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1. INTRODUCTION

For the development of many branches of mathematics inequalities have always been
of inevitable importance. In fact, during the last century this significance has enhanced a
lot. In both theory and applications this branch is multifaceted and experiencing a huge
growth. While checking out the requirement of a system of differential equations regard-
ing a parameter, out of many one of the inequality is due to Gronwall [6]. This inequality
has attracted many researchers along with huge amount of papers which studies count-
less extensions, standard forms and numerous variants [1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12].
The nonlinear generalization of Gronwall’s inequality is by reason of Bihari [3] which has
basic role in the study of nonlinear problems, while discrete inequalities which provide
non-implicit bounds are thought of hand tools in the study of quantitative and qualitative
analysis of solutions of difference equations. The main idea behind this paper is to high-
light some new discrete Gronwall-Bihari type discrete inequalities with application as well
as the boundedness and uniqueness of the solution of a certain partial difference equation
is concerned. In this paper, we investigate more general Gronwall-Bihari inequalities as
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follows:

u(k1, l1) ≤ a(k1, l1) + b(k1, l1)
∑

k1+1≤s≤β

c(s, l1)u(s, l1)

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f(k1, l1, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
g(k1, l1, ξ, η)w2(u(s, t))], (1. 1)

u(k1, l1) ≤ a(k1, l1) + b(k1, l1)
∑

k1+1≤s<∞
c(s, l1)u(s, l1)

+
∑

0≤s≤k1−1

∑

l1+1≤t<∞
[f(k1, l1, s, t)w1(u(s, t))

+
∑

0≤ξ≤s

∑

t≤η<∞
g(k1, l1, ξ, η)w2(u(s, t))] (1. 2)

u(k1, l1) ≤ a(k1, l1) + b(k1, l1)
∑

k1+1≤s≤β

c(s, l1)u(s, l1)

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f(k1, l1, s, t)(w1oψ1)(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
g(k1, l1, ξ, η)(w2oψ2)(log(u(s, t)))] (1. 3)

The format of paper is as below. After the Introduction, in Section 2 we have discussed our
main results and in Section 3 we give applications to partial difference equation.

2. RESULTS

We assume some assumptions on functions and use symbolic representations to make
the presentation easier and precise.

A1: a(k1, l1), b(k1, l1) andc(k1, l1) are bounded and non-negative fork1, l1 ∈ N0

anda(∞,∞) > 0.
A2: f(k1, l1, s, t) andg(k1, l1, ξ, η) are non-negative fork1, l1, s, t, ξ, η ∈ N0.
A3: ψk andwk, 1 ≤ k ≤ 2, are nondecreasing functions on[0,∞) and continuous

and positive on(0,∞) such thatw1 ∝ w2, that is,φ2(u) := w2(u)
w1(u) is nondecreas-

ing on(0,∞).
A4: ã(k1, l1) := sup k1≤τ

l1≤ρ

a(τ, ρ); b̃(k1, l1) := sup k1≤τ
l1≤ρ

b(τ, ρ).

A5: f̃(k1, l1, s, t) := sup k1≤τ
l1≤ρ

f(τ, ρ, s, t); g̃(k1, l1, s, t) := sup k1≤τ
l1≤ρ

g(τ, ρ, s, t).

A6: Foru ≥ uk > 0

Wk(u) :=
∫ u

uk

dz

wk(z)
, 1 ≤ k ≤ 2.

By A3, W−1
k is increasing, well defined and continuous in its corresponding do-

main becauseWk is strictly increasing.
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Obviouslyã(k1, l1), b̃(k1, l1), f̃(k1, l1, s, t) andg̃(k1, l1, ξ, η) are non-increasing and non-
negative ink1 andl1 such that̃a(k1, l1) ≥ a(k1, l1); b̃(k1, l1) ≥ b(k1, l1); f̃(k1, l1, s, t) ≥
f(k1, l1, s, t); g̃(k1, l1, ξ, η) ≥ g(k1, l1, ξ, η) anda(∞,∞) > 0 implies ã(k1, l1) > 0 for
all k1 ≥ L and l1 ≥ L for some natural numbersK,L. As usual,∆1f(k1, l1, s, t) and
∆3f(k1, l1, s, t) denote the first order forward difference in first and third components of
f respectively.

