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Abstract. Let D(V, A) be a digraph of ordep and sizeg. For an inte-
gerk > 1 and forv € V(D), letwg(v) = >, f(e), whereEy(v)
ecE (v
is the set containing all arcs which are at diétgnce at mosbm v.
The digraphD is said to beFy-regular with regularity» if and only if
|Ex(e)| = r for some integer > 1 and for alle € A(D). A Vj-super
vertex out-magic labelingl,.-SVOML) is an one-to-one onto function
f:V(D)UA(D) — {1,2,...,p+q} suchthatf(V(D)) = {1,2,...,p}
and there exists a positive integ#f such thatf(v) + wi(v) = M,
Vv € V(D). A digraph that admits &,-SVOML is called V}.-super
vertex out-magic {,-SVOM). This paper contains several properties of
Vx-SVOML in digraphs. We characterized the digraphs whichgre
SVOM. Also, the magic constant fd@f; -regular graphs has been obtained.
Further, we characterized the unidirectional cycles and union of unidirec-
tional cycles which ar&,-SVOM.
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1. INTRODUCTION

Let D(V, A) be a digraph of ordep and sizeq. For a vertexv € V (D), the out-
neighborhood ob is defined byO(v) = {u : (v,u) € A(D)}. The out-degree of is
defined bydeg™ (v) = |O(v)|. For basic definition and results we follow [3].

A graphlabelingis an assignment of integers (usually positive or non-negative integers),
which assigned to vertices /or edges /or both into a set of numbers. Lot of labelings have
been defined and studied by many authors and an excellent survey of graph labeling can be
found in [5].

The magic labeling in graphs was introduced by Geek [11]. A magiclabeling is an
one-to-one onto functiofi from E(G) onto{1,2,...,q} such that for alb € V(G),

> f(uv) = M for some positive integet/.
u€N (v)
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In 2002, MacDougall et al. [8] introduced the notion of vertex magic total labeling
(VMTL) in graphs. LetG(V, E) be a graph withV (G)| = p and|E(G)| = ¢. A one-to-
one mapf from E(G) U V(G) onto the integer$1,2,...,p + ¢} isa VMTL if there is a
constantM so that for every vertex € V(G), f(z) + >_ f(zy) = M, where the sum is
taken over all verticeg adjacent tar.

In 2004, MacDougall et al. [9] defined the super vertex-magic total labeling (SVMTL)
in graphs. They call a VMTL isuperif f(V(G)) = {1,2,...,p}. In this labeling, the
smallest labels are assigned to the vertices.

Another labeling parameter called 'Super Edge magic total labeling’ with different
meaning has been defined and studied in [1, 6, 7, 10].

In 2008, Bloom et al. [2] extended the idea of magic labeling to digraphs.

The V-super vertex out-magic total labelingSVOMTL) in digraph was introduced
by Durga Devi et al. [4]. AV-SVOMTL is an one-to-one onto functiofi : V(D) U
A(D) — {1,2,...,p+ ¢} such thatf(V(D)) = {1,2,...,p} and for every € V(D),
fw)+ > f((u,v)) = M for some positive integel/.

u€O0(v)

This paper generalizes the definition10fSVOMTL and defines a new labeling called
Vi-super vertex out-magic labeling(-SVOML). For an integec > 1, let Ex(u) =
{(u,v) : d(u,v) < k} andwg(u) = > f(e). Note that if(u, v) is an directed edge,

e€Ey (u)
thend(u,v) = 1. A V4,-SVOML is an one-to-one onto functiofi : V(D) U A(D) —
{1,2,...,p+ q} such thatf(V(D)) = {1,2,...,p} and there exists a positive integef
such thatf (v) + wi(v) = M,V v € V(D). A digraph that admits &,-SVOML is called
Vi-super vertex out-magidf,-SVOM). If xy andy; are vertices of a digrapp then the
distance fromz; to y; in D, is the minimum length of a directedy, — y; path if y; is
reachable fronx, and otherwise it is taken as infinity.

Let k& be an integer such that < k£ < diam(D) + 1. Fore = (u,v) € A(D), we
defineEy(e) = {w € V(D) : 1 < d(u,w) < k}. The digraphD is said to beE-regular
with regularityr if and only if | Ex(e)| = r for some integer > 1 and for alle € A(D).
Consider the digrapP(see Figure 1). ID, Fy(ve) = {ea, €3, es,e9}, Ea(vy) = {er,ea},
Eg(el) = {’UQ,’Ug,’Ug} andE2(€7) = {’U4,’U5}.

