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Abstract. In this paper, we propose and analyze an epidemic model con-
sidering the effect of educational programs on the control of illicit drug
uses. We compute the threshold quantity Ry and determine the number
of equilibrium points. By applying the center manifold theory, we show
that backward bifurcation occurs in the model, further more the global sta-
bility of the equilibrium points of the model investigated using Lyapunov
functions and geometric approach to stability.
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1. INTRODUCTION

Illicit drug use is an important social and public health problem all over the world.
Police records, hospital and rehabilitation centers and prisons records show the increase in

harmful drug uses.

Among various drug users, individuals using heroin have a high risk of addiction. White
and Comiskey, [26] study the dynamics of heroin users, by using the following system of

equations.
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After White and Comiskey paper, the epidemiology of drugs has been studied by several
authors, see [9, 13, 17, 19, 20, 21, 22].

In general, there exist three strategies to restrict the consumption of illicit drugs in all coun-
tries: legal strategies, educational-training, and treatment strategies. The most important
educational-training activities are the increasing of awareness among peoples about the
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physical, mental and social dangers of drug use. On the other hand, the treatment of drug
abuse is challenging, costly and requires a comprehensive treatment and rehabilitation sys-
tem. Therefore, prevention is a useful solution for the mental and physical safety of drug
users. The basic presumption of preventive strategies is that prevention is remarkably easy
and more effective than inappropriate drug consumption.

Nyabadza et al., in [21], introduced a modified version of White Comiskey model by di-
viding the drug users into two compartment, light drug users and hard drug users.

We propose and analyze a modified version of White-Comiskey model by considering the
effect of education activities on the drug users and the approach of Nyabadza, et al. We
study dynamical behaviors of the model such as steady states, backward bifurcation and
local and global stability of steady states. In section 2 we compute the basic reproduction
number. In section 3 we study the existence and number of endemic equilibriums, and
backward bifurcation of our model is then verified, and in section 4 we study the global
stability of equilibriums by using Lyapunov functions and geometric method.

2. MODEL FORMULATION AND BASIC PROPERTIES
LA

— €Sne
1 Sne Sne

For the mathematical formulation of our model we suppose that the given community
separates to five compartments: S, noneducated suceptibles, S, educated suceptibles, L
light drug users, [ is hard drug users and R drug users in treatment and rehabilitation.

As indicated in [24], school-age and teenage years are critical regarding the experimenta-
tion with drugs and the development of behaviors that can lead to dependence and abuse in
adulthood. The earlier young people start to use psychoactive substances, the more likely
they are to develop drug abuse disorders in later life, [25]. Hence we assume that almost
all of the education/prevention activities are concentrated on school age and teenage years,
all recruited populations take the educational programs, and we can neglect the flow from
Sne to L.

The evolution of the life of an individual in various stages can be represented by the above
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diagram, and the parameters are defined as the following.

A: Recruitment of susceptible individuals.

e: Uptake rate into education programs.

w: Natural death rate.

«: Drug-related death rate.

(: Probability of becoming a drug user.

v1: Progression rate for addiction.

vo: Uptake rate into treatment programs.

n: The infection rate of hard drug users compared to light drug users.
0: The overall effectiveness of the educational programs.

0: Level of relapse to hard drug users.

Based on the flow diagram of model depicted in the above figure, we obtain the following
ODE system:

ds
ne _ A— _

dt esne ,LLS’I’LG
dSe OAS.

dt —esne_ N _MSE
dL  OX\S. AR
= _ ey — 2.2
7 N + N L —pl 2.2
i =wnL—wH—-(u+a)H

dt
dR AR
o e Ty el

in which A = 8(L + nH) is the force of infection. We consider the total population of the
community to be constant. Let N (t) be the total population, & = A — uN(t) — aH ()

hence A = (Spe + 1Se + L + pH + aH + pR. Now we replace A in ( 2. 2 ), and then

L H R
,h=—andr = N which yields the

use the substitutions $,,e = ——, 8o = —, | = —
ne e N N N

N
following final form of our system:

ds
d;e = i+ ah — €Spe — USne
dse
pr €Sne — 08(1 4+ nh)se — use
% = 0B(1+ nh)se + BSl — BSlspe — Bdls. — BSI12 — BSlh + Bndh 2.3
—Bndhsne — Bndhse — Bndlh — Bnéh? — vyl — pl
dh

Ezull—ugh—(u—i—a)h
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I €
A

[Sne, Se, 1, h] T, we rewrite ( 2. 3) as £X = F(X) — V(X) where,

This system has a unique drug-free equilibrium Py = ( ,0,0). Using X =

M —Bélr — Bndéhr + v L + pL T
0)(\)85 -l + (g + a)h + b
FX)=| 0 [ V(X)=| —pse—pl—ph—ah—pr+esn.
8 —€Sne + 00lse + 08nhs. + pse
—voh + Bélr + pndhr + ur

