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1. INTRODUCTION

The Simpson inequality states that ifζ : [η1, η2] → R is a four times continuously
differentiable mapping on(η1, η2) and

∥∥ζ(4)
∥∥
∞ = sup

y∈(η1,η2)

∣∣ζ(4) (y)
∣∣ < ∞, then

∣∣∣∣
∫ η2

η1

ζ (θ) dθ − η2 − η1

3

[
ζ (η1) + ζ (η2)

2
+ 2ζ

(
η1 + η2

2

)]∣∣∣∣

≤ 1
2880

∥∥∥ζ(4)
∥∥∥
∞
· (η2 − η1)

4
. (1. 1)

There is a substantial literature on the generalizations of Simpson’s inequality, Simp-
son type integral inequalities and Hermite-Hadamard type integral inequalities by using a
variety of convexity conditions, see for example [1]-[46] and the references cited therein.

Recall that a functionζ : I ⊂ R→ R is called convex function if the inequality

ζ (yδ + (1− y) σ) ≤ yζ (δ) + (1− y) ζ (σ)

holds for allδ, σ ∈ I andy ∈ [0, 1].
One of the generalizations of the convex functions, known as the GA-convex functions,

is stated as follows:
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Let ζ : I ⊂ (0,∞) → R. If the inequality

ζ
(
δyσ1−y

) ≤ yζ (δ) + (1− y) ζ (σ)

holds for allδ, σ ∈ I andI ∈ [0, 1], then is said to be GA-convex onI.

Example 1.1. Consider the functionζ : (0,∞) → R defined asζ (x) = ln x, then this
function is GA-convex function on(0,∞). Letδ, σ ∈ (0,∞) andy ∈ [0, 1], then

ζ
(
δyσ1−y

)
= ln

(
δyσ1−y

) ≤ y ln δ + (1− y) ln σ

≤ yζ (δ) + (1− y) ζ (σ) .

Thus the functionζ (x) = ln x is GA-convex function on(0,∞).

The aim of this paper is to present some new weighted Simpson type integral inequalities
for the class of GA-convex functions.

2. WEIGHTED SIMPSON’ S TYPE INEQUALITIES FORGA-CONVEX FUNCTIONS

In order to prove the results for this paper, we need the following lemma.

Lemma 2.1. Let ζ : I ⊆ (0,∞) → R be a differentiable mapping onI◦, whereη1,
η2 ∈ I◦ with η1 < η2 and letφ : [η1, η2] → [0,∞) be a continuous positive mapping and
geometrically symmetric with respect to

√
η1η2. If ζ

′
, φ ∈ L1 [η1, η2], then

1
8 (ln η2 − ln η1)

[ζ (η1) + 6ζ (
√

η1η2) + ζ (η2)]

η2∫

η1

φ (z)
z

dz

− 1
ln η2 − ln η1

η2∫

η1

φ (z) ζ (z)
z

dz =
ln η2 − ln η1

4

×




1∫

0

p1 (y) λ1 (y) ζ
′
(λ1 (y)) dy −

1∫

0

p2 (y)λ2 (y) ζ
′
(λ2 (y)) dy



 , (2. 2)

where

p1 (y) =
3
4

1∫

0

φ (λ1 (s)) ds−
y∫

0

φ (λ1 (s)) ds

and

p2 (y) =
3
4

1∫

0

φ (λ2 (s)) ds−
y∫

0

φ (λ2 (s)) ds.
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Proof. By integration by parts, we have

I1 =

1∫

0

p1 (y) λ1 (y) ζ
′
(λ1 (y)) dy

= − 2
ln η2 − ln η1

1∫

0


3

4

1∫

0

φ (λ1 (s)) ds−
y∫

0

φ (λ1 (s)) ds


 d [ζ (λ1 (y))]

= − 2
ln η2 − ln η1


3

4

1∫

0

φ (λ1 (s)) ds−
y∫

0

φ (λ1 (s)) ds


 ζ (λ1 (y))

∣∣∣∣∣∣

1

0

− 2
ln η2 − ln η1

1∫

0

φ (λ1 (y)) ζ (λ1 (y)) dy =
2

ln η2 − ln η1


ζ (η1)

4

1∫

0

φ (λ1 (y)) dy




+
2

ln η2 − ln η1


3ζ

(√
η1η2

)

4

1∫

0

φ (λ1 (y)) dy




− 2
ln η2 − ln η1

1∫

0

φ (λ1 (y)) ζ (λ1 (y)) dy.