Vg €9 v8 v7 €6 Ve
@ ) @ )
€10 es er es
C; D
€1 €2 €3 €4
V1 Vo v3 Vg Vs
Figure 1: D

Observation 1.1. Let D be a digraph of ordep(> 2). If Ey(x1) = Eg(x2) for z1, 22 €
V(D) (z1 # x2), thenD is notV,-SVOM.
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Proof. Let D be a digraph of ordep(> 2). SupposeEy(z1) = Ex(x2) for a pair of
verticesz; andxzs (z1 # x2) of D. Then f(z1) + wi(z1) # f(x2) + wi(z2) for any
Vi-SVOML f of D (sincef is one to one). In this cas®), does not admit;-SVOML. O

A digraph D is said to be strongly connected if every pair of vertices are mutually
reachable.

Remark 1.2. Let D be a strongly connected digraphkl£> diam(D) + 1, thenEj(u) =
A(D) for everyu € V(D).

Proof. Letu € V(D). ThenEy(u) C A(D). Let(z,y) € A(D). SinceD is strongly
connected, there exist directed « path and.—y path inD with length< diam(D). Then
there exist a directed — x — y path of length< diam(D) +1 < k and so(z,y) € Ej(u).
ThusA(D) C Ex(u). O

2. V;,-SVOML IN DIGRAPHS
This section will explore the basic propertiesigESVOML.

Theorem 2.1. Let D be a digraph andf; be an one-to-one function frod(D) onto
{p+1,p+2,...,p+ q}. Thenf; can be extended to B,-SVOML ofD if and only if
{wg(v) : v € V(D)} is a set ofp successive integers.

Proof. Assume that{wy(v) : v € V(D)} is a set ofp successive integers. Let=
min{wy(v) : v € V(D)}. Definefy : V(D)UA(D) — {1,2,...,p+q} asfz((u,v)) =
f1((u,v)) for (u,v) € A(D) and fa(v) = t+p—wi(v) forv € V(D). Since{wy(v) —t :
v € V(D)} is a set of successive integefs(V (D)) = {1,2,...,p}. Also f>(A(D)) =
{p+1,p+2,...,p+ q}. Hencefs is V,-SVOML of D with magic constand/ = ¢ + p.
Conversely, assume thét can be extended to1g,-SVOML f5 of D. Let M be the magic
constant. Sincef;(v) + wi(v) = M for everyv € V(D), {wg(v) : v € V(D)} =
{M—-—p,M—p+1,...,M — 1} is a set ofp successive integers. O

Lemma 2.2. If a digraph D(p, q) is V;,-SVOM andE-regular with regularityr, then the
magic constant/ = 21 4 g+ £ UL,

Proof. Let f be aV},-SVOML of D and M be the magic constant. Note theat = f(x) +

wi(x) for all x € V(D). Summing over al € V(D), we getpM = > f(z)
zeV (D)
+ 2 wl)= X f@+ X X fl)= X flo)+r > [l

zeV (D) zeV (D) zeV (D) e€Ey(x) zeV (D) e€A(D)
(since each edge is counted exaetlymes in the sum > > fle)).
€V (D) e€Ey(z)
Sincef(V(D)) ={1,2,...,p}andf(A(D)) ={p+1,p+2,....p+q},
pM = Lp;l) +r(pq) + qu;l) and soM = % +rq+ %Lq;l). O

Lemma 2.2 gives the magic constant -regular graphs which arg,-SVOM for
k > 1. In 2017, Durga Devi et al. [4] obtained the following result which gives the magic
constant for all digraphs which admit-SVOMTL.

Lemma 2.3. [4] If a non-trivial digraph D is V-SVOMT, then the magic constabf is

given byM:q+L;_1+q(‘;7;1)_
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Whenk = 1, we haver = |E;(e)| = 1 foralle € A(D). The above resultis a corollary
of Lemma 2.2 whetk = 1.

Theorem 2.4. For k > 2, trees are noV;,-SVOM.