We can obtain the following linearizations F' and V, at the steady state F:

. 08s:  0Pns; v+ p 0
B 0 0 o -1 w4+ o+ e
giving:
1
+u 0
-1 _ I/l
14 - %1 1

(i +p)(vre+a+upu) ptat

hence, the next-generation matrix for the model ( 2. 3 ) has the following form,

08s?: n 0B8n1s} 0Bns;
FVli=| ni+p (m+pe+atp) wmtatp
0 0

and Theorem 2 in [7], imply that the basic reproduction number for ( 2. 3 ) has the following
0 *
fOrm, RO :p(FV_l) — Bse(l/2+,u+a+nl/l)
(1 + ) (ve + p + @)

Theorem 2.1. The drug-free equilibrium point Py of ( 2. 3 ) has asymptotic stability when
Ry < 1 and instability when Ry > 1.

3. ENDEMIC EQUILIBRIUM AND BACKWARD BIFURCATION
The endemic equilibrium points of ( 2. 3 ) satisfy the following system,

1% + ah* — 687*16 - Ms;kle =0
st — O8(L" +h*)st — st = 0
08(1" + nh*)s® + B61* — B6l*s:. — B8I*s* — BS(1*)2 — BSI*h* + Bndh*

—Bnéh*st, — Bndh*s: — Bndl*h* — Bnd(h*)? — v 1* — pl* =0

Vll* — VQ]’L* - (M + O{)h* =0
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which yields that, [* is the positive root of
AI*)P +B(I")?+Cl*+D =0 (3.4
where
A= —B260(1+q1 + ¢3)(1 +1g1)*,
B = (14nq1)(0(80(1—g2) (14+nq1) —p(1+q1+43) (0+6) —12q1) — B0 (aqi —u(1+q1))),
C = u(vn + p)Ro — N(OéVl —p(p+ 1) —vo(p+rvy) — Ma)

m+ o+
D =y — pPgo — pege =0,
. . 141 1% aqy
in which ¢; = , Qo = and g3 =
0 Lt ot q2 P q3 +p

The endemic steady state exists when roots of ( 3. 4 ) are positive real numbers. Now since
A < 0, we must have B > 0, A > 0. Consider the discriminant, A = B? — 4AC, solving
A = 0in terms of R, we obtain:
avi — p(p+ 1) —va(p+ i) —pa B?

(i +p)(p+a+rs) 4B200(1 + q1 + q3) (1 + mq1)?p(p + v1)
We note the following relation: if Ry > 1 then
(1 +atva)( +p) — oy + p(p +11) + va(p+v1) + pa

n+ o+

R§ =

C > u( ) > 0.

The above arguments imply the following theorem about the endemic equilibrium points.

Theorem 3.1. If Ry > 1, system ( 2. 3 ) has a unique endemic equilibrium point, and
when R§ < Ry < 1 it has two endemic equilibrium points.

Above theorem demonstrates that at Ry = 1 bifurcation occurs. In fact, when the
quantity Ry cross Ry = 1, Py changes its stability property.
Now we study the bifurcation of drug-free equilibrium point Py when Ry = 1. For this
study, we use the Castillo-Chavez and Song theorem which has been obtained in [5], based
on center manifold theory, see also [2, 3, 4, 10, 19, 20, 21, 28, 29] for demonstration and
application of this theorem.
We consider a system of ODEs,

O F(X.61f R xR R, [ € CX(R" xR) (3.5)

with a parameter ¢, and assume that 0 is a steady state of this system for all ¢, i.e. f(0,¢) =

0.Let Q= Dxf(0,0) = (g;”; (0,0) be the Jacobian matrix of f(X, ¢) at (0,0).

Theorem 3.2. Assume the following:
(H1): 0 is a simple eigenvalue of Q, further more the other eigenvalues of Q have negative
real parts.
(H2): Q has a (non-negative) right eigenvector of the form w = (w1, wa, ..., w,)T and a
left eigenvector of the form v = (v1,va, ..., v, ) corresponding to the zero eigenvalue.
Suppose fi.(X, @) denote the k-th component of f(X, ¢) and

- P fr - D fi
a= Z VW W i, (0,0),b = kz VW axlﬁqﬁ(o’ 0).

k,ij=1 =1
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Then the quantities a and b determine the local dynamics of ( 3. 5 ) around X = 0 as
Sfollows:

(1): Whena > 0andb > 0, if § < 0with |¢| < 1, X = 0 has asymptotic stability
property and also there is a positive and unstable equilibrium point, and if 0 < ¢ < 1,
X = 0 is an unstable equilibrium point and also there is a negative equilibrium point
which is asymptotically stable.