Lemma 2.1. [1] Let un, an, bn, qn ≥ 0 be sequences define forn ∈ N0 such that:un ≤
an + qn

∑
n+1≤s≤m bsus. Then

un ≤ an + qn

∑

n+1≤s≤m

bsas

∏

n+1≤i≤s−1

(1 + biqi).

Lemma 2.2. [10] Letun, an, bn, cn ≥ 0 be sequences define forn ∈ N0 such that:un ≤
an + bn

∑
n+1≤s<∞ csus. Then

un ≤ an + bn

∑

n+1≤s<∞
csas

∏

n+1≤i<∞
(1 + cibi).

Theorem 2.3. Let the conditionsA1-A3 be satisfied; if∆1p(k1, l1)ã(k1, l1) is non-positive
for k1, l1 and non-decreasing inl1 andu(k1, l1) is non-negative function fork1, l1 ∈ N0,
satisfying(3.1), then

u(k1, l1) ≤ W−1
2 [W2(ã(∞, l1)) + p(k1, l1)

×
∑

k1+1≤s<∞

∑

l1+1≤t<∞
(

∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η))

−
∑

k1≤s<∞

∆3g2(k1, l1, s, l1)
φ2(W−1

1 (z̃(s + 1, l1) + g2(k1, l1, s + 1, l1)))
], (2. 4)

for k1 ≥ K andl1 ≥ L provided that

W2(ã(∞, L)) + p(K,L)
∑

K+1≤s<∞

∑

L+1≤t<∞
(

∑

s≤ξ<∞

∑

t≤η<∞
g̃(K, L, ξ, η)]

−
∑

K≤s<∞

∆3g2(K, L, s, L)
φ2(W−1

1 (z̃(s + 1, L) + g2(K,L, s + 1, L))))
≤

∫ ∞

u2

dz

w2(z)
.

Proof. Under the conditionsA4 andA5, inequality(1.1) is rewritten as:

u(k1, l1) ≤ ã(k1, l1) + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)u(s, l1)

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f̃(k1, l1, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)w2(u(s, t))] (2. 5)

Equivalently,

u(k1, l1) ≤ Y (k1, l1) + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)u(s, l1), (2. 6)
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for

Y (k1, l1) := ã(k1, l1) +
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f̃(k1, l1, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)w2(u(s, t))]

Obviously,Y (k1, l1) is non-increasing ink1.
Application of Lemma 2.1 for some fixedl1, yields:

u(k1, l1) ≤ Y (k1, l1) + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)Y (s, l1)

×
∏

k1+1≤i≤s−1

(1 + c(i, l1)b̃(i, l1))

≤ Y (k1, l1)[1 + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)

×
∏

k1+1≤i≤s−1

(1 + c(i, l1)b̃(i, l1))]

= p(k1, l1)ã(k1, l1) +
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (k1, l1, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
G(k1, l1, ξ, η)w2(u(s, t))], (2. 7)

for

p(k1, l1) := 1 + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)
∏

k1+1≤i≤s−1

(1 + c(i, l1)b̃(i, l1)). (2. 8)

Obviously,p(k1, l1) is non-increasing in both variables.
provided that

{
F (k1, l1, s, t) := p(k1, l1)f̃(k1, l1, s, t);
G(k1, l1, ξ, η) := p(k1, l1)g̃(k1, l1, ξ, η).

(2. 9)

Obviouslyp(k1, l1)ã(k1, l1), F (k1, l1, s, t) andG(k1, l1, ξ, η) are non increasing ink1 and
l1. Take any random positive integersK, L with Then,K1 ≥ K andL1 ≥ L. From(2.7)
yields auxiliary inequality as shown below:

u(k1, l1) ≤ g1(K, L, k1, l1) +
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K, L, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)w2(u(s, t))], (2. 10)

for k1 ≥ K andl1 ≥ L, where

g1(k1, l1, s, t) := p(s, t)ã(s, t) (2. 11)
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Consider,

z(k1, l1) :=
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K,L, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)w2(u(s, t))],

then obviouslyz(k1, l1) is nonnegative and non-increasing in both variables such that
z(∞, l1) = 0. In this case(2.10) has the form

u(k1, l1) ≤ z(k1, l1) + g1(K, L, k1, l1). (2. 12)

