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1. INTRODUCTION

The past few decades have witnessed an explosion of research on inequalities, including
a large number of papers and many fruitful applications. It is recognized that, in general,
some specific inequalities provide a useful and essential gadget in the development of var-
ious branches of mathematics.

A function z : I ⊂ R → R is called convex function if

z (νx+ (1− ν) y) ≤ νz (x) + (1− ν) z (y) ,

where x, y ∈ I and ν ∈ [0, 1].
The theory of convex functions is considered to play a fundamental part in the study of

inequalities.
As is notable, the Hermite-Hadamard inequality is one of the most important mathemat-

ical inequalities for classical convex functions. It is stated as follows:
If z : [ϑ1, ϑ2] ⊂ R → R is a convex function, then

z

(
ϑ1 + ϑ2

2

)
≤ 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

z (x) dx ≤ z (ϑ1) + z (ϑ2)

2
(1. 1)

1
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holds. The importance of the Hermite-Hadamard inequality is due to its role in different
branches of modern mathematics such as numerical analysis, functional analysis and math-
ematical analysis. It was first observed by Hermite [8] and redeemed later by Hadamard
[6]. It is considered as one of the most distinguished results on convex functions due to
its strong geometrical significance and applications. Various refinements, generalizations
and applications of Hermite-Hadamard inequality can be seen in [1]-[5], [7], [9]-[13] and
[14]-[34].

Definition 1.1. [11] Let I ⊂ R\ {0} be a real interval. A function z : I → R is said to be
harmonically convex, if

z

(
xy

νx+ (1− ν) y

)
≤ νz (y) + (1− ν) z (x) (1. 2)

for all x, y ∈ I and ν ∈ [0, 1]. If the inequality in ( 1. 2 ) is reversed, then z is said to be
harmonically concave.

A result which connects the usual convexity and the harmonic convexity can also be
found in [11].

The following Hermite-Hadamard type inequalities were studies in [6].

Theorem 1.2. [11] Let z : I ⊆ R\ {0} → R be a differentiable mapping on I◦, where ϑ1,
ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z

′ ∈ L1 [ϑ1, ϑ2], then

z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)
≤ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx ≤ z (ϑ1) + z (ϑ2)

2
. (1. 3)

The above inequalities are sharp.

The following error bounds for the difference between the middle and the rightmost
terms in ( 1. 3 ) were also studied in [11].

Theorem 1.3. [11] Let z : I ⊂ (0,∞) → R be a differentiable mapping on I◦ and ϑ1,

ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z
′ ∈ L1 [ϑ1, ϑ2] and

∣∣∣z′
∣∣∣σ is harmonically-convex on [ϑ1, ϑ2] for

σ ≥ 1∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)

2
λ
1− 1

σ
1

(
λ2 |z′ (ϑ1)|

σ
+ λ3 |z′ (ϑ2)|

σ) 1
σ , (1. 4)

where

λ1 =
1

ϑ1ϑ2
− 2

(ϑ1 − ϑ2)
2 ln

(
(ϑ1 + ϑ2)

2

4ϑ1ϑ2

)
,

λ2 = − 1

ϑ2 (ϑ1 − ϑ2)
+

(3ϑ1 + ϑ2)

(ϑ2 − ϑ1)
3 ln

(
(ϑ1 + ϑ2)

2

4ϑ1ϑ2

)
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and

λ3 =
1

ϑ1 (ϑ1 − ϑ2)
− (3ϑ2 + ϑ1)

(ϑ2 − ϑ1)
3 ln

(
(ϑ1 + ϑ2)

2

4ϑ1ϑ2

)
.