(2): Whena < 0andb < 0, if < 0 with |¢| < 1, X = 0 is an unstable equilibrium
point, and if 0 < ¢ < 1, X = 0 is asymptotically stable, and there is a positive equilibrium
which is unstable.

(3): Whena > 0andb < 0, if ¢ < 0with |¢p| < 1, X = 0 is an unstable equilibrium
point and there is a negative equilibrium which is asymptotically stable. If 0 < ¢ < 1,
X = 0is asymptotically stable and there is a positive and unstable equilibrium point.

(4): When a < 0 and b > 0, if the sign of ¢ varies from negative to positive, then the
nature of © = 0 varies from stability to instability. Further more, a negative and unstable
steady state becomes a positive steady state which is asymptotically stable.

Nonnegativity of w is unnecessary, see [5].
Introducing 1 = Spe, T2 = Se, 3 = L and x4 = h, system ( 2. 3 ) becomes,

dIl +

—_— = QT4 — €T] — UT

dt M 4 1 — MT1

dx

d—; = exy — 0Bxa(x3 + Nry) — B9
dxg

—= = 0Bxsze + OBNT4T + Bo13 — BdT3T1 — BT3T9 — BX3
dt (3.6

—Box3x4 + BNdT4 — PNdT4T1T — BNOT4T2 — BNOT3T4
—Bnéx? — vias — w3

d.fl?4
dt
Now we apply Th. 3.2. to show that in ( 3. 6 ) backward bifurcation occurs when
Ry = 1. The relation Ry = 1 can be transformed to the parameter 5 as § = [* =
(1 +p)(v2 + p+ )
O5(va + i+t )

=vx3 — (U + a)xy — voxy

. The eigen values of the Jacobian matrix,

—€— [ 0 0 o
€ —p —0B"s; —0B"ns;
A=J(P,0%) =
0 0 8si-wmi-u  687s
0 0 121 —U—— Vs

are \y = —p, Ao = —€ —p, A3 = —nri(vy +p) — (e +p+a)(va + p+ o+ nup)
and Ay = 0. Now since 0 is simple and nonzero eigenvalues are nonnegative real numbers,
when g = * (or Ry = 1) the assumption (1) of Theorem 3.2., is verified.
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Let w = (wy,ws, w3, wy, ws)”, be the right eigenvector of J(Py,, 3*) associated with
eigenvalue Ay = 0, founded by:

(—e — p)wy +aws =0
ewy — pwe — O0B*siws — 08" nsiws =0

(0B*ss —v1 — pws + (0" ns;)ws =0

rws — (u+ a+vy)ws =0

. . . . [07%1
A simple computation implies, wy = pE w3 = 4+ o + v, wy = v1 and
€

e — 2t ut o)t pdtetvitp) +eanlvs+p)
= — .
p(e + 1)

On the other hand, v = (v1, va, v3, V4, v5), the left eigenvector associated with zero eigen-
value is founded by vA = 0, and has the following form

v = (0’07/-1/—’— o+ vo — Ny, _T](Vl +:U’))
Now we compute the quantities a and b of theorem 3.2., that is ,

4
82
a= . ”kwiwjam(lﬁj(Po, B%) = —2u3B(d1((ws + nuws) (w1 + ws)+
ki,j=1 g
+ wawsz(1 4 1) + waws + wawsn) — Owz (w3 + nwy))

and
. 0° fi
b= kgl Ukwim(Pmﬂ ) = U393@(w3 + 77“’4)
We observe that b is positive, so that, it is the sign of a which determines the behaviour of
system around 5 = B*. We consider
X1 = 61 (waws (1 + 1) + waws + wawsn) — Owa(ws + nwy)
and
Xo = 01 (w3 + nwy) (wy + wo).

Hence if X5 > X;,a > 0and a < 0if Xo < X;. Now theorem 3.2., imply the following
result.

Theorem 3.3. If X5 < X3, in the ODE system ( 3. 6 ), backward bifurcation occurs when
Ry = 1. Further more endemic equilibrium has asymptotic stability when Ry > 1 and
close to one.

