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Adjacency spectral characterization of the graphsKw 5 P17 and Kw 5 S
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Abstract. In A.Z. Abdian, Two classes of multicone graphs determined
by their spectra, J. Math. Ext.,10 (2016), 111–121, it was conjectured that
the complement of the multicone graphs, the join of a clique and a regular
graph,Kw5P17 andKw5S, are determined by their adjacency spectra,
whereP17 andS denote the Paley graph of order 17 and the Schläfli graph,
respectively. In this article, we aim to answer to these conjectures.

AMS (MOS) Subject Classification Codes: 05C50
Key Words: DS graph; Multicone graph; Paley graph of order 17; Schläfli graph.

1. INTRODUCTION

In this paper, graphs are simple and undirected. For some terminology not given here
see [12]. The joinG5H of two disjoint graphsG andH is obtained by connecting every
vertex ofG to each vertex ofH. We useG to show the complement ofG. The adjacency
matrix of G is denoted byA(G) andλ1 ≥ λ2 ≥ . . . ≥ λt are the distinct eigenvalues
of A(G) with multiplicities m1,m2, . . . ,mt, respectively. The multi-setSpecA(G) =
{[λ1]m1 , . . . , [λn]mt} is called the adjacency spectrum ofG.

Until now, only some graphs with special structures are shown to bedetermined by their
spectra(DS, for short) (see [5, 8, 9, 10, 11] and the references cited in them). Van Dam

and Haemers [9] conjectured that almost all graphs are DS. About the background of the
question ”Which graphs are determined by their spectrum?”, we refer to [9].

13



14 A.Z. Abdian, S. Pouyandeh and R. Sharafdeini

The join of a clique and a regular graph is called a multicone graph. In [1, 2, 3, 8, 9, 10,
11] some multicone graphs are shown to be determined by their adjacency spectra. In [1],
it was conjectured that the complement ofKw 5 P17 andKw 5 S are determined by their
adjacency spectrum, whereP17 andS denote the Paley graph of order 17 and the Schläfli
graph, respectively. In this article, we prove these conjectures.

2. SOME DEFINITIONS AND PRELIMINARIES

We present some essential lemmas that help us prove the main results.

Lemma 2.1([6, 7]). The number of vertices, the number of edges and being regular can
be extracted from the adjacency spectrum of a graph.

Lemma 2.2([6]). If K is a connected proper subgraph ofG, then

λ1(G) = λmax(G) > λ1(K) = λmax(K).

Lemma 2.3([6]). If G is ak-regular graph onn vertices with

SpecA(G) =
{
[λt]mt , . . . , [λ2]m2 , [k]1

}
,

thenSpecA(G) =
{
[−1− λ2]m2 , [−1− λt]mt , . . . , [n− k − 1]1

}
.

For further information about the adjacency spectrum ofP17 andS see [7, 9].

3. THE UNIQUENESS OF ADJACENCY SPECTRUM OF THEKw 5 P17

It is well-known that Paley graphs are self-complementary. HenceKw 5 P17
∼= wK1+

P17 (disjoint unioun), and this gives us the following result.

Proposition 3.1. The adjacency spectrum of the graphKw 5 P17 is
{

[8]1 , [r]8 , [0]w , [r′]8
}

,

wherer =
−1 +

√
17

2
andr′ =

−1−√17
2

.

Lemma 3.2. There exist no connected graph with the following spectrum{
[8]1 , [r]8 , [0]w , [r′]8

}
,

wherer =
−1 +

√
17

2
andr′ =

−1−√17
2

.

Proof. Suppose by the contrary thatG′ is aconnectedgraph with

SpecA(G′) =
{

[8]1, [r]β , [0]α, [r′]θ
}

.

We consider the following cases (in the following we always suppose that1 ≤ γ < β and
1 ≤ ζ < α and1 ≤ τ < θ, unless the contrary is specified. In other words, we aim to
consider the proper subgraphs ofG′ (if available)):

Case 1. Proper subgraphΓ of G′ has four distinct eigenvalues. Hence,SpecA(Γ) ={
[8]1, [r]γ , [0]ζ , [r′]τ

}
. This contradicts Lemma 2.2, becauseλ1(G′) = λ1(Γ).