Theorem 1.4. [11] Let z : I ⊂ (0,∞) → R be a differentiable mapping on I◦ and ϑ1,

ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z
′ ∈ L1 [ϑ1, ϑ2] and

∣∣∣z′
∣∣∣σ is harmonically-convex on [ϑ1, ϑ2] for

σ > 1, 1
ξ + 1

σ = 1, then

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)

2

(
1

ξ + 1

) 1
ξ (

µ1 |z′ (ϑ1)|
σ
+ µ2 |z′ (ϑ2)|

σ) 1
σ , (1. 5)

where

µ1 =
ϑ2−2σ
1 + ϑ1−2σ

2 [(ϑ2 − ϑ1) (1− 2σ)− ϑ1]

2 (ϑ2 − ϑ1)
2
(1− σ) (1− 2σ)

µ2 =
ϑ2−2σ
2 − ϑ1−2σ

1 [(ϑ2 − ϑ1) (1− 2σ) + ϑ2]

2 (ϑ2 − ϑ1)
2
(1− σ) (1− 2σ)

.

In Section 3, we will give a comparison of our results with those given in Theorem
1.3 and Theorem 1.4. For different generalizations and extensions of harmonic convex
functions and related Hermite-Hadamard type inequalities, see for example [1, 2, 7], [10]-
[13], [16], [23] and [32]-[34].

2. HERMITE-HADAMARD TYPE INEQUALITIES FOR HARMONICALLY-CONVEX
FUNCTIONS

Lemma 2.1. Let z : I ⊆ R\ {0} → R be a differentiable mapping on I◦, where ϑ1,
ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z

′ ∈ L1 [ϑ1, ϑ2], then

ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

= ϑ1ϑ2 (ϑ2 − ϑ1)

 1∫
0

(1 + ν)

(X2 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

+

1∫
0

ν

(X1 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X1 (ϑ1, ϑ2; ν)

)
dν

 (2. 6)
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and

z (ϑ2)−
ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

= ϑ1ϑ2 (ϑ2 − ϑ1)

 1∫
0

(1− ν)

(X2 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

+

1∫
0

(2− ν)

(X1 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X1 (ϑ1, ϑ2; ν)

)
dν

 , (2. 7)

where X1 (ϑ1, ϑ2; ν) = νϑ2 + (2− ν)ϑ1 and X2 (ϑ1, ϑ2; ν) = (1 + ν)ϑ2 + (1− ν)ϑ1.

Proof. By integration by parts, we have

I1 =

1∫
0

(1 + ν)

(X2 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

= − 1

2ϑ1ϑ2 (ϑ2 − ϑ1)

1∫
0

(1 + ν) d

[
z

(
2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)]

= − 1

2ϑ1ϑ2 (ϑ2 − ϑ1)
(1 + ν) z

(
2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)∣∣∣∣1
0

+
1

2ϑ1ϑ2 (ϑ2 − ϑ1)

1∫
0

z

(
2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

= − z (ϑ1)

ϑ1ϑ2 (ϑ2 − ϑ1)
+

1

2ϑ1ϑ2 (ϑ2 − ϑ1)
z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)

+
1

2ϑ1ϑ2 (ϑ2 − ϑ1)

1∫
0

z

(
2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

= − 1

ϑ1ϑ2 (ϑ2 − ϑ1)
z (ϑ1) +

1

2ϑ1ϑ2 (ϑ2 − ϑ1)
z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)

+
1

(ϑ2 − ϑ1)
2

2ϑ1ϑ2
ϑ1+ϑ2∫
ϑ1

z (x) dx.
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Similarly, we can get

I2 =

1∫
0

ν

(X1 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X1 (ϑ1, ϑ2; ν)

)
dν

= − 1

2ϑ1ϑ2 (ϑ2 − ϑ1)
z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)
+

1

(ϑ2 − ϑ1)
2

ϑ2∫
2ϑ1ϑ2
ϑ1+ϑ2

z (x) dx,

I3 =

1∫
0

(1− ν)

(X2 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

=
1

2ϑ1ϑ2 (ϑ2 − ϑ1)
z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)
− 1

(ϑ2 − ϑ1)
2

2ϑ1ϑ2
ϑ1+ϑ2∫
ϑ1

z (x) dx

and

I4 =

1∫
0

(2− ν)

(X1 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X1 (ϑ1, ϑ2; ν)

)
dν

= − 1

2ϑ1ϑ2 (ϑ2 − ϑ1)
z

(
2ϑ1ϑ2

ϑ1 + ϑ2

)
+

1

ϑ1ϑ2 (ϑ2 − ϑ1)
z (ϑ2)

− 1

(ϑ2 − ϑ1)
2

ϑ2∫
2ϑ1ϑ2
ϑ1+ϑ2

z (x) dx.