By making the substitutionz = λ1 (y), we get

I1 =
1

(ln η2 − ln η1)
2 [ζ (η1) + 3ζ (

√
η1η2)]

√
η1η2∫

η1

φ (z)
z

dz

− 4
(ln η2 − ln η1)

2

√
η1η2∫

η1

φ (z) ζ (z)
z

dz.

Similarly, we can have

I2 =

1∫

0

p2 (y)λ2 (y) ζ
′
(λ2 (y)) dy

= − 1
(ln η2 − ln η1)

2 [3ζ (
√

η1η2) + ζ (η2)]

η2∫

√
η1η2

φ (z)
z

dz

+
4

(ln η2 − ln η1)
2

η2∫

√
η1η2

φ (z) ζ (z)
z

dz.
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Sinceφ(z) is geometrically symmetric with respect to
√

η1η2, we have
√

η1η2∫

η1

φ (z)
z

dz =

η2∫

√
η1η2

φ (z)
z

dz =
1
2

η2∫

η1

φ (z)
z

dz.

Thus, we have

ln η2 − ln η1

4
(I1 − I2)

=
1

8 (ln η2 − ln η1)
[ζ (η1) + 6ζ (

√
η1η2) + ζ (η2)]

η2∫

η1

φ (z)
z

dz

− 1
ln η2 − ln η1

η2∫

η1

φ (z) ζ (z)
z

dz.

¤

Remark 2.2. Throughout this manuscript we will use the following notation for the sake
of convenience

Ψ (η1, η2; ζ, φ) =
1

8 (ln η2 − ln η1)
[ζ (η1) + 6ζ (

√
η1η2) + ζ (η2)]

η2∫

η1

φ (z)
z

dz

− 1
ln η2 − ln η1

η2∫

η1

φ (z) ζ (z)
z

dz

Corollary 2.3. Under the assumptions of Lemma 2.1, the following inequality holds

Ψ(η1, η2; ζ, φ) ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×




1∫

0

(
3
4
− y

)
λ1 (y) ζ

′
(λ1 (y)) dy −

1∫

0

(
3
4
− y

)
λ2 (y) ζ

′
(λ2 (y)) dy



 , (2. 3)

where‖φ‖[η1,η2],∞ = sup
y∈[η1,η2]

|φ (y)|.

Proof. Proof follows from the fact that

‖φ‖[η1,
√

η1η2],∞ ≤ ‖φ‖[η1,η2],∞

and

‖φ‖[√η1η2,η2],∞ ≤ ‖φ‖[η1,η2],∞ .

¤
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Theorem 2.4. Let ζ : I ⊆ (0,∞) → R be a differentiable mapping onI◦, whereη1,
η2 ∈ I◦ with η1 < η2 and letφ : [η1, η2] → [0,∞) be a continuous positive mapping

and geometrically symmetric with respect to
√

η1η2. If ζ
′
, φ ∈ L1 [η1, η2] and

∣∣∣ζ ′
∣∣∣
ϑ

is

GA-convex on[η1, η2] for ϑ ≥ 1, then

|Ψ (η1, η2; ζ, φ)| ≤
η2 (ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

(
5
16

)1− 1
ϑ

×





θ

(
8

(
1− 2θ3/4 + θ

)− (
1− 14θ3/4 + 9θ

)
ln θ + (2θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

+
θ
(
−8

(
1− 2θ3/4 + θ

)
+

(
θ + 2θ3/4 − 7

)
ln θ − 3 (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ




1
ϑ

+




(
−8

(
1− 2θ1/4 + θ

)− (
9− 14θ1/4 + θ

)
ln θ + (3θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

+

(
8

(
1− 2θ1/4 + θ

)
+

(
1 + 2θ1/4 − 7θ

)
ln θ + 3θ (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




1
ϑ





, (2. 4)

whereθ = (η1/η2)
ϑ/2.