Moreover, by using(2.12)

−∆1z(k1, l1) =
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t)w1(u(k1 + 1, t)) (2. 13)

+
∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)w2(u(k1 + 1, t))]

≤
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t)w1(z(k1 + 1, t) + g1(K,L, k1 + 1, t))

+
∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)w2(z(k1 + 1, t) + g1(K,L, k1 + 1, t))]

As, ∆3g1(K, L, k1, l1) = ∆1p(k1, l1)ã(k1, l1) is non-positivek1, l1 and nondecreasing in
l1 therefore(2.13) is equivalent to

− [∆1z(k1, l1) + ∆3g1(K, L, k1, l1)]
w1(z(k1 + 1, l1) + g1(K, L, k1 + 1, l1))

≤
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t) +

∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)φ2(z(k1 + 1, t)

+g1(K, L, k1 + 1, t))]− ∆3g1(K,L, k1, l1)
w1(z(k1 + 1, l1) + g1(K,L, k1 + 1, l1))

(2. 14)

By mean value Theorem for integral∃ τ, such that:

z(k1, l1) + g1(K,L, k1, l1) ≤ τ ≤ z(k1 + 1, l1) + g1(K, L, k1 + 1, l1)

Equivalently, by monotonicity ofw1

−1
w1(z(k1, l1) + g1(K, L, k1, l1))

≤ −1
w1(τ)

≤ −1
w1(z(k1 + 1, l1) + g1(K, L, k1 + 1, l1))

⇒ −
∫ z(k1+1,l1)+g1(K,L,k1+1,l1)

z(k1,l1)+g1(K,L,k1,l1)

dτ

w1(τ)

=
[z(k1, l1) + g1(K, L, k1, l1)]− [z(k1 + 1, l1) + g1(K, L, k1 + 1, l1)]

w1(τ)

≤− [z(k1 + 1, l1) + g1(K,L, k1 + 1, l1)]− [z(k1, l1) + g1(K, L, k1, l1)]
w1(z(k1 + 1, l1) + g1(K, L, k1 + 1, l1))

. (2. 15)
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A combination of(2.14) and(2.15) yields:

−
∫ z(k1+1,l1)+g1(K,L,k1+1,l1)

z(k1,l1)+g1(K,L,k1,l1)

dτ

w1(τ)

≤
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t) +

∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)φ2(z(k1 + 1, t)

+g1(K, L, k1 + 1, t))]− ∆3g1(K,L, k1, l1)
w1(z(k1 + 1, l1) + g1(K,L, k1 + 1, l1))

. (2. 16)

Settingk1 by s in (2.16) and summing overs from k1 + 1 to∞ to get

−
∫ z(∞,l1)+g1(K,L,∞,l1)

z(k1,l1)+g1(K,L,k1,l1)

dτ

w1(τ)
≤

∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K, L, s, t)

+
∑

s≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)φ2(z(s, t) + g1(K, L, s, t))]

−
∑

k1≤s<∞

∆3g1(K, L, s, l1)
w1(z(s + 1, l1) + g1(K,L, s + 1, l1))

.

Equivalently,

W1(z(k1, l1) + g1(K, L, k1, l1)) ≤ W1(g1(K,L,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K, L, s, t) +

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)

× φ2(z(s, t) + g1(K,L, s, t))]

−
∑

k1≤s<∞

∆3g1(K, L, s, l1)
w1(z(s + 1, l1) + g1(K, L, s + 1, l1))

(2. 17)

Consider





E(k1, l1) := W1(z(k1, l1) + g1(K, L, k1, l1));
g2(K, L, k1, l1) := W1(g1(K, L,∞, l1)) +

∑
k1+1≤s<∞

∑
l1+1≤t<∞ F (K,L, s, t)

−∑
k1≤s<∞

∆3g1(K,L,s,l1)
w1(z(s+1,l1)+g1(K,L,s+1,l1))