Adding I1 and I2 and multiplying the result by ϑ1ϑ2 (ϑ2 − ϑ1), we get ( 2. 6 ). Adding I3
and I4 and multiplying the result by ϑ1ϑ2 (ϑ2 − ϑ1), we get ( 2. 7 ). �

Corollary 2.2. Let z : I ⊆ R\ {0} → R be a differentiable mapping on I◦, where ϑ1,
ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z

′ ∈ L1 [ϑ1, ϑ2], then

z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

= ϑ1ϑ2 (ϑ2 − ϑ1)

 1∫
0

(1− ν)

(X1 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X1 (ϑ1, ϑ2; ν)

)
dν

−
1∫

0

ν

(X2 (ϑ1, ϑ2; ν))
2 z

′
(

2ϑ1ϑ2

X2 (ϑ1, ϑ2; ν)

)
dν

 . (2. 8)
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Condition A Let z : I ⊂ (0,∞) → R be a differentiable mapping on I◦ and ϑ1,

ϑ2 ∈ I◦ with ϑ1 < ϑ2. If z
′ ∈ L1 [ϑ1, ϑ2] and

∣∣∣z′
∣∣∣σ is harmonically-convex on [ϑ1, ϑ2]

for σ ≥ 1 or σ > 1, then

Theorem 2.3. With reference to Condition A and σ ≥ 1, then

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×
{
[α1 (ϑ1, ϑ2)]

1− 1
σ
(
β1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ β2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+ [α2 (ϑ1, ϑ2)]
1− 1

σ
(
β3 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ β4 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 9)

where

α1 (ϑ1, ϑ2) =
ϑ1

ϑ2 (ϑ1 − ϑ2)
+

1

(ϑ1 − ϑ2)
2 ln

(
2ϑ2

ϑ1 + ϑ2

)
,

α2 (ϑ1, ϑ2) =
1

ϑ1 − ϑ2
+

1

(ϑ1 − ϑ2)
2 ln

(
2ϑ1

ϑ1 + ϑ2

)
,

β1 (ϑ1, ϑ2) =
1

ϑ1 − ϑ2
− 1

(ϑ1 − ϑ2)2
ln

(
2ϑ1

ϑ1 + ϑ2

)
,

β2 (ϑ1, ϑ2) =
2ϑ1 − ϑ1ϑ2 − ϑ2

2ϑ2(ϑ1 − ϑ2)3(ϑ1 + ϑ2)

+
2ϑ1

(ϑ1 − ϑ2)3
ln

(
2ϑ2

ϑ1 + ϑ2

)
,

β3 (ϑ1, ϑ2) =
ϑ1 + 3ϑ2

2 (ϑ1 − ϑ2)
2
(ϑ1 + ϑ2)

− 2ϑ1

(ϑ1 − ϑ2)
3 ln

(
2ϑ1

ϑ1 + ϑ2

)

and

β4 (ϑ1, ϑ2) = − ϑ1 + 3ϑ2

2 (ϑ1 − ϑ2)
2
(ϑ1 + ϑ2)

− (ϑ1 + ϑ2)

(ϑ1 − ϑ2)
3 ln

(
2ϑ1

ϑ1 + ϑ2

)
.
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Proof. From ( 2. 6 ), using the power-mean inequality and the harmonic-convexity of
∣∣∣z′
∣∣∣σ

on [ϑ1, ϑ2] for σ ≥ 1, we have∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)


 1∫

0

(1 + ν) dν

(X2 (ϑ1, ϑ2; ν))
2

1− 1
σ

×

 1∫
0

(1 + ν)

(X2 (ϑ1, ϑ2; ν))
2

[
1 + ν

2
|z′ (ϑ1)|

σ
+

1− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

+

 1∫
0

νdν

(X1 (ϑ1, ϑ2; ν))
2

1− 1
σ
 1∫

0

ν
[
ν
2 |z

′ (ϑ1)|σ + 2−ν
2 |z′ (ϑ2)|σ

]
dν

(X1 (ϑ1, ϑ2; ν))
2


1
σ

 .