Proof. From ( 2. 3 ) and using the power-mean inequality, we have

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×








1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λϑ
1 (y)

∣∣∣ζ ′ (λ1 (y))
∣∣∣
ϑ

dy




1
ϑ

+




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λϑ
2 (y)

∣∣∣ζ ′ (λ2 (y))
∣∣∣
ϑ

dy




1
ϑ





. (2. 5)
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By using the GA-convexity of
∣∣∣ζ ′

∣∣∣
ϑ

on [η1, η2] for ϑ ≥ 1, we get

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λϑ
1 (y)

∣∣∣ζ ′ (λ1 (y))
∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1 + y

2

)
λϑ

1 (y) dy +

1∫

3
4

(
y − 3

4

)(
1 + y

2

)
λϑ

1 (y) dy




+




3
4∫

0

(
3
4
− y

) (
1− y

2

)
λϑ

1 (y) dy +

1∫

3
4

(
y − 3

4

)(
1− y

2

)
λϑ

1 (y) dy




∣∣∣ζ ′ (η2)
∣∣∣
ϑ

=
ηϑ
2 θ

(
8

(
1− 2θ3/4 + θ

)
+

(−1 + 14θ3/4 − 9θ
)
ln θ + (−3 + 2θ) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

+
ηϑ
2 θ

(
−8

(
1− 2θ3/4 + θ

)
+

(−7 + 2θ3/4 + θ
)
ln θ − 3 (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

(2. 6)

and

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λϑ
2 (y)

∣∣∣ζ ′ (λ2 (y))
∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1− y

2

)
λϑ

2 (y) dy +

1∫

3
4

(
y − 3

4

)(
1− y

2

)
λϑ

2 (y) dy




+
∣∣∣ζ ′ (η2)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1 + y

2

)
λϑ

2 (y) dy +

1∫

3
4

(
y − 3

4

)(
1 + y

2

)
λϑ

2 (y) dy




=
ηϑ
2

(
−8

(
1− 2θ1/4 + θ

)− (
9− 14θ1/4 + θ

)
ln θ + (−2 + 3θ) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

+
ηϑ
2

(
8

(
1− 2θ1/4 + θ

)
+

(
1 + 2θ1/4 − 7θ

)
ln θ + 3θ (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

, (2. 7)

whereθ = (η1/η2)
ϑ/2.

Using ( 2. 6 ) and ( 2. 7 ) in ( 2. 5 ) we get ( 2. 4 ). ¤

Theorem 2.5. Let ζ : I ⊆ (0,∞) → R be a differentiable mapping onI◦, whereη1,
η2 ∈ I◦ with η1 < η2 and letφ : [η1, η2] → [0,∞) be a continuous positive mapping

and geometrically symmetric with respect to
√

η1η2. If ζ
′
, φ ∈ L1 [η1, η2] and

∣∣∣ζ ′
∣∣∣
ϑ

is
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GA-convex on[η1, η2] for ϑ > 1, then

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

[
L

(
η

ϑ
2(ϑ−1)
1 , η

ϑ
2(ϑ−1)
2

)]1− 1
ϑ

×
{

η
1
2
1

[(
2−2ϑ−5 × 3ϑ+1 (4ϑ + 11) + 2−2ϑ−5 (8ϑ + 15)

(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+
(

2−2ϑ−5 + 2−2ϑ−5 × 3ϑ+1 (4ϑ + 5)
(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η2)
∣∣∣
ϑ
] 1

ϑ

+ η
1
2
2

[(
2−2ϑ−5 + 2−2ϑ−5 × 3ϑ+1 (4ϑ + 5)

(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+
(

2−2ϑ−5 × 3ϑ+1 (4ϑ + 11) + 2−2ϑ−5 (8ϑ + 15)
(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η2)
∣∣∣
ϑ
] 1

ϑ

}
. (2. 8)

Proof. From ( 2. 3 ) and using the Ḧolder integral inequality, we have

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×








1∫

0

λ
ϑ

ϑ−1
1 (y) dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ ∣∣∣ζ ′ (λ1 (y))

∣∣∣
ϑ

dy




1
ϑ

+




1∫

0

λ
ϑ

ϑ−1
2 (y) dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ ∣∣∣ζ ′ (λ2 (y))

∣∣∣
ϑ

dy




1
ϑ





. (2. 9)

By using the GA-convexity of
∣∣∣ζ ′

∣∣∣
ϑ

on [η1, η2] for ϑ ≥ 1, we get

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ ∣∣∣ζ ′ (λ1 (y))