;
z̃(k1, l1) :=

∑
k1+1≤s<∞

∑
l1+1≤t<∞[

∑
s≤ξ<∞

∑
t≤η<∞G(K,L, ξ, η)

×φ2(W−1
1 (E(s, t)))]

(2. 18)
A combination of(2.17) and(2.18) yields:

E(k1, l1) ≤ z̃(k1, l1) + g2(K, L, k1, l1). (2. 19)
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On the other hand

−
∫ z̃(k1+1,l1)+g2(K,L,k1+1,l1)

z̃(k1,l1)+g2(K,L,k1,l1)

dτ

φ2(W−1
1 (τ))

= W2(W−1
1 (z̃(k1, l1) + g2(K, L, k1, l1)))−W2(W−1

1 (z̃(k1 + 1, l1) + g2(K, L, k1 + 1, l1)))

≤ −
∫ z̃(k1+1,l1)+g2(K,L,k1+1,l1)

z̃(k1,l1)+g2(K,L,k1,l1)

dτ

φ2(W−1
1 (z̃(k1 + 1, l1) + g2(K, L, k1 + 1, l1)))

≤
∑

l1+1≤t<∞
[

∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)]

− ∆3g2(K,L, k1, l1)
φ2(W−1

1 (z̃(k1 + 1, l1) + g2(K, L, k1 + 1, l1)))
. (2. 20)

−
∫ z̃(∞,l1)+g2(K,L,∞,l1)

z̃(k1,l1)+g2(K,L,k1,l1)

dτ

φ2(W−1
1 (τ))

= −
∑

k1≤s<∞

∫ z̃(s+1,l1)+g2(K,L,s+1,l1)

z̃(s,l1)+g2(K,L,s,l1)

dτ

φ2(W−1
1 (τ))

≤
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)]

−
∑

k1≤s<∞

∆3g2(K,L, s, l1)
φ2(W−1

1 (z̃(s + 1, l1) + g2(K, L, s + 1, l1)))
.

Equivalently, by usingg2 as given in(2.18)

W2(W−1
1 (z̃(k1, l1) + g2(K, L, k1, l1)))−W2(g1(K, L,∞, l1))

≤
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

k1≤s<∞

∆3g2(K, L, s, l1)
φ2(W−1

1 (z̃(s + 1, l1) + g2(K, L, s + 1, l1)))
(2. 21)

A combination of(2.12), (2.19) andE in (2.18) yields:

u(k1, l1) ≤ z(k1, l1) + g1(K,L, k1, l1) = W−1
1 (E(k1, l1))

≤ W−1
1 (z̃(k1, l1) + g2(K, L, k1, l1)) (2. 22)

A combination of(2.21) and(2.22) yields:

u(k1, l1) ≤ W−1
2 [W2(g1(K,L,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

k1≤s<∞

∆3g2(K, L, s, l1)
φ2(W−1

1 (z̃(s + 1, l1) + g2(K, L, s + 1, l1)))
], (2. 23)
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for k1 ≥ K andl1 ≥ L. By settingk1 7→ K andl1 7→ L in (2.23), we have

u(K, L) ≤ W−1
2 [W2(g1(K, L,∞, L))

+
∑

K+1≤s<∞

∑

L+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

K≤s<∞

∆3g2(K, L, s, L)
φ2(W−1

1 (z̃(s + 1, L) + g2(K, L, s + 1, L)))
].

SinceK andL are arbitrary therefore

u(k1, l1) ≤ W−1
2 [W2(g1(k1, l1,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(k1, l1, ξ, η)]

−
∑

k1≤s<∞

∆3g2(k1, l1, s, l1)
φ2(W−1

1 (z̃(s + 1, l1) + g2(K, L, s + 1, l1)))
]. (2. 24)

A combination of(2.8), (2.9), (2.11) and(2.24) yields the required relation . ¤

Theorem 2.4.Let the conditionsA1-A3be satisfied; if∆1p1(k1, l1)ã(k1, l1) is non-positive
for k1, l1 and non-decreasing inl1 andu(k1, l1) is non-negative function fork1, l1 ∈ N0,
satisfying(1.2), then

u(k1, l1) ≤ W−1
2 [W2(p1(0, l1)ã(0, l1))