4. GLOBAL STABILITY OF EQUILIBRIUM POINTS

In this section, we study the global stability of steady states, both drug-free and endemic
one in some cases. At first, we consider the drug-free point.
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FIGURE 1. The occurence of backward bifurcation when, § = 8 = v; =
0.1,0 =0.08,v, =0.09, 4 =02, =n=0.04 and e = 0.4

Lemma 4.1. The drug-free equilibrium Py of the system is globally asymptotically stable

. . 0s:
FFRo< B =575

Proof. We consider V' (¢) = a1l + agh as a Lyapunov function with non-negative real
numbers a and b. Then the derivative of V' along the solution curves of ( 2. 3 ) has the
following form,

%/ :alg + aQ% < (a1(B(O+ ) — (v1 + p)) + azvy)l
+ (a1(Bn(6 + 6)) — as(vz + u + a))h.
Now we choose the coefficients a1, as, with the zero coefficient of h. Hence we obtain
ay =vo + p+ a,as = Bn(0 +9).
By substituting these values, the derivative of V' can be expressed as:

% <(BO+ ) (va+ p+ ) — (14 p)(va + p+ a) + Bn(6 + 6)1)l

=(BO+0)(v2+p+a+n) = (1 + p)(ve + p+ o))l

Ro(0 +
= s+ )P gy
Se
dv 0s? dVv
Clearly, s < Owhen Ry < R = 7 j_e 5 Furthermore, o =0ifandonlyif L = H =

Now we present the geometric method for the global stability problem, see [1, 3, 4, 10,
14, 15, 29]. Let us denote unit ball of R? and its boundary and clousure by, 53, 9B, and
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B respectively. We also denote the collection of all Lipschitzian functions from X to Y,
by Lip(X — Y). We consider a function ¢ € Lip(B — Q) as a simply connected and
rectifiable surface in 2 C R™. A closed and rectifiable curve in €2, can be described as a
function ¢ € Lip(0B — ) and called simple if it is one to one. Suppose X (1, Q) = {¢ €
Lip(B — Q) : ¢las = ¥}. Let Q be an open domain which is simply connected, then
(1, ) is a nonvoid set, for any simple, closed and rectifiable curve ¢ in €. Consider a

norm ||.|| on R(3). We define a functional S on the surfaces in 2 by the following relation:

56— / 1P ( >||d @7

in which the mapping u +— ¢(u) is L1psch1t21an on B, and 867 ? Nz % is the wedge product in

R(%). Further more the (%) x (%) matrix function P, is 1nvert1b1e and | P~ is a bounded
function on ¢(B). The following result is stated in [14].

Lemma 4.2. For an arbitrary simple, closed and rectifiable curve 1, in R™, there is § > 0
with S > ¢ for all ¢ € X(1, Q).

Consider the vector field z +— f(z) € R™, which is a C'! function on the set Q C R",
and the following ODE system,

dxr
7 f(z). 4.38)

We consider the function ¢.(u) = x(t, ¢(u)) as the solution of ( 4. 8 ) passing through
(0, ¢(u)), for any ¢. We define the right-hand derivative of S¢;, by the following relation,

DySor = [ Tim 2+ hQor(w)=] 1) @.9)

in which Q = PyP~! + Paf - P_1 Pf represents the directional derivative of P in the

direction of the vector field f, and 227 denotes the second additive compound matrix of
%. Furthere more we consider the followmg differential equation,

— = Qo (u))z (4. 10)

for which the solution is of the form z = P - (6—‘15 A %) The formula D S¢; can be
expressed as,

D,.S¢, = /BD+||Z||du. 4. 11)
The Jacobian matrix at the point (Sye, Se, [, h) is given by
ail a12 ais 14
af | @21 G2 a2z (24
Or | a3 asy ass  ass
a41 42 43 Q44

in which,
ay1 = —€— p,a12 = 0,a13 = 0,a14 = a,a21 = ¢
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azy = —0Bl — 08nh — p, azz = —0Bse, aza = —0pns,

asy = 7551 — B’I?éh, asz = 951 + Gﬁnh — 6(5[ — BT](S}L

as3 = 0Bsc + Bd — Bdspe — Bdse — 286l — foh — Bndh — vy — p

agq = 0Pnse — POl + Bnd — Bndspe — Pndse — fndl — 28noh

ag1 = 0,a42 = 0,a43 = V1,044 = —V3 — 4 — Q..

And the second additive compound matrix of % has the following components:

[ My Mz Mg 0 My 0 7
My Mz Mg 0 0 Mag
Lo |0 Mp My 000
Oz My My 0 My Mys  Mas
0 0 Mss  Msa  Mss  Mse
0 0 Mes 0 Mes  Mes |

with the following components,

M11 = —€ — 2,U, — 9/81 — Qﬂnh, M12 = 79686, M13 = 70ﬂ7]86

My =0, M5 = a, M1 = 0, Moy = 081 + 08nh — pol — Bnéh

Moy = —e —2u+ 08s. + 86 — B6Spe — Bdse — 280l — B6h — Bndh — 1
Ma3 = 05nse — Bl + Bnd — Bndspe — Pndse — Bndl — 2ndh