∣∣∣
ϑ

dy ≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)ϑ (
1 + y

2

)
dy

+

1∫

3
4

(
y − 3

4

)ϑ (
1 + y

2

)
dy


 +

∣∣∣ζ ′ (η2)
∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)ϑ (
1− y

2

)
dy

+

1∫

3
4

(
y − 3

4

)ϑ (
1− y

2

)
dy


 =

(
2−2ϑ−5 + 2−2ϑ−5 × 3ϑ+1 (4ϑ + 5)

(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η2)
∣∣∣
ϑ

+
(

2−2ϑ−5 × 3ϑ+1 (4ϑ + 11) + 2−2ϑ−5 (8ϑ + 15)
(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η1)
∣∣∣
ϑ

(2. 10)
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and

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ ∣∣∣ζ ′ (λ2 (y))

∣∣∣
ϑ

dy ≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)ϑ (
1− y

2

)
dy

+

1∫

3
4

(
y − 3

4

)ϑ (
1− y

2

)
dy


 +

∣∣∣ζ ′ (η2)
∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)ϑ (
1 + y

2

)
dy

+

1∫

3
4

(
y − 3

4

)ϑ (
1 + y

2

)
dy


 =

(
2−2ϑ−5 + 2−2ϑ−5 × 3ϑ+1 (4ϑ + 5)

(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+
(

2−2ϑ−5 × 3ϑ+1 (4ϑ + 11) + 2−2ϑ−5 (8ϑ + 15)
(ϑ + 1) (ϑ + 2)

) ∣∣∣ζ ′ (η2)
∣∣∣
ϑ

. (2. 11)

We also observe that
1∫

0

λ
ϑ

ϑ−1
1 (y) dy = η

ϑ
2(ϑ−1)
1 L

(
η

ϑ
2(ϑ−1)
1 , η

ϑ
2(ϑ−1)
2

)
(2. 12)

and
1∫

0

λ
ϑ

ϑ−1
2 (y) dy = η

ϑ
2(ϑ−1)
2 L

(
η

ϑ
2(ϑ−1)
1 , η

ϑ
2(ϑ−1)
2

)
. (2. 13)

Applying ( 2. 10 )-( 2. 13 ) in ( 2. 9 ), we get ( 2. 8 ). ¤

Theorem 2.6. Let ζ : I ⊆ (0,∞) → R be a differentiable mapping onI◦, whereη1,
η2 ∈ I◦ with η1 < η2 and letφ : [η1, η2] → [0,∞) be a continuous positive mapping

and geometrically symmetric with respect to
√

η1η2. If ζ
′
, φ ∈ L1 [η1, η2] and

∣∣∣ζ ′
∣∣∣
ϑ

is

GA-convex on[η1, η2] for ϑ > 1, then

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

(
ϑ− 1
2ϑ− 1

)1− 1
ϑ

×
[
4−

2ϑ−1
ϑ−1

(
3

2ϑ−1
ϑ−1 + 1

)]1− 1
ϑ



η

1
2
1





2η

ϑ
2
1 − η

ϑ
2
2 − L

(
η

ϑ
2
1 , η

ϑ
2
2

)

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+


L

(
η

ϑ
2
1 , η

ϑ
2
2

)
− η

ϑ
2
2

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η2)
∣∣∣
ϑ




1
ϑ

+ η
1
2
2





η

ϑ
2
2 − L

(
η

ϑ
2
1 , η

ϑ
2
2

)

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+


L

(
η

ϑ
2
1 , η

ϑ
2
2

)
+ η

ϑ
2
1 − 2η

ϑ
2
2

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η2)
∣∣∣
ϑ




1
ϑ





. (2. 14)
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Proof. From ( 2. 3 ) and using the Ḧolder integral inequality, we have

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×








1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ

ϑ−1

dy




1− 1
ϑ




1∫

0

λϑ
1 (y)

∣∣∣ζ ′ (λ1 (y))
∣∣∣
ϑ

dy




1
ϑ

+




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ

ϑ−1

dy




1− 1
ϑ




1∫

0

λϑ
2 (y)

∣∣∣ζ ′ (λ2 (y))
∣∣∣
ϑ

dy




1
ϑ





. (2. 15)

Since
∣∣∣ζ ′

∣∣∣
ϑ

is GA-convex on[η1, η2] for ϑ ≥ 1, we get

1∫

0

λϑ
1 (y)