Proof. Suppose there is a tree thaflis-SVOM. LetV (D) = {v1,v2,...,v,}. SinceD
isatreeg = p — 1 and so at least one vertex 6f has out-degree zero, let it bg. Then
by Observation 1.1y, is the only vertex ofD with out-degree zero. Sinaey(v,) = 0,
by Theorem 2.1{wy(v) : v € V(D)} = {0,1,2,...,p — 1}, which is impossible since
flA) ={pp+1,p+2,p+3,...,2p—1}. O

Remark 2.5. From Theorem 2.4, we observe that a connected digraph i&R80OM
(k > 2) wheng = p — 1. Thus if a connected digraph 15,-SVOM (k > 2), theng > p.

Corollary 2.6. Let D be a connected’;.-regular digraph ¢ > 2) with regularityr. If D

is V;,-SVOM, then/ > 2L 4 rGptl),

Proof. Wheng = p — 1, D is a tree. By Theorem 2.4) is notV;,-SVOM. Assume that

q > p. Then by Lemma 2.2/ > 2EL 4 %. 0

Remark 2.7. From Corollary 2.6, we get/ = pT“ + % whenp = ¢. For example

consider the following digrapg’;.
2 13 3 9 4

1 14 7 11 6 8 5

Figure 2:V>-SVOML of CH'7
_
The unidirectional cycl€'; is Es-regular with regularity- = 2 andV,-SVOM with magic
constantV/ = 242 4 32D — 96,

3. V5-SVOML OF UNIDIRECTIONAL CYCLES AND UNION OF UNIDIRECTIONAL
CYCLES

Durga Devi et al. [4] proved that all the unidirectional cycles admiBVOMTL. When
k = 2, not all the unidirectional cycles admit-SVOML. The next result characterize the
unidirectional cycles which ar&,-SVOM.

Theorem 3.1. Letn(> 3) be an integer. Then the unidirectional cy«:I_é is Vo-SVOM if
and only ifn is an odd integer.

Proof. Suppose there existsig-SVOML f of C_y: Since|Ex(e)] = r = 2foralle €
—

A(Cy), by takingk = 2, p = ¢ = n andr = 2 in Lemma 2.2, we ged/ = ™53 If nis

an even integer, thel/ is not an integer, a contradiction. Thasnust be odd.

—

Conversely, assume thatis odd andn > 3. LetV(C,) = {a; : 1 < i < n} and

A(C—n)) = {(a;,a;g,1) : 1 <14 < n}, where the operatiom,, stands for addition modulo
n. Definef : V(D) U A(D) — {1,2,...,2n} as follows:
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f((ai,aiv1)) = n+ L1 wheni is odd andf ((a;, a;+1)) = 2% + £ wheni is even. Then
{wa(an), wa(ar),. .., wa(a, — 1)} = {353 5ntd - Tntl} is a set ofn successive
integers. Thus by Theorem ZLIT,: is V5-SVOM. O

Theorem 3.2. Letm > 1 be an integer. Themc_ﬁ is 5-SVOM if and only ifn andn are
odd integers.

Proof. Suppose there existsla-SVOML f of m(.JZ. Since|Ez(e)| = r =2foralle €

A(maj), by takingk = 2, p = ¢ = mn andr = 2 in Lemma 2.2, we ged/ = Tmot3,

Eitherm or n is even thenV/ is not an integer, a contradiction. Thus baethandn are odd

integers.

Conversely, assume thatandn are odd integers. Léf(mc_',:) = UWLU.. .UV, where
V; = {v},vZ,...,on}tfori=1,2,...,m. LetA(mC_“) = A, UAsU...UA,,, where

A = {e}, l,...,e?}withe{ = (v f, f@" Yfori=1,2,...,mandj =1,2,...,n

Definef : V(D) U A(D) — {1,2,...,2mn} as follows.

Forl <i< ™=,

(n—gm+1-2i fori=1,2...n—2

s = forj=n-1
2mn—++1+i forj=mn
4 W%_Z%_nm forj:l,S,...,’l’L—Z
fel) = ti)m4l o o0 forj=24....n—1
(a0m 41— 2+ nm forj=n.

. (n+l—jm+1-—2i forj=1,2....n—2
Fh =1 forj=n-1
{(2"—3)m+1+i forj=n
(J 21) +id+nm forj=1,3,...,n—2
f(eg): M_l_f-l—z—l—nm forj:2,47...,n—1
(”+3)’”+1 2i +nm forj=n.

To provef(v) 4 ws(v) = Tmpt3 for every vertex € V(ch)) Letv € V(mc_*))
Then f (v])+uws (v])=f (v] )+f(( ol ol O] 0]T) = f(]) + Fed) + e
Case 1: Supposa <i< m=Landj > 5.