M4 =0, Mss = 0, Mag = o, M31 = 0, M3 = 111

M3 = —€—2p—vo — a, M3y = 0, M35 = 0, M36 = 0

Myy = Bol + Bndh, Mz = €, My3 =0

Myy = —6081 — 0B8nh — 2+ 08se + Bd — BIspe — BOSe — 2881 — Boh — Bndh — 11
Mys = 05nse — Bl + Bnd — Bndspe — Pndse — Pndl — 2ndh

Mys = 08n5e, Ms1 = 0, M5z = 0, Ms3 = €, M54 = vy

M55 = 7951 — Gﬂnh - 2# — Vo — Oé,M56 = 795567 M61 = O7 M62 =0

M63 = —Bél — 6775}11, M64 = 0, M65 = eﬁl + eﬁnh - ﬂ(;l — 5776h

Mg = 08se + B — BISpe — fOSe — 280l — Bdh — fndh — vy — 2u — vy — &
Let P be the following matrix,

% 0 0 0 0 0
1
0 7 0 0 0 0
0 0 0o L1 0 o
P= !
0 0 + 0 0 0
" 1

0 0 0 0 + 0
"y

0o 0 0 0 0 -
i h

ruvuv e nwnw
Hence we have the matrix Py P~! = —dz’ag(? TR ﬁ)’ thus,



Effect of Educational Programs on Illicit Drug Epidemics 33

[ A A 0 Ay Ass 0 7

Q=PPt+PMP! =

0 0 0 Acs  Ass  Ass

in which
Av == e—p— 081 05w — 085 — P g5 4 s + s,
sh Shsme Shse Sh2
+ﬂ51+55h—577l Lo - +Bnl ° +ﬁn6h+6nl +u
—0Bns.h h
A = —08sc, A1a = ﬂw‘h&s = QT

Ay = 081+ 08nh — B8l — Bndh
2
Mgy — —c— g1 PBhse _ Budh_ Budhsu  Pudhse  pudh

l l
0pnsch Bnéh — Bndspeh  Bndsch 24noh?
l l l l
ah
Agg = —, Az = Bl + ndh, Azy = €

l
2
Ay — 081 — 0 — 51— B0mhse _ Buh  fndhsne  Budhse | puoh®

Aoy = — Boh +

l
0B8ns.h oh 0Speh 05.h 20815h?
Aus — ﬁnl —ﬁ6h+ﬁnl _Bnl _677l — Bnoh — ﬁnl
0B8ns.h 11l 11l 1l
Az = ﬁnl ,A42=%71444:—6—#—%71453:71’1454—6

vl
Ass = —0B1 — 0Bnh — p — 71, Asg = —0Bs., Ags = —B51 — fndh

l
Ago = 085, + 0 = B30, — Bs. — 2801 — Bh — Bndh — vy — p— ==
Now we use the following norm introduced in [11], for z = (21, 22, 23, 24, 25, 26) € R,
l|z|| = maz{Uy, Uz}, where Uy (21, 22, 23) has the following form:
.. sgn(z1) = sgn(z
maz{|z1|, | 22| + |23} if gn(z1) gn(z2)

= sgn(zs)

.. 5gn(z1) = sgn(z2)
maz{|za|,|21] + |23/} if —sgn(z3)
o sgn(z1) = —sgn(z2)
maz{|z1],|22|, |23]} it = sgn(z3

.. —sgn(z1) = sgn(zs)
mar{faal + |zl ol +zol} it 70
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and Uz (24, 25, 26) has the following form:

o sgn(z1) = sgn(zs)
b el it 2 son(zo)
maz{|zs| + |25, |2a] + 26|} if sgn(zs) = sgn(zs)
9 e 759”(2’6)
e sgn(z4) = —sgn(zs)
maz|zsl,Joa] + e} it sgn(zo)

o —sgn(z4) = sgn(zs)
max{|z4| + |26, |25 + |2 if
{Iza] + |z6l, |z5] + |26} — sgn(ze)

Furthere more we use the following relations:
22| < U, |z3] < Ut le2 + 23| < Ux

and
|zil, |2 + 2], |24 + 25 + 26| < Ua(2)  i=4,5,6;i#j

We use this inequalities in the estimation of D ||z]].