+ p1(k1, l1)
∑

0≤s≤k1−1

∑

l1+1≤t<∞
[

∑

0≤ξ<s

∑

t≤η<∞
g̃(k1, l1, ξ, η)]

+
∑

0≤s≤k1−1

∆3g4(k1, l1, s, l1)
φ2(W−1

1 (z̃1(s, l1) + g4(k1, l1, s, l1)))
]

for k1 ≥ K andl1 ≥ L, provided that

W2(p1(0, L)ã(0, L)) + p1(K,L)
∑

0≤s≤K−1

∑

L+1≤t<∞
[

∑

0≤ξ≤s

∑

t≤η<∞
g̃(K,L, ξ, η)]

+
∑

0≤s≤K−1

∆3g4(K, L, s, L)
φ2(W−1

1 (z̃1(s, L) + g4(K, L, s, L)))
≤

∫ ∞

u2

dz

w2(z)
,
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for




p1(k1, l1) := 1 + b̃(k1, l1)
∑

k1+1≤s<∞ c(s, l1)
∏

k1+1≤i≤∞(1 + c(i, l1)b̃(i, l1));
F̂ (k1, l1, s, t) := p1(k1, l1)f̃(k1, l1, s, t);
Ĝ(k1, l1, s, t) := p1(k1, l1)g̃(k1, l1, s, t);
E1(k1, l1) := W1(z1(k1, l1) + g1(K, L, k1, l1));
z1(k1, l1) :=

∑
0≤s≤k1−1

∑
l1+1≤t<∞[F (K,L, s, t)w1(u(s, t))

+
∑

0≤ξ<s

∑
t≤η<∞G(K,L, ξ, η)w2(u(s, t))];

z̃1(k1, l1) :=
∑

0≤s≤k1−1

∑
l1+1≤t<∞[

∑
0≤ξ<s

∑
t≤η<∞G(K,L, ξ, η)

×φ2(W−1
1 (E1(s, t)))];

g3(K, L, k1, l1) := p1(s, t)ã(s, t);
g4(K, L, k1, l1) := W1(g3(K, L, 0, l1))
+p1(k1, l1)

∑
0≤ξ≤k1−1

∑
l1+1≤η<∞ f̃(k1, l1, ξ, η)

+
∑

0≤s≤k1−1
∆3g3(K,L,s,l1)

(w1(z1(s,l1)+g3(K,L,s,l1)))
.

Proof. This tracked by Lemma 2.2 and the proof of Theorem 2.3. We omit the details.¤

Theorem 2.5. Let the conditionsA1-A3 be satisfied; if∆1p(k1, l1)ã(k1, l1) is non-positive
for k1, l1 and non-decreasing inl1 andu(k1, l1) is non-negative function fork1, l1 ∈ N0,
satisfying(1.3), then

(C1): If ψ1(u) ≥ ψ2(log(u)), then

u(k1, l1) ≤ V −1
2,1 [V2,1(ã(∞, l1))

+p(k1, l1)
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)]

−
∑

k1≤s<∞

∆3g5(k1, l1, s, l1)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, l1) + g5(k1, l1, s + 1, l1)))
](2. 25)

(C2): If ψ1(u) ≤ ψ2(log(u)), then

u(k1, l1) ≤ V −1
2,2 [V2,2(ã(∞, l1))

+p(k1, l1)
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)]

−
∑

k1≤s<∞

∆3g6(k1, l1, s, l1)
(φ2oψ2)(V −1

1,2 (z̃3(s + 1, l1) + g6(k1, l1, s + 1, l1)))
](2. 26)

for k1 ≥ K andl1 ≥ L, provided that

V2,1(ã(∞, L)) + p(K,L)
∑

K+1≤s<∞

∑

L+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
g̃(K,L, ξ, η)]

−
∑

K≤s<∞

∆3g5(K,L, s, L)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, L) + g5(K, L, s + 1, L)))

≤
∫ ∞

u2

dz

(w2oψ1)(z)
.
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And

V2,2(ã(∞, L)) + p(K,L)
∑

K+1≤s<∞

∑

L+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
g̃(K,L, ξ, η)]

−
∑

K≤s<∞

∆3g6(K,L, s, L)
(φ2oψ2)(V −1

1,2 (z̃3(s + 1, L)g6(K,L, s + 1, L)))

≤
∫ ∞

u2

dz

(w2oψ2)(z)
,

provided that

Vk,j(u) :=
∫ u

uk

dz

(wkoψj)(z)
; u ≥ uk > 0, 1 ≤ k, j ≤ 2.