(2. 10)

Calculations of the integrals in ( 2. 10 ) leads to the inequality ( 2. 9 ). �

Corollary 2.4. If σ = 1 in Theorem 2.3, we have∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1) {[β1 (ϑ1, ϑ2) + β3 (ϑ1, ϑ2)] |z′ (ϑ1)|

+ [β2 (ϑ1, ϑ2) + β4 (ϑ1, ϑ2)] |z′ (ϑ2)|} , (2. 11)

where β1 (ϑ1, ϑ2), β2 (ϑ1, ϑ2), β3 (ϑ1, ϑ2) and β4 (ϑ1, ϑ2) are defined in Theorem 2.3.

Theorem 2.5. With reference to Condition A and σ > 1, 1
ξ + 1

σ = 1, then∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)

(ξ + 1)
1
ξ

{(
2ξ − 1

) 1
ξ
(
γ1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+
(
γ3 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ4 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 12)

where

γ1 (ϑ1, ϑ2)

=
41−σϑ1−2σ

2 (2ϑ1(σ − 1)− ϑ2 (2σ − 1))− (ϑ1 + ϑ2)
1−2σ(ϑ1(2σ − 3)− ϑ2 (2σ − 1))

4(ϑ1 − ϑ2)2(σ − 1)(2σ − 1)
,

γ2 (ϑ1, ϑ2) =
41−σϑ2−2σ

2 − (ϑ1 + ϑ2)
1−2σ(ϑ1(2σ − 1)− ϑ2(2σ − 3))

4(ϑ1 − ϑ2)2(σ − 1)(2σ − 1)
,
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γ3 (ϑ1, ϑ2) =
41−σϑ2−2σ

1 + (ϑ1 + ϑ2)
1−2σ(ϑ1(2σ − 3)− ϑ2 (2σ − 1))

4(ϑ1 − ϑ2)2(σ − 1)(2σ − 1)

and

γ4 (ϑ1, ϑ2)

=
41−σϑ1−2σ

1 (2ϑ2(σ − 1)− ϑ1 (2σ − 1)) + (ϑ1 + ϑ2)
1−2σ(ϑ1(2σ − 1)− ϑ2(2σ − 3))

4(ϑ1 − ϑ2)2(σ − 1)(2σ − 1)
.

Proof. By using the first equality of Lemma 2.1, application of the Hölder inequality and

the usage of harmonic-convexity of
∣∣∣z′
∣∣∣σ , σ > 1 , gives∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×


 1∫

0

(1 + ν)
ξ
dν


1
ξ
 1∫

0

[
1+ν
2 |z′ (ϑ1)|σ + 1−ν

2 |z′ (ϑ2)|σ
]
dν

(X2 (ϑ1, ϑ2; ν))
2σ


1
σ

+

 1∫
0

νξdν


1
ξ
 1∫

0

[
ν
2 |z

′ (ϑ1)|σ + 2−ν
2 |z′ (ϑ2)|σ

]
dν

(X1 (ϑ1, ϑ2; ν))
2σ


1
σ

 .