Lemma 4.3. There is a constant T > 0, for which D ||z|| < —7|z| for all = € R® and
Snes Se, L, h > 0, where z is the solution of ( 4. 10 ), provided that € > 363, . > 0 and

468ndhr ah
l

max{—208l — 208nh — Bdr — 2861 — —pu+v + 3686+ T

2
n 06nsch n 45ndh n 2ndh P
l l l
Proof. We prove the existence of a 7 > 0 for which D ||z|| < —7||z||, for the solution
z of the equation (4. 10 ). The full calculation to demonstrate this relation contains sixteen
cases related to the different orthants and the above norm, see [2].
Case 1: Uy > Us, 21, 22,23 > 0 and |z1| > |22| + |z3|. In this case, ||z|| = |21] and

Dy||z|| =21 = A1121 + A1222 + A1g24 + A1525 < (—e — u — 081 — 6nh

085~ D% g5 4 B + o + Bl + pon — P10

GhSne Ohs, Sh2

l
08ns.h ah
+ ()l + ()l

thus

08nhse
l

Bndhr
l

Dy||z|| <(—e —pu— 08l — 08nh — 08s. — — por — +1

ah
+ =)l < Dll=|
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Case 2: Uy > Us, 21, 22,23 > 0 and |z1| < |z2| + |z3|. In this case, ||z]| = |22] + |23] and
Dy||z|] =25 + 23 = Ag121 + Aoz + Aosza + Aseze + Az121 + Azpzo
+ Aszzs + Asszs + Aseze < (081 + 08nh — Bol — Bndh)|z|
0nhs. sh Shine Shse
b (ce— - Bol— Buhse _ fndh | pndhsne | fndhs

l l l l
Sh? 0B8ns.h oh 0Speh 0Sch
n Bn J{za| + (2205eR Bn Bn Bn . Bn

i ] + Boh + +
268n6h?

l l l
+ Bndh + == )\z4|+(0‘7h>|26\+(ﬁ5z+ﬂnéh)lzll+(e)|22|
+ (=01 — 0Bnh — Bl —

0Bnhse  Bndh . Bnohsne N Bnohse
Bnéh? 08nsch
l

l l l l
l

Bndseh 23n5h?

l l

+

l l

08nseh

- Jlzs| + (2R )

+ B6h + +
+ Bndh +

thus

48n6h

Dyl <(~2650 — 21— 2k

23n6h? ah
l

Case 3: Uy > Uz, 21 <0, 29,23 > 0 and |z1| > |z2|. In this case, ||z|| = |21] + |z3| and

— 2Bndh + et

48ndhr
_ 286h
l +2B5h +

08nsch
l

-zl = Dil=|l

D.|lz]| == 21 + 25 = —(A1121 + A1220 + Araza + A1s25) + As121 + Asozo
+ Aszzzz + Asszs + Azeze < (—e — p — 051 — 0pnh — 0ps.
_ 9 Zhs& 36+ BOsn + 365, + P01+ 3h — D "fh 4B ’75?8”6
O0hs. 0Bns.h

B0 s + I )l + (OB al + (2T
ah

+ ( )zs| — (8L + Bnoh)|z1] + (€)|z2| + (=081 — 0Bnh — B6l

_ Hﬁnhse B Bnéh n Bnéhsne n pBndhs,  Bndh?

06nseh Bnéh  Bndspch  Pndseh
l

+

+ (——— + Béh + Tttt + Bnoh

23n6h? 06nseh
I | () )

thus

4Bnéhr ah

D||2l] <(=2u — 2081 — 20fmh — 537 — 2861 — ===+ w1 + = + fndh

08nsch 268n6h  Bnoh?
. T + == )llzll < D]

+ + Boh +
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Case 4: Uy > Us, 21 <0, 29,

= |z2| + |z3| and

D+HZ|| ZZé + Zé = Ag121 + Agozg + Aoyzg + A2626 + A3121 + A3222
+ Aszz3 + Ass2s + Azeze < — (081 + 08nh — Bl — Bnoh)|z |
0Bnhse  Bndh n Bndhsne n Bnohse

T mempu=Bol= = l l l
Sh 08ns. Sh Ssneh dsch
+BWT)|Z2|+(/B77ZS +ﬁéh+ﬁnl +ﬁn}9 +Bnl8
28n5h? h
+ Bnoh + 21 )24l + (F)lz6] = (B6L+ Buoh)| 1| + ()|

l
+ (<861 — 86nh— 56— Hﬁnlhse Dt 916l | Sl

+ ﬁ”T‘W — )|zs| + (%Teh + BOh + B"l‘sh + Bnéls"eh
+ D005y g 210 ) (TR
thus
D |12l <(—2081 — 200k — 21 — 2861 — 280k — PN ogsn 4 @
oy 20000 | Onechy ) < pij
Case 5: Uy > Us, 21, = |z2| and

Dy ||z|| =2y = As121 + Agazo + Asazs + Asgzg < (081 4 08nh — ol
0B8nhse  Bnoh | Bnohsne
~ +
l ! !
Bnoh  Bndsnch