∣∣∣ζ ′ (λ1 (y))
∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

1∫

0

(
1 + y

2

)
λϑ

1 (y) dy +
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

1∫

0

(
1− y

2

)
λϑ

1 (y) dy

= η
ϑ
2
1


2η

ϑ
2
1 − η

ϑ
2
2 − L

(
η

ϑ
2
1 , η

ϑ
2
2

)

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+η
ϑ
2
1


L

(
η

ϑ
2
1 , η

ϑ
2
2

)
− η

ϑ
2
2

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η2)
∣∣∣
ϑ

(2. 16)

and

1∫

0

λϑ
2 (y)

∣∣∣ζ ′ (λ2 (y))
∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

1∫

0

(
1− y

2

)
λϑ

2 (y) dy +
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

1∫

0

(
1 + y

2

)
λϑ

2 (y) dy

= η
ϑ
2
2


η

ϑ
2
2 − L

(
η

ϑ
2
1 , η

ϑ
2
2

)

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η1)
∣∣∣
ϑ

+η
ϑ
2
2


L

(
η

ϑ
2
1 , η

ϑ
2
2

)
+ η

ϑ
2
1 − 2η

ϑ
2
2

ϑ (ln η1 − ln η2)




∣∣∣ζ ′ (η2)
∣∣∣
ϑ

.

(2. 17)

We notice that
1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣
ϑ

ϑ−1

dy = 4−
2ϑ−1
ϑ−1

(
ϑ− 1
2ϑ− 1

) (
3

2ϑ−1
ϑ−1 + 1

)
. (2. 18)

Applying ( 2. 16 )-( 2. 18 ) in ( 2. 15 ), we get ( 2. 14 ). ¤
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Theorem 2.7. Let ζ : I ⊆ (0,∞) → R be a differentiable mapping onI◦, whereη1,
η2 ∈ I◦ with η1 < η2 and letφ : [η1, η2] → [0,∞) be a continuous positive mapping

and geometrically symmetric with respect to
√

η1η2. If ζ
′
, φ ∈ L1 [η1, η2] and

∣∣∣ζ ′
∣∣∣
ϑ

is

GA-convex on[η1, η2] for ϑ ≥ 1, then

|Ψ (η1, η2; ζ, φ)| ≤
η2 (ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×




[
θ
(
(θ − 3) ln θ − 4

(
θ − 2θ3/4 + 1

))

4 (ln θ)2

]1− 1
ϑ


θ

(
8

(
θ − 2θ3/4 + 1

)− (
9θ − 14θ3/4 − 1

)
(ln θ) + (2θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

+
θ
(
−8

(
θ − 2θ3/4 + 1

)
+

(
θ + 2θ3/4 − 7

)
(ln θ)− 3 (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ




1
ϑ

+

[
(3θ − 1) ln θ − 4

(
θ − 2θ1/4 + 1

)

4 (ln θ)2

]1− 1
ϑ

×



(
−8

(
θ − 2θ1/4 + 1

)− (
θ − 14θ1/4 + 9

)
(ln θ) + (2θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

+

(
8

(
θ − 2θ1/4 + 1

)− (
1 + θ1/4 − 7θ

)
(ln θ) + 3θ (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




1
ϑ





, (2. 19)

whereθ = (η1/η2)
1/2.

Proof. From ( 2. 3 ) and using the power-mean inequality, we have

|Ψ (η1, η2; ζ, φ)| ≤
(ln η2 − ln η1) ‖φ‖[η1,η2],∞

4

×








1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ1 (y) dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ1 (y)
∣∣∣ζ ′ (λ1 (y))

∣∣∣
ϑ

dy




1
ϑ

+




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ2 (y) dy




1− 1
ϑ




1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ2 (y)
∣∣∣ζ ′ (λ2 (y))

∣∣∣
ϑ

dy




1
ϑ





. (2. 20)
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By using the GA-convexity of
∣∣∣ζ ′

∣∣∣
ϑ

on [η1, η2] for ϑ ≥ 1, we get

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ1 (y)
∣∣∣ζ ′ (λ1 (y))

∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1 + y

2

)
λ1 (y) dy +

1∫

3
4

(
y − 3

4

)(
1 + y

2

)
λ1 (y) dy




+
∣∣∣ζ ′ (η2)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1− y

2

)
λ1 (y) dy +

1∫

3
4

(
y − 3

4

)(
1− y

2

)
λ1 (y) dy




=
η2θ

(
8

(
θ − 2θ3/4 + 1

)− (
9θ − 14θ3/4 − 1

)
(ln θ) + (2θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

+
η2θ

(
−8

(
θ − 2θ3/4 + 1

)
+

(
θ + 2θ3/4 − 7

)
(ln θ)− 3 (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

(2. 21)

and

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ2 (y)
∣∣∣ζ ′ (λ2 (y))

∣∣∣
ϑ

dy

≤
∣∣∣ζ ′ (η1)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1− y

2

)
λ2 (y) dy +

1∫

3
4

(
y − 3

4

)(
1− y

2

)
λ2 (y) dy




+
∣∣∣ζ ′ (η2)

∣∣∣
ϑ




3
4∫

0

(
3
4
− y

)(
1 + y

2

)
λ2 (y) dy +

1∫

3
4

(
y − 3

4

)(
1 + y

2

)
λ2 (y) dy




=
η2

(
−8

(
θ − 2θ1/4 + 1

)− (
θ − 14θ1/4 + 9

)
(ln θ) + (2θ − 3) (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η2)

∣∣∣
ϑ

+
η2

(
8

(
θ − 2θ1/4 + 1

)− (
1 + θ1/4 − 7θ

)
(ln θ) + 3θ (ln θ)2

)

8 (ln θ)3
∣∣∣ζ ′ (η1)

∣∣∣
ϑ

. (2. 22)
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We also have

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ1 (y) dy =

3
4∫

0

(
3
4
− y

)
λ1 (y) dy +

1∫

3
4

(
y − 3

4

)
λ1 (y) dy

=
η2θ

(
(θ − 3) ln θ − 4

(
θ − 2θ3/4 + 1

))

4 (ln θ)2
(2. 23)

and

1∫

0

∣∣∣∣
3
4
− y

∣∣∣∣ λ2 (y) dy =

3
4∫

0

(
3
4
− y

)
λ2 (y) dy +

1∫

3
4

(
y − 3

4

)
λ2 (y) dy

=
η2

(
(3θ − 1) ln θ − 4

(
θ − 2θ1/4 + 1

))

4 (ln θ)2
, (2. 24)

whereθ = (η1/η2)
1/2.

Using ( 2. 21 ) and ( 2. 24 ) in ( 2. 20 ) we get ( 2. 19 ). ¤

3. ACKNOWLEDGMENT

The authors are very thankful to the anonymous referees’ for the useful commenents/suggestion
for the improvement of the manuscript before its publication.

REFERENCES

[1] J. H. Chen, X. J.Huang, Some new inequalities of Simpson’s type fors-convex functions via fractional
integrals, Filomat,31(15) (2017), 4989–4997.

[2] L. Chun, F. Qi,Inequalities of Simpson type for functions whose third derivatives are extendeds-convex
functions and applications to means, J. Comput. Anal. Appl.,19 (3) (2015), 555–569.

[3] S. S. Dragomir, R. P. Agarwal and P. Cerone,On Simpson’s inequality and applications, J. Inequal. Appl.,5
(2000), 533–579.

[4] T. S. Du, Y. J. Li and Z. Q. Yang,A generalization of Simpson’s inequality via differentiable mapping using
extended (s, m)-convex functions, Appl. Math. Comput.,293(2017), 358–369.

[5] T. S. Du, J. G. Liao and Y. J. Li,Properties and integral inequalities of Hadamard–Simpson type for the
generalized (s, m)-preinvex functions, J. Nonlinear Sci. Appl.,9, 3112–3126 (2016)

[6] K. -C. Hsu, S. -R. Hwang and K. -L. Tseng,Some extended Simpson-type inequalities and applications,
Bull. Iran. Math. Soc.,43 (2) (2017), 409–425.

[7] S. Hussain and S. Qaisar,Generalizations of Simpson’s type inequalities through preinvexity and prequasi-
invexity, Punjab Univ. J. Math,46 (2) (2014), 1–9.

[8] S. Hussain and S. Qaisar,More results on Simpson’s type inequality through convexity for twice differentiable
continuous mappings, SpringerPlus 5 (2017), Article ID 77.
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