After evaluating the integrals in the above inequality, we get ( 2. 12 ). �

Theorem 2.6. With reference to Condition A and σ > 1, 1
ξ + 1

σ = 1, then∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×

[γ5 (ϑ1, ϑ2)]
1
ξ

((
2σ+2 − 1

)
(σ + 1) |z′ (ϑ1)|σ +

(
2σ+2 − σ − 3

)
|z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

+ [γ6 (ϑ1, ϑ2)]
1
ξ

(
(σ + 2) |z′ (ϑ1)|σ + (σ + 3) |z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

}
, (2. 13)

where

γ5 (ϑ1, ϑ2) =
21−2ξϑ2 − (ϑ1 + ϑ2)

1−2ξ

(2ξ − 1) (ϑ1 − ϑ2)

and

γ6 (ϑ1, ϑ2) = −21−2ξϑ1 − (ϑ1 + ϑ2)
1−2ξ

(2ξ − 1) (ϑ1 − ϑ2)
.
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Proof. Usage of the first equality of Lemma 2.1, application of the Hölder inequality and

applying the harmonic-convexity of
∣∣∣z′
∣∣∣σ , σ > 1 , gives

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ1)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)


 1∫

0

1

(X2 (ϑ1, ϑ2; ν))
2ξ
dν


1
ξ

×

 1∫
0

(1 + ν)
σ

[
1 + ν

2
|z′ (ϑ1)|

σ
+

1− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

+

 1∫
0

1

(X1 (ϑ1, ϑ2; ν))
2ξ
dν


1
ξ
 1∫

0

νσ
[
ν

2
|z′ (ϑ1)|

σ
+

2− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

 .

(2. 14)

By evaluating each integral in ( 2. 14 ), we get ( 2. 13 ). �

Theorem 2.7. With reference to Condition A with σ ≥ 1. Then∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×
{
[θ1 (ϑ1, ϑ2)]

1− 1
σ
(
δ1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ δ2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+ [θ2 (ϑ1, ϑ2)]
1− 1

σ
(
δ3 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ δ4 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 15)

where

θ1 (ϑ1, ϑ2) =
1

ϑ2 − ϑ1
− 1

(ϑ1 − ϑ2)
2 ln

(
2ϑ2

ϑ1 + ϑ2

)
,

θ2 (ϑ1, ϑ2) =
ϑ2 − ϑ1ϑ2

ϑ1 (ϑ1 − ϑ2)
2
(ϑ1 + ϑ2)

+
1

(ϑ1 − ϑ2)
2 ln

(
2ϑ1

ϑ1 + ϑ2

)
,

δ1 (ϑ1, ϑ2) =
−3ϑ1 + 2ϑ1ϑ2 − ϑ2

2(ϑ1 − ϑ2)3(ϑ1 + ϑ2)
+

(ϑ1 + ϑ2)

(ϑ1 − ϑ2)3
ln

(
2ϑ2

ϑ1 + ϑ2

)
,

δ2 (ϑ1, ϑ2) =
ϑ1 + 2ϑ1ϑ2 − 3ϑ2

2(ϑ1 − ϑ2)3(ϑ1 + ϑ2)
− 2ϑ2

(ϑ1 − ϑ2)3
ln

(
2ϑ2

ϑ1 + ϑ2

)
,

δ3 (ϑ1, ϑ2) = − ϑ1 + 2ϑ1ϑ2 − 3ϑ2

2(ϑ1 − ϑ2)3(ϑ1 + ϑ2)
− (ϑ1 + ϑ2)

(ϑ1 − ϑ2)3
ln

(
2ϑ1

ϑ1 + ϑ2

)
and

δ4 (ϑ1, ϑ2) =
ϑ1 + ϑ1ϑ2 − 2ϑ2

2ϑ1(ϑ1 − ϑ2)3(ϑ1 + ϑ2)
− 2ϑ2

(ϑ1 − ϑ2)3
ln

(
2ϑ1

ϑ1 + ϑ2

)
.
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Proof. Taking the absolute value on both sides of ( 2. 7 ), using the power-mean inequality

and the harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ ≥ 1, we have

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)


 1∫

0

(1− ν)

(X2 (ϑ1, ϑ2; ν))
2 dν

1− 1
σ

×

 1∫
0

(1− ν)