Case 2. Proper subgraphΓ of G′ has three distinct eigenvalues. So the following

four subcases hold:Subcase 2.a.
{

[0]ζ , [r]γ , [r′]τ
}

, Subcase 2.b.
{

[0]ζ , [8]1, [r′]τ
}

,
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Subcase 2.c.
{

[0]ζ , [8]1, [r]γ
}

, Subcase 2.d.
{

[8]1, [r]γ , [r′]τ
}

. Now we consider any

of these subcases.

Subcase 2.a.In the case, we haveγr + τr
′

=
−(γ + τ) + (γ − τ)

√
17

2
= 0. As a

result,−(γ + τ) + (γ − τ)
√

17 = 0. So(
√

17 − 1)γ + (−1 −√17)τ = 0 and therefore
γ

τ
=

1 +
√

17√
17− 1

=
18 + 2

√
17

16
, a contradiction, since

γ

τ
must be a rational number. In

Subcases 2.b, 2.cand2.d we haveλ1(G′) = λ1(Γ). This contradicts Lemma 2.2.
Case 3.Proper subgraphΓ of G′ has only one eigenvalue. IfG′ has isolated vertices,

then bySubcase 2.dwe get a contradiction. So, letG′ hasχ (1 ≤ χ < α ≤ w) isolated

vertices. Therefore,SpecA(H) =
{

[8]1 , [r]γ , [0]α−χ
, [r′]τ

}
, whereH is a subgraph of

G′. Hereafter, by a similar argument toCases1 and 2, we receive a contradiction. ¤

Theorem 3.3.For all w, the graphKw 5 P17 is DS with respect to its adjacency spectrum.

Proof. Let G ∼= Kw 5 P17. It follows from Proposition 3.1 that

SpecA(G) = SpecA(Kw 5 P17) =
{

[8]1 , [r]8 , [0]w , [r′]8
}

. We show that only the
case {

[8]1, [r]8, [r′]8
}
∪ {[0]w}

can happen. Note that only graphs with one or two distinct eigenvalue(s) are complete
graphs (if a graphH has one distinct eigenvalue (this eigenvalue is obviously 0), thenH ∼=
mK1, wherem denotes the multiplicity of 0. If a graphH has two distinct eigenvalues,
thenH is the disjoint union of complete graphs with the same number of vertices). It is
obvious that if we discard the eigenvalue 0, thenG does not have any subgraph with one or

two distinct the adjacency eigenvalue(s) (SpecA(Kw) =
{

[−1]w−1
, [w − 1]1

}
). Now we

consider two cases, one where a proper subgraph has spectrum
{

[8]1, [r]8, [r′]8
}

and the

other where a subgraph has some other spectrum with three distinct values. We show that
the second case cannot hold.

To put that another way, we prove that only the spectrum of a graph that can be ex-

tracted bySpecA(G) is
{

[8]1, [r]8, [r′]8
}
∪ {[0]w}. If there is a graphK with three dis-

tinct eigenvalues, then one of the following cases holds:Case 1.
{

[0]α, [r]β , [r′]θ
}

, Case

2.
{

[0]α, [8]1, [r′]θ
}

, Case 3.
{

[0]α, [8]1, [r]θ
}

, where1 ≤ α ≤ w and1 ≤ β, θ ≤ 8. We

show that there does not exist such a graphK using the fact that the sum of the adjacency
eigenvalues of a graph is 0.

Case 1.In this case, we have−(β + θ) + (β − θ)
√

17 = 0. So(
√

17 − 1)β + (−1 −
√

17)θ = 0 and therefore
β

θ
=

1 +
√

17√
17− 1

=
18 + 2

√
17

16
, a contradiction, since

β

θ
must be

a rational number.
Case 2.In this case, we have16+(−1+

√
17)θ = 0. Soθ = −1−√17, a contradiction,

sinceθ must be a rational number.
Case 3.In this case, we have16+(−1−√17)θ = 0. Soθ = −1+

√
17, a contradiction,

sinceθ must be a rational number.
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It follows from Lemma 3.2 that there does not exist a connected graphG′ such that