If j is even, therf (v/) + f( Nt fel™) = (n—jym+1—2i+ Rt 4y 4
2 b+ nm = nm = jm + 14 nm + pmtmtl 4 opm 4 2 = Ton 3 o Tmad3,
|ijSOdd thenf (v!) + f(el) + f(el™) = (n— jym + 1 — 20 + U=Dm 44

7("”"’21)7"“ +i+nm = 3nm— jm+ 14 L0 4 PEIIAETEL — 3y ] 2L

7mn+3

CaseZSuppose&<z<mandg>5

i+1\ . . (n+j—2)m
If]|seven thenf( N+ f(ed) + f(e )= (n+1—j)m+1— 2+ =570
F4i+nm+ ¢ —l—z—l—nsznm—l—m—jm—l—l—l—W—l—%—l—%:
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3nm+mfjm+1+jm m+m+1:M
If j is odd, thenf(v!) + f(e )+f(j+1)=(n+1—j)m+1—27,+0 m
nm—i—w—l— +z+nm—3nm+m—]m+l+7m2m+"m+]2mm—i—%:
3nm+m — jm—|—1+ Bt gm—m+ 5 :w.
Similarly, f (v} )+f( N4 feth) = 7’";‘+3 for1 <j <4andl <i<m.Hencefisa
V,-SVOML of mC,, with magic constand/ = 243, O

In the next result, we find the magic constant for unidirectional crown digraph which is
not E-regular for allk > 2.

Theorem 3.3. The unidirectional crown digraplf_};*> is V5-SVOML ifp is odd with magic

constant2+2,
—

Proof. Let V(C:) = {a; : 1 <i < p} U{bi : 1 < i < p} andA(CT) = {(as, aie,1) :

P — —
1<i<pyU{(ba;):1<i<p} Note that‘V(C’;f)’ = 2p, A(C;;)‘ = 2.
Definef : V(CT‘,F)) U A((,T;)) —{1,2,...,4p} by
fbi) =2p— 5+ f(b;) = 2221 — =2 wheniis even. f(a;) = i,1 < i < p.
The arc labels are defined By(bi, a;)) = 2p+i,1 < i < pandf((a;, aip,1)) = 5= —4
whensi is Odd,f((ai, ai@p1)) =
To provef (b;) + wa(b;) = L2253 for 1 < i < p andb,; € V(CF).

Leth; € V(C). Thenuws(b;) = f((bi,ai)) + f((ai, ase,1))-
Case 1:Suppose is odd, thenf (b;) + f((bs, a;)) + f((as, aie,1))

_2p_7+2p+z+_~_7p+2_7‘_4p_’_7p+3_ 15p+3.

Case 2:Suppose is even, then“( i) + f((bl,az)) + f(2(ai7ai@p1))

_ 3p2—1 _ (1=2) 2) +2p+l+4p (i—2) 2) 3p2—1 +6p+2: 151;—1—3.

Similarly, we can prove that(a;) + wg(ai) = DBt for 1 < i <p. O

Example 3.4. The above result has been illustrated through an example. Consider the
—

following digraphD; = C5. HereV(D;) = {ai,as,...,a5} U {b1,ba,...,bs} and
A(D1) = {(as, aigs1) : 1 <i <5} U{(bi,a;) : 1 < i <5}

:4/«/ 4 17 3\»{9173

Figure 3: D1
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Herep = 5. The functlonf |s given by f : V(Dy) U A(Dy) — {1,2,. 20} by
b)) = 2p — = 10 — 51 wheni is odd; f(b;) = 25+ — 52 = 7 — 52 when
i is even; andf(al) =1 for 1 < i < 5. The arc labels are glven by((b;,a;)) =

2p+i=10+14,1 < i <5 f((a;, aimy1)) = B2 — L = 3 — L wheni is odd; and

f((as, aigs1)) = 4p — 54 = 20 — 52 wheni i |s even. From the above Figure, we can
easily see thaf is 15-SVOML with magic constand/ = 39.

CONCLUSION

In this paper, we introduced a new labeling in digraphs, nafiigl$sVOM. We obtain
a necessary and sufficient condition for the existence,e8VOML in digraphs and the
magic constant foE,-regular digraphs. Further, we characterized the unidirectional cycles
and union of unidirectional cycles which drg-SVOM. In future we study/;,-SVOM(k >
2) for directed circulant graph and the generalized de-Bruijn digraph.
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