Proof. Under the conditionsA4, A5, andC1, inequality(1.3) is rewritten as:

u(k1, l1) ≤ Y1(k1, l1) + b̃(k1, l1)
∑

k1+1≤s≤β

c(s, l1)u(s, l1), (2. 27)

for

Y1(k1, l1) := ã(k1, l1) +
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f̃(k1, l1, s, t)w1(ψ1(u(s, t)))

+
∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)w2(ψ2(log(u(s, t))))].

Obviously,Y1(k1, l1) is non-increasing ink1.
Using the similar process as in Theorem 2.3 and(2.6)-(2.13), yields

−∆1z2(k1, l1) =
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t)(w1oψ1)(u(k1 + 1, t))

+
∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)(w2oψ1)(u(k1 + 1, t))]

≤
∑

l1+1≤t<∞
[F (K,L, k1 + 1, t)(w1oψ1)(z2(k1 + 1, t)

+g1(K, L, k1 + 1, t))

+
∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)(w2oψ1)(z2(k1 + 1, t)

+g1(K, L, k1 + 1, t))], (2. 28)

provided that

z2(k1, l1) :=
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K,L, s, t)(w1oψ1)(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)(w2oψ2)(log(u(s, t)))]
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Equivalently,

− ∆1z2(k1, l1) + ∆3g1(K, L, k1, l1)
(w1oψ1)(z2(k1 + 1, l1) + g1(K,L, k1 + 1, l1))

≤
∑

l1+1≤t<∞
[F (K,L, k1 + 1, t) +

∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)

× (φ2oψ1)(z2(k1 + 1, t) + g1(K,L, k1 + 1, t))]

− ∆3g1(K,L, k1, l1)
(w1oψ1)(z2(k1 + 1, l1) + g1(K,L, k1 + 1, l1))

(2. 29)

Again, using the similar process as in Theorem 2.3 from(2.14)-(2.17), yields

V1,1(z2(k1, l1) + g1(K, L, k1, l1)) ≤ V1,1(g1(K, L,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[F (K, L, s, t) +

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)

× (φ2oψ1)(z2(s, t) + g1(K,L, s, t))]

−
∑

k1≤s<∞

∆3g1(K, L, s, l1)
(w1oψ1)(z2(s + 1, l1) + g1(K, L, s + 1, l1))

(2. 30)

Consider




E2(k1, l1) := V1,1(z2(k1, l1) + g1(K, L, k1, l1));
g5(K, L, k1, l1) := V1,1(g1(K, L,∞, l1)) +

∑
k1+1≤s<∞

∑
l1+1≤t<∞ F (K,L, s, t)

−∑
k1≤s<∞

∆3g1(K,L,s,l1)
(w1oψ1)(z2(s+1,l1)+g1(K,L,s+1,l1))

;
z̃2(k1, l1) :=

∑
k1+1≤s<∞

∑
l1+1≤t<∞[

∑
s≤ξ<∞

∑
t≤η<∞G(K, L, ξ, η)

×(φ2oψ1)(V −1
1,1 (E2(s, t)))]

(2. 31)
A combination of(2.30) and(2.31) yields:

E2(k1, l1) ≤ z̃2(k1, l1) + g5(K,L, k1, l1). (2. 32)

And

u(k1, l1) ≤ V −1
1,1 (z̃2(k1, l1) + g5(K, L, k1, l1)) (2. 33)

Similar to the process from(2.19) - (2.21), we obtain

V2,1(V −1
1,1 (z̃2(k1, l1) + g5(K, L, k1, l1)))− V2,1(g1(K,L,∞, l1))