+ B6h + e+

— Bndh)|z1| + (—€ — p — Bol —

N 67751hse N ﬁn?hQ Gane

+ﬁ”i35 + Bndh +

Nz2| + (——

Sh? h
2o )\z4|+<0‘ )zl

thus

5h
Do ||2]] <(~2851 — 2876k — € — ju — ﬁ”l 081+ 08nh + BSh +

Bnéh?
l

28ndh
l

+

ah
+)llll < Dll<]]
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Case 6: Uy > Us, 21,22 > 0, z3 < 0 and | 23| < |21| + |23|. In this case,
and

zl| = |z1] + 3]

D+||ZH :zi - Z;,’, = Allzl + A1222 + A14Z4 + A15Z5 — (Aglzl + A32ZQ
+ Aszzz + Asszs + Aszeze) < (—€ — p — 0Bl — 08nh — 0Bs.

_ ‘95771”56 — B3+ BOsne + s, + B0l + Boh — 2 7715’1 e ”5?3“
Shse 5h?
+Bnl 8ok + P o] + (<6850
06nsch ah

+ ( ] )\Z4|+(T)|Zs\—(ﬂ5l+5775h)|2’1|—(€)|Z2|+(—95l

2
oy por — P2hse Bt fushone , pudhse o

— )les] + (w + BSh + 6”;% + ’Bnéls"eh + ﬂ”ism + Bk
. 2677l5h2)|25| N (Oﬁzseh”%"
thus
Dy |2l <(—2€ — 2u — 2081 — 208nh — 20Bs. — Bor — 35’71‘%7" — 2341
— 3Bn6h + 11 + aTh + BSh + %;"m + ﬁ”fhg + %Teh)uzu
< DIzl
Case 7: Uy > Us, 21,23 > 0, z2 < 0 and |z1| > max{|22|, |23|}|. In this case ||z|| = |z]
and

D.||z|| =21 = A1121 + A1222 + Araza + A1szs < (—e — p— 081 — 68nh

— 0Bs. — %Twe — 36 + B3sne + BIse + Bl + B5h — @
Shsn.  Bnohs. o
4 D00%ne | D00y s+ P01 )z — (0850l
0Bnsch ok

(R ) + (2ol

thus

ohr ah
D lJ2ll < (e =~ 081 — 0pmh — Bor — P04y Oy < D
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Case 8: Uy > Us, 21,23 > 0, 25 < 0 and |2z2| > max{|z1], |23]}. In this case, ||z|| = |22]
and

Dy||z|] = — 25 = —(Ao121 + Aszzo + Agaza + Asgezs) < —(0B81 + 08nh — Bl

0 hse (5h 5hsne
— Bndh)|z1| + (—e — pp— 3oL — 5@ _ 5?75 L Bn l

n Bn(slhse n ﬁﬂ?}ﬂ)'@‘ N (Gﬁnlseh \ Boh+ Bnléh N Bn(slgneh
+ Bniseh + Bnoh + 2577lah2)|z4| + (O‘Th)|zﬁ|
thus
D] (=051 — g — = 2 gy 20000 P
+ 2 j2l) < Dilel
Case 9: Uy > U, 21,23 > 0, 20 < 0 and |z3| > maz{|z1],|22|}. In this case ||z|| = |zs3]
and

D+||ZH :Zé = ASlZl +A32Z2 +A33Z3 +A35Z5 +A3636 < (661 +,8’l75h)|z1|
08nhse 6h O0hSpe
— (€)|z2| + (=08l — 88nh — Bl — Bnhse  Bn " Bndhs

l l l
O0hs. Sh? 08ns.h
+»3771 +ﬂ’ll — )|z + ( 577l +B§h+T

0Speh 0Sch 208n5h? 068ns.h
g D0melt | POl gy 200 ) g (2SR

Bnoh

thus

28n0hr
l

08nseh
l

Dy|lzl] <(—€— 0Bl — 0Bnh —

28n5h Sh?
L 6717 +an

Case 10: Uy < U, and 2y, 25, 26 > 0. In this case ||z|| = |z4] + |25| + | 26| and

— u— pndh + + Boh

Izl < DI|]|

D+||Z|| :Zfl + Zé + Zé = A4222 + A44Z4 + A53Z3 + A54Z4 + A55Z5

1l
+ Ase26 + Aeaza + Asszs + Aseze < (71)|22\ +(—e—p

=0 s (D) sl 4 (@l + (681~ 6mh — i~ Pz
+ (—008sc)|z6] + (=Bl — Bnoh)|z4| + (081 + 08nh — Bl
— Bnoh)|zs| + (0Bse + B6 — s — Bos — 2801 — Boh — Pk