(X2 (ϑ1, ϑ2; ν))
2

[
1 + ν

2
|z′ (ϑ1)|

σ
+

1− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

+

 1∫
0

(2− ν)

(X1 (ϑ1, ϑ2; ν))
2 dν

1− 1
σ

×

 1∫
0

(2− ν)

(X1 (ϑ1, ϑ2; ν))
2

[
ν

2
|z′ (ϑ1)|

σ
+

2− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

 . (2. 16)

Calculations of the integrals in ( 2. 16 ) give the inequality ( 2. 15 ). �

Corollary 2.8. If σ = 1 in Theorem 2.3, we have

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

× {[δ1 (ϑ1, ϑ2) + δ3 (ϑ1, ϑ2)] |z′ (ϑ1)|+ [δ2 (ϑ1, ϑ2) + δ4 (ϑ1, ϑ2)] |z′ (ϑ2)|} , (2. 17)

where δ1 (ϑ1, ϑ2), δ2 (ϑ1, ϑ2), δ3 (ϑ1, ϑ2) and δ4 (ϑ1, ϑ2) are defined in Theorem 2.7.

Theorem 2.9. With reference to Condition A and σ > 1, 1
ξ + 1

σ = 1, then

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)

(ξ + 1)
1
ξ

{(
γ1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+
(
2ξ+1 − 1

) 1
ξ
(
γ3 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ4 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 18)

where γ1 (ϑ1, ϑ2), γ2 (ϑ1, ϑ2), γ3 (ϑ1, ϑ2) and γ4 (ϑ1, ϑ2) are defined in Theorem 2.5.
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Proof. By using the second equality of Lemma 2.1, application of the Hölder inequality

and the usage of harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ > 1, gives∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×


 1∫

0

(1− ν)
ξ
dν


1
ξ
 1∫

0

[
1+ν
2 |z′ (ϑ1)|σ + 1−ν

2 |z′ (ϑ2)|σ
]
dν

(X2 (ϑ1, ϑ2; ν))
2σ


1
σ

+

 1∫
0

(2− ν)
ξ
dν


1
ξ
 1∫

0

[
ν
2 |z

′ (ϑ1)|σ + 2−ν
2 |z′ (ϑ2)|σ

]
dν

(X1 (ϑ1, ϑ2; ν))
2σ


1
σ

 .

After evaluating the integrals in the above inequality, we get ( 2. 18 ). �
Theorem 2.10. With reference to Condition A and σ > 1, 1

ξ + 1
σ = 1, then∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×

{
[γ5 (ϑ1, ϑ2)]

1
ξ

(
(σ + 3) |z′ (ϑ1)|σ + (σ + 1) |z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

+ [γ6 (ϑ1, ϑ2)]
1
ξ

×

((
2σ+2 − σ − 3

)
|z′ (ϑ1)|σ + (σ + 1)

(
2σ+2 − 1

)
|z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

 , (2. 19)

where γ5 (ϑ1, ϑ2) and γ6 (ϑ1, ϑ2) are defined in Theorem 2.6.

Proof. Usage of the second equality of Lemma 2.1, application of the Hölder inequality

and applying the harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ > 1, we get

∣∣∣∣∣∣ ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx− z (ϑ2)

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)


 1∫

0

dν

(X2 (ϑ1, ϑ2; ν))
2ξ


1
ξ

×

 1∫
0

(1− ν)
σ

[
1 + ν

2
|z′ (ϑ1)|

σ
+

1− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

+

 1∫
0

dν

(X1 (ϑ1, ϑ2; ν))
2ξ


1
ξ

×

 1∫
0

(2− ν)
σ

[
ν

2
|z′ (ϑ1)|

σ
+

2− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

 . (2. 20)
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By evaluating each integral in ( 2. 20 ), we get ( 2. 19 ). �

Now we present some trapezoidal type inequalities for harmonically-convex functions.