≤
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

k1≤s<∞

∆3g5(K,L, s, l1)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, l1) + g5(K, L, s + 1, l1)))
(2. 34)
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A combination of(2.33) and(2.34) yields:

u(k1, l1) ≤ V −1
2,1 [V2,1(g1(K, L,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

k1≤s<∞

∆3g5(K, L, s, l1)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, l1) + g5(K,L, s + 1, l1)))
],(2. 35)

for k1 ≥ K andl1 ≥ L. By settingk1 7→ K andl1 7→ L in (2.35), we have

u(K,L) ≤ V −1
2,1 [V2,1(g1(K, L,∞, L))

+
∑

K+1≤s<∞

∑

L+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)]

−
∑

K≤s<∞

∆3g5(K, L, s, L)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, L) + g5(K,L, s + 1, L)))
].(2. 36)

SinceK andL are arbitrary, therefor

u(k1, l1) ≤ V −1
2,1 [V2,1(g1(k1, l1,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
G(k1, l1, ξ, η)]

−
∑

k1≤s<∞

∆3g5(k1, l1, s, l1)
(φ2oψ1)(V −1

1,1 (z̃2(s + 1, l1) + g5(K, L, s + 1, l1)))
] (2. 37)

A combination of(2.8), (2.9), (2.11) and(2.37) yields the required relation.
Forψ1(u) ≤ ψ2(log(u)), we use the similar process from(2.27)-(2.28) and inequality

(1.3), to obtain

−∆1z2(k1, l1)

≤
∑

l1+1≤t<∞
[F (K,L, k1 + 1, t)(w1oψ2)(z2(k1 + 1, t) + g1(K, L, k1 + 1, t))

+
∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K,L, ξ, η)(w2oψ2)(z2(k1 + 1, t) + g1(K, L, k1 + 1, t))].

Equivalently,

− ∆1z2(k1, l1) + ∆3g1(K, L, k1, l1)
(w1oψ2)(z2(k1 + 1, l1) + g1(K,L, k1 + 1, l1))

≤
∑

l1+1≤t<∞
[F (K, L, k1 + 1, t) +

∑

k1+1≤ξ<∞

∑

t≤η<∞
G(K, L, ξ, η)(φ2oψ2)(z2(k1 + 1, t)

+ g1(K, L, k1 + 1, t))]− ∆3g1(K,L, k1, l1)
(w1oψ2)(z2(k1 + 1, l1) + g1(K,L, k1 + 1, l1))
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And

u(k1, l1) ≤ V −1
2,2 [V2,2(g1(K, L,∞, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ≤∞

∑

t≤η<∞
G(K, L, ξ, η)]

−
∑

k1≤s<∞

∆3g6(K, L, s, l1)
(φ2oψ2)(V −1

1,2 (z̃3(s + 1, l1) + g6(K,L, s + 1, l1)))
],(2. 38)

provided that




E3(k1, l1) := V1,2(z2(k1, l1) + g1(K, L, k1, l1));
g6(K, L, k1, l1) := V1,2(g1(K, L,∞, l1)) +

∑
k1+1≤s<∞

∑
l1+1≤t<∞ F (K,L, s, t)

−∑
k1≤s<∞

∆3g1(K,L,s,l1)
(w1oψ2)(z2(s+1,l1)+g1(K,L,s+1,l1))

;
z̃3(k1, l1) :=

∑
k1+1≤s<∞

∑
l1+1≤t<∞[

∑
s≤ξ<∞

∑
t≤η<∞G(K, L, ξ, η)

×(φ2oψ2)(V −1
1,2 (E3(s, t)))]

A combination of(2.8), (2.9), (2.11) and(2.38) yields the required relation . ¤

3. APPLICATIONS

Consider a non-linear partial difference equation

v(k1, l1) = α(k1, l1) + γ(k1, l1)
∑

k1+1≤s≤β

f1(s, l1, v(s, l1))

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f2(k1, l1, s, t, v(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
f3(k1, l1, ξ, η, v(s, t))], (3. 39)

for k1, l1 ∈ N0, wherev(k1, l1) is an unknown function fork1, l1 ∈ N0.
The following two examples prove the boundedness and uniqueness of the solution of

(3.39), respectively.

