ (@) L(u™, o) + HZETITE (¥ — L(u?, v%7))
C’q(v,w) _ | G’(w)‘qL(U3p,w3p> + ﬂ(liégziiii?nguﬂ)))\q) (U3p _ L(,USI)’wSP))_

Proof. Utilizing Lemma 2.7, the property of modulus, generalized-convexity of| G'|*
and power mean integral inequality, we have

uw?G(u) — w?G(w) — 2/: 9G(9)d9‘

1
< (Inu — lnv)/ (w03 =) G’ (vt~ |de
0

1
+(lnv — lnw)/ (03w & (vFw9))|de
0
g—1

L a1
< (Inu — lm))(/ (u?’avs(l_f))g—lde) '
0
1

x [ [ s wp+en ¢l G’<v>q>)de} “

1 T
+(Inv — lnw)(/ (v35w3(1_5))311’d5>
0
1

1 q
x [ [ st el + e G| G’(w)ﬂ))ds]
3e(a—p) g—1

[ a T
< (Inu — Inv) (U3(4q1> / (u) ds)
0 v

<o | 1 (“)%pﬂ G+ e G/ )" | &) ]

v

Q=

sp Lo\ e T
+(Inv — Inw) (w a1 / () da)
0 w

<[u [ 1 ()( G/w)l" +en(| & W) 6 ) )]

w

q

After solving above integrals we immediately get the desired inequality (3. 7). O
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Remark 3.10. If we choosey(| G’ (u)|?, | G'(v)|%) = | G'(u)|7—| G’ (v)|? andn(| G’ (v)|%, | G’ (w)|?) =
| G’ (v)|* — | G'(w)]?, then Theorem 3.9 becomes,

W2G (1) — WG (w) — 2 /w ! 90(9)019‘

-1

3(a—p) 3(¢—p) a 1
< — L = a— = (PP — (3P 3P / q
< (Inu lnv)< (u a1 jp a1 )) {3}3(1”“ ) (u (WP, v%P))| G’ (u)|

s (L) - ) 6ol

L(u3P. 3P
+( (v )+3p(lnu—lm))

g—1

3(a=p)  3(a=p) a 1
_ L =1 a—1 = (a3P L 3p 3P / q
+(Inv lnw)( (v , W )) [3p(lm) ) (v (0%, w’))| G'(v)|

L ) o) ) G|

L(v3P . w3P
+< (W™, w )+3p(lnv—lnw)

4. APPLICATIONS
Proposition 4.1. For0 < w < v < u, p > 0, we obtain:

3(Inu—Inv)(u — w)(Ly12(v, u))p+2

< L(u®,0%) {3pv’3(lnu —Inwv)? —n(pu’, pv”)] +uPn(pu?, por).

Proof. If w setG(x) = ”j;:: forx € Ry andp > 0. Then, it is clear thaG’(z) = z”

is a generalized geometrically convex functionaog R, and from the inequality that is
given in Theorem 3.1, we can write

b

WG = PGl 2 [ wGw)dy]

‘up+3 np+3 Mp+3777p+3
B ’p+1 ol <(p+1)(p+3))‘

= (=) (Loyaln, w)"*

For the right hand side of the inequality, we get

w3 (lnu — Inv) —ud + 03
(= 1) |G @)L %)+ (] & )l | 6 (P )

9(Inu — Inv)?

v3(Inv — Inw) — v3 + w3
i = 10) [ |6 @20, ) 40 6 @) 6 ) (2 =)

9(Inv — Inw)?

= L(u’,v°) [3pvp(1nu —nv)? —n(pu’, pv”)] +uln(pu’, poP).

This is the required result. O
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Proposition 4.2. For0 < w < v < u, p > 0, we obtain:

(u—w) (Lpra(v, )"

1 1 q
< (= o) (£, ) (1o + Sl o0

1 1 q
(i — nw) (L™, w)) (|w|qp + (vl | wr’p))
Proof. If we setG(z) = “;Z: forz € R4 andp > 0, then, it is clear thaG'(z) = z*
is a generalized geometrically convex functionaog R and from the inequality that is
given in Theorem 3.3, we can write

(u—w)(Lpp2(v, 1))

Q=

) 1 1
< (lnwu— lnv)(L(udp,UBP))}” <U|qp + 577(\ ul? | v|qp))
1 1 a
+(lnv — lnw)(L(v3p, w3p)) z (|w|qp + 577(| v|?, | w|qp>> '
This is the required result. O

Proposition 4.3. For0 < w < v < u, p > 0, we obtain:

(u —w) (Lpra(v, 1)

Q=

3¢(lnu —Inv) —1 a1 ap

3¢(lnu — Inw) n(lul™, Tol™)

3¢(lnv —lnw) — 1
3¢(Inv — Inw)

< (Inu — Inv)(L(u?,v)) (|u|qp +

n(] 0", w|qp>)

+(Inv — Inw) (L(v*?, w™9)) <w|qp +
Proof. If w setG(z) = 9;’:11 forx € R4 andp > 0, then, it is clear thaG’'(z) = z*
is a generalized geometrically convex functionaog R and from the inequality that is
given in Theorem 3.5, then we get the immediate consequences. a

Proposition 4.4. For 0 < w < v < u, p > 0, we obtain:
+2
(u = w)(Lpra(v, )"

< (Inu — Inw)(L(u®,v%)) "3 {| | L(u?, v?)

3u3 (Inu — Inv) — u® + v3>] v

el o) (G

+(Inw — Inw)(L(v®, w?))' e [w|qu(v3, w®)

3v3(Inv — lnw) — v® + w3>} @

ol ) (2
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gPt1

Proof. If w setG(z) = o7 forz € Ry andp > 0, then, it is clear thaty’ (x) = z*
is a generalized geometrically convex functionzoe R and from the inequality that is
given in Theorem 3.7, then we get the immediate consequences. O

Proposition 4.5. For 0 < w < v < u, p > 0, we obtain:

(u—w) (Lprz(v, )"

3(¢—p) 3(a—p)

< (lnu—lnv)(L(u a1 ,vql)>q((jq(u’v))§

+(Inv —lnw)(L(v a1 ,wa))q((jq(vyw))é’

where

Coylu,v) = o] L, v%) + I (030 — L(u, o%))

Colv,w) = | L(v™, wP) + it tlls (v — L(v™, w')).

Proof. If w set G(z) = 9;’1: forz € R4y andp > 0, then, it is clear thaG'(z) = z*

is a generalized geometrically convex functionzor R, and from the inequality that is

given in Theorem 3.9, then we get the immediate consequences. O
CONCLUSION

In this paper, we have introduced and studied a new class of generalized geometrically
convex functions. Several new integral inequalities for these generalized functions have
been derived, which have important applications in physics and material sciences. These
estimates also useful in numerical analysis for finding the error bounds for the approximate
solution. We have also discussed important several special cases, which can be obtained
from our results.
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