Theorem 2.11. With reference to Condition A and σ ≥ 1, then

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×
{
[η1 (ϑ1, ϑ2)]

1− 1
σ
(
µ1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ µ2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+ [η1 (ϑ2, ϑ1)]
1− 1

σ
(
µ2 (ϑ2, ϑ1) |z′ (ϑ1)|

σ
+ µ1 (ϑ2, ϑ1) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 21)

where

η1 (ϑ1, ϑ2) =
1

2 (ϑ1 − ϑ2)ϑ2
+

1

(ϑ1 − ϑ2)
2 ln

(
2ϑ2

ϑ1 + ϑ2

)
,

µ1 (ϑ1, ϑ2) =
ϑ1 + ϑ2

2 (ϑ1 − ϑ2)
2
ϑ2

+
(3ϑ1 + ϑ2)

2 (ϑ1 − ϑ2)
3 ln

(
2ϑ2

ϑ1 + ϑ2

)
and

µ2 (ϑ1, ϑ2) = − 1

(ϑ1 − ϑ2)
2 − (3ϑ2 + ϑ1)

2 (ϑ1 − ϑ2)
3 ln

(
2ϑ2

ϑ1 + ϑ2

)
.

Proof. Taking the absolute value on both sides of ( 2. 7 ), using the power-mean inequality

and the harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ ≥ 1, we have

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×


 1∫

0

νdν

(X2 (ϑ1, ϑ2; ν))
2

1− 1
σ
 1∫

0

ν
[
1+ν
2 |z′ (ϑ1)|σ + 1−ν

2 |z′ (ϑ2)|σ
]
dν

(X2 (ϑ1, ϑ2; ν))
2


1
σ

+

 1∫
0

(1− ν) dν

(X1 (ϑ1, ϑ2; ν))
2

1− 1
σ
 1∫

0

(1− ν)
[
ν
2 |z

′ (ϑ1)|σ + 2−ν
2 |z′ (ϑ2)|σ

]
dν

(X1 (ϑ1, ϑ2; ν))
2


1
σ

 .

(2. 22)

Calculations of the integrals in ( 2. 22 ) give the inequality ( 2. 21 ). �
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Corollary 2.12. According to the assumptions of Theorem 2.11 and for σ = 1, we have

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

× {[µ1 (ϑ1, ϑ2) + µ2 (ϑ2, ϑ1)] |z′ (ϑ1)|
+ [µ2 (ϑ1, ϑ2 + µ1 (ϑ2, ϑ1))] |z′ (ϑ2)|} , (2. 23)

where µ1 (ϑ1, ϑ2), µ2 (ϑ2, ϑ1), µ2 (ϑ1, ϑ2 and µ1 (ϑ2, ϑ1)) are defined in Theorem 2.11.

Theorem 2.13. With reference to Condition A and σ > 1, 1
ξ + 1

σ = 1, then

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)

(ξ + 1)
1
ξ

{(
γ1 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ2 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

+
(
γ3 (ϑ1, ϑ2) |z′ (ϑ1)|

σ
+ γ4 (ϑ1, ϑ2) |z′ (ϑ2)|

σ) 1
σ

}
, (2. 24)

where γ1 (ϑ1, ϑ2), γ2 (ϑ1, ϑ2), γ3 (ϑ1, ϑ2) and γ4 (ϑ1, ϑ2) are defined in Theorem 2.5.

Proof. By using the second equality of Lemma 2.1, application of the Hölder inequality

and the usage of harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ > 1, gives

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×


 1∫

0

νξdν


1
ξ
 1∫

0

[
1+ν
2 |z′ (ϑ1)|σ + 1−ν

2 |z′ (ϑ2)|σ
]
dν

(X2 (ϑ1, ϑ2; ν))
2σ


1
σ

+

 1∫
0

(1− ν)
ξ
dν


1
ξ
 1∫

0

[
ν
2 |z

′ (ϑ1)|σ + 2−ν
2 |z′ (ϑ2)|σ

]
dν

(X1 (ϑ1, ϑ2; ν))
2σ


1
σ

 .