SpecA(G′) =
{

[k]1, [r]β , [0]α, [r′]θ
}

. Therefore, we conclude that only the case
{

[8]1, [r]8, [r′]8
}
∪

{[0]w} can happen and soG ∼= wK1 ∪ P17 or G ∼= Kw 5 P17. This completes the
proof. ¤

4. THE UNIQUENESS OF THE ADJACENCY SPECTRUM OFKw 5 S

SinceSpecA(S) =
{
[10]1, [1]20, [−5]6

}
, it follows from Lemma 2.3 thatSpecA(S) ={

[16]1, [−2]20, [4]6
}

. On the other hand,Kw 5 S ∼= wK1+S. Hence,SpecA(Kw 5 S) =
SpecA(wK1) ∪ SpecA(S). Therefore, we have the following result.

Proposition 4.1. The adjacency spectrum of the graphKw 5 S is
{

[16]1, [−2]20, [0]w, [4]6
}

.

Theorem 4.2. For all w, the graphKw 5 S is DS with respect to its adjacency spectrum.

Proof. Let SpecA(G1) = SpecA(Kw 5 S) =
{

[16]1, [−2]20, [0]w, [4]6
}

. We use induc-

tion on w. We show that only the case
{

[16]1, [−2]20, [4]6
}
∪ {[0]w} can happen. Let

w = 1. We prove the theorem in a more general case. First we prove that there is no

connectedgraphG′ with
{

[16]1, [−2]α, [0]1, [4]β
}

, where1 ≤ α ≤ 20 and1 ≤ β ≤ 6.

We consider the following cases:

Case 1.Proper subgraphΓ of G′ has four distinct eigenvalues. Therefore,SpecA(Γ) ={
[16]1, [−2]γ , [0]1, [4]ι

}
, where1 ≤ γ < α and1 ≤ ι < β. This contradicts Lemma 2.2,

becauseλ1(G′) = λ1(Γ).
Case 2.Proper subgraphΓ of G′ has three distinct eigenvalues. Therefore, we have the

following subcases:Subcase 2.1. SpecA(Γ) =
{

[16]1 , [−2]γ , [0]1
}

, Subcase 2.2. SpecA(Γ) ={
[16]1 , [0]1 , [4]ι

}
, Subcase 2.3. SpecA(Γ) =

{
[16]1 , [−2]γ , [4]ι

}
, Subcase 2.4. SpecA(Γ) ={

[−2]γ , [0]1 , [4]ι
}

. For theSubcases 2.1, 2.2 and2.3, by a similar way ofCase 1, we

have a contradiction. So, we considerCase 2.4. We show thatCase 2.4cannot hap-
pen. On the contrary, suppose thatCase 2.4happens. So, we have a graphΩ such that

SpecA(Ω) =
{

[16]1 , [−2]α−γ
, [4]β−ι

}
, a contradiction.

It is clear that no proper subgraphG′ has two distinct the adjacency eigenvalues, since

SpecA(Kw) =
{

[−1]w−1
, [w − 1]1

}
(in the adjacency spectrum ofG′ there does not

exist the eigenvalue−1). Hence proper subgraphG′ must have only one eigenvalue.
In other words, proper subgraphG′ must be an isolated vertex. This means thatG′ is
disconnected and by what has been proved one can easily conclude that only the case{

[16]1, [−2]20, [4]6
}
∪

{
[0]1

}
can happen and soG′ ∼= K1 ∪ S or G′ ∼= K1 5 S.

Now, let the theorem be true forw. In other words, one deduce that ifSpecA(G1) =
SpecA(Kw 5 S), thenG1

∼= Kw 5 S, whereG1 denotes an arbitrary graph cospectral
with some complements of the multicone graphKw 5 S. We show that it follows from
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SpecA(G) = SpecA(Kw+1 5 S) that G ∼= Kw+1 5 S. It is clear thatG has one ver-
tex more thanG1. On the other hand, the number of the edgesG1 andG are equal and
SpecA(K1 ∪ G1) = SpecA(G). So, we must haveG = K1 ∪ G1. Now, the inductive
hypothesis completes the proof. ¤
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