Example 3.1. Suppose,|f1(s, l1, v(s, l1))| ≤ e(s, l1)|v(s, l1)|; |f2(k1, l1, s, t, v(s, t))|
≤ f(k1, l1, s, t)w1(|v(s, t)|); |f3(k1, l1, ξ, η, v(s, t))| ≤ g(k1, l1, ξ, η)w2(|v(s, t)|), pro-
vided thatw1 ∝ w2. If v(k1, l1) is a solution of(3.39), then

u(k1, l1) ≤ a(k1, l1) + b(k1, l1)
∑

k1+1≤s≤β

e(s, l1)u(s, l1) +

∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f(k1, l1, s, t)w1(u(s, t))

+
∑

s≤ξ<∞

∑

t≤η<∞
g(k1, l1, ξ, η)w2(u(s, t))], (3. 40)

for u(k1, l1) = |v(k1, l1)|; a(k1, l1) ≥ |α(k1, l1)|; b(k1, l1) ≥ |γ(k1, l1)|.
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Now application of Theorem 2.3 yields:

u(k1, l1) ≤ W−1
2 [W2(ã(∞, l1))

+p2(k1, l1)
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[

∑

s≤ξ<∞

∑

t≤η<∞
g̃(k1, l1, ξ, η)]

−
∑

k1≤s<∞

∆3g2(k1, l1, s, l1)
φ2(W−1

1 (z̃1(s + 1, l1) + g2(k1, l1, s + 1, l1)))
], (3. 41)

provided that

p2(k1, l1) := 1 + b̃(k1, l1)
∑

k1+1≤s≤β

e(s, l1)
∏

k1+1≤i≤s−1

(1 + e(i, l1)b̃(i, l1)).

Clearly (3.41) implies the boundedness of solutions of equation(3.39).

Example 3.2. Suppose,|f1(s, k1, l1, v(s, l1)) − f1(s, l1, v̄(s, l1))| ≤ e(s, l1)|v(s, l1) −
v̄(s, l1)|; |f2(k1, l1, s, t, v(s, t))−f2(k1, l1, s, t, v̄(s, t))| ≤ f(k1, l1, s, t)w1(|v(s, t)−v̄(s, t)|);
|f3(k1, l1, ξ, η, v(s, t))− f3(k1, l1, ξ, η, v̄(s, t))| ≤ g(k1, l1, ξ, η)w2(|v(s, t)− v̄(s, t)|),

provided thatw1 ∝ w2. Then, equation(3.39) has at most one solution.

Solution : Supposev(k1, l1) andv̄(k1, l1) are two solutions of(3.39). Then

|v(k1, l1)− v̄(k1, l1)|
≤ γ(k1, l1)

∑

k1+1≤s≤β

|f1(s, l1, v(s, l1))− f1(s, l1, v̄(s, l1))|

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[|f2(k1, l1, s, t, v(s, t))− f2(k1, l1, s, t, v̄(s, t))|

+
∑

s≤ξ<∞

∑

t≤η<∞
|f3(k1, l1, ξ, η, v(s, t))− f2(k1, l1, s, t, v̄(s, t))|]

≤ γ(k1, l1)
∑

k1+1≤s≤β

e(k1, l1)|v(s, l1))− v̄(s, l1)|

+
∑

k1+1≤s<∞

∑

l1+1≤t<∞
[f(k1, l1, s, t)w1(|v(s, t)− v̄(s, t)|)

+
∑

s≤ξ<∞

∑

t≤η<∞
g(k1, l1, ξ, η)w2(|v(s, t)− v̄(s, t)|)]

Treating|v(k1, l1) − v̄(k1, l1)| as one variable, and possible applicability of Theorem 2.3
yields |v(k1, l1) − v̄(k1, l1)| ≤ 0, which implies that|v(k1, l1) − v̄(k1, l1)| = 0, that is,
v(k1, l1) ≡ v̄(k1, l1). This proves the uniqueness of the solution of(3.39).
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