After evaluating the integrals in the above inequality, we get ( 2. 24 ). �
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Theorem 2.14. With reference to Condition A and σ > 1, 1
ξ + 1

σ = 1, then∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣ ≤ ϑ1ϑ2 (ϑ2 − ϑ1)

×

{
[γ5 (ϑ1, ϑ2)]

1
ξ

(
(2σ + 3) |z′ (ϑ1)|σ + |z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

+ [γ6 (ϑ1, ϑ2)]
1
ξ

(
|z′ (ϑ1)|σ + (2σ + 3) |z′ (ϑ2)|σ

2 (σ + 1) (σ + 2)

) 1
σ

}
, (2. 25)

where γ5 (ϑ1, ϑ2) and γ6 (ϑ1, ϑ2) are defined in Theorem 2.6.

Proof. Usage of the second equality of Lemma 2.1, application of the Hölder inequality

and applying the harmonic-convexity of
∣∣∣z′
∣∣∣σ on [ϑ1, ϑ2] for σ > 1, we get

∣∣∣∣∣∣z (ϑ1) + z (ϑ2)

2
− ϑ1ϑ2

ϑ2 − ϑ1

ϑ2∫
ϑ1

z (x) dx

∣∣∣∣∣∣
≤ ϑ1ϑ2 (ϑ2 − ϑ1)


 1∫

0

1

(X2 (ϑ1, ϑ2; ν))
2ξ
dν


1
ξ

×

 1∫
0

νσ
[
1 + ν

2
|z′ (ϑ1)|

σ
+

1− ν

2
|z′ (ϑ2)|

σ
]
dν


1
σ

+

 1∫
0

dν

(X1 (ϑ1, ϑ2; ν))
2ξ


1
ξ

×

 1∫
0

(1− ν)
σ

[
ν

2
|z′ (ϑ1)|

σ
+

2− ν

2
|z′ (ϑ2)|

σ
]

1
σ

dν

 . (2. 26)

By evaluating each integral in ( 2. 20 ), we get ( 2. 19 ). �

3. COMPARISON OF THE RESULTS

In this section we give a numerical comparison of our results given in Theorem 2.11,
Theorem 2.13 and Theorem 2.14 with those given in Theorem 1.3 and Theorem 1.4. Let
E1, E2, E3, E4 and E5 be the error bounds in Theorem 1.3, Theorem 1.4, Theorem 2.11,
Theorem 2.13 and Theorem 2.14 respectively, then the following tables have been prepared
to compare the results by using the software Mathematica From Table 1 and Table 2, it is
obvious that the error bounds in Theorem 2.11, Theorem 2.13 and Theorem 2.14 are better
than those given in Theorem 1.3, Theorem 1.4.
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TABLE 1

E1 E3

ϑ1 = 5, ϑ2 = 10, σ = 5
4 , z

′ (x) = x 11.1168 11.0697
ϑ1 = 0.5, ϑ2 = 0.75, σ = 5

4 , z
′ (x) = x 0.0416266 0.0415459

ϑ1 = 5, ϑ2 = 10, σ = 2, z′ (x) = x 11.4336 11.2709
ϑ1 = 0.5, ϑ2 = 0.75, σ = 2, z′ (x) = x 0.0421681 0.041863

TABLE 2

E2 E4 E5

ϑ1 = 5, ϑ2 = 10, σ = 5
4 , ξ = 5, z′ (x) = x 14.7838 14.3739 11.6059

ϑ1 = 0.5, ϑ2 = 0.75, σ = 5
4 , ξ = 5, z′ (x) = x 0.0570742 0.0564602 0.0432951

ϑ1 = 5, ϑ2 = 10, σ = 2, ξ = 2, z′ (x) = x 13.8193 12.5324 12.2711
ϑ1 = 0.5, ϑ2 = 0.75, σ = 2, ξ = 2, z′ (x) = x 0.0495933 0.041863 0.0476111
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