I/ll
St e E
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thus
Dzl < (=3 — 3851 = 3m3h — 1y — “L+ gl < Dlel
Case 11: Uy < Ua, 24,25 > 0, 26 < 0 and |z5| > |26|. In this case ||z|| = |z4| + |25] and
Dy ||2|| =24 + 25 = Aszzz + Asaza + Aszzz + Asaza + Ass2s + Ase 2
<) eal + (= = 2l + (D) s + (2l + (081
—0pnh — i~ )|z — (~08s.)
thus

D |lz]] < (=2p — 081 — 0Bnh + 0Bs.)||z|| < DI|2]|
Case 12: Uy < U, 24,25 > 0, 26 < 0 and | 25| < |26]. In this case ||z|| = |z4| + |26| and
vl
h
1l
(e = p— )|zl = (=381 — Bndh)|za — (651 + 6pnh — ol

— Bnoh)|z5| + (0Bs, + B6 — Bosp — Bds, — 2851 — Boh — Bndh

l/1l
—o= = )zl

Dy ||z|| =2 — 26 = Aaozo + Auaza — (Apaza + Ass2s + Assze) < (—)|22]

thus
l
Do |z|| <(—€ — 2 — 681 — 68yh — vy — '% + 86l + Bndh + 0.
+ Bor)l|z]| < D||z||

Case 13: Uy < Ua, 24,26 > 0, 25 < 0 and | 25| > |z4] + |26|. In this case ||z|| = |z5| and
1l
D+||ZH = — Zé = 7(145323 + A54Z4 + A55Z5 + AE’)GZG) S (71”23‘ — (E)|Z4|

1l
+ (=081 = 0Bnh — p— = =)|zs| = (~08sc) |
thus
Doflz]| < (e = 081 = 080l = p+ 0Bs.) |z < Dlz|

Case 14: Uy < Us, 24,26 > 0, z5 < 0 and |z5| < |z4| + |26]. In this case ||z|| = |z4| + |26]
and

vl
D+||Z|| :Zfl + Zé = Ayozy + Augzg + Agaza + Agszs + Agezg < (71)|22|

t(—e—p— ’%Z)w + (= B8l — Bndh)| 24| — (081 + 8nh — 6l
— Bnoh)|z5| + (6Bs. + 86 — Bdsne — Bds. — 2851 — Bh — Bndh

Vll
St
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thus
l
D[]l <(—€— 2 — 981 — 98nh — B6L — Bdh — v1 — =+ 6s.
+ Br)||2] < DI|zl|

Case 15: Uy < Ua, 25,26 > 0, 24 < 0 and |z5| < |z4|. In this case ||z|| = |z4| + |26] and

D||z|| = = 24 + 26 = —(Auz20 + Asaza) + Asaza + Ags25 + Asc 26
vl 1l
<( el (e = = =) aal = (=01 = Bndh)|za| + (051 + Onh

— 6l — Bnoh)|zs| + (0Bse + B0 — Bospe — Bdse — 2801 — Boh
vl
— Bndh — 1 — = =)zl

thus

vl

Dolloll <(=€—=2n— 5ol — fndh —v1 — —

+ Bor)[|2|| < DI|=|l

1081+ 0Bnh + 0Bs.

Case 16: Uy < Us, 25,26 > 0, z4 < 0 and | 25| > |24]. In this case ||z|| = |z5] + |26| and

D ||z|| =25 + 2 = Asszs + Asaza + Asszs + Aseze + Agaza + Ass2s

vl vl
+ Asozs < (5123l — (€)|zal + (=081 — 68k — p— =) z|

+ (—0B5¢) 26| — (—B61 — Bydh)|zs] + (51 + 68nh — 6l
— B1h)|25] + (085, + 36 — Bosne — B0s, — 2851 — Boh — Bndh

== Al
%41 12 A Z6
thus
1l
D[lz]| < (—€—2u— Bol = Bndh — vy — == + Bor)||2]| < D|lz|

Lemma 4.4. For an arbitrary simple and closed curve v in ), there is an ¢ > 0 and
surfaces ©* which minimizes S with respect to X(1,Q), in such a way that, for all k =
2,3,...andt € [0,€), oF C Q.

1
Proof. Let £ = imin{l,h i (Sne, Se, I, h) € ¥} Ttis easy to see that ¢p > 0. Based

exists € > 0 such that, the solutions with {(0) > & and h(0) > &, remains in €, for
t € [0,€]. Hence we must show the existence of a sequence {¢"} which minimizes S
with respect to X(¢, ), in which Q@ = {(sne, se,l,h) € Q : 1 > & h > £} Now
for p(u) = (spe(u), se(u),l(u),h(u)) € (1, ), we define another surface p(u) =
(Sne(u), 8e(u), l(u), h(u)) by,

di dh
on the inequalities 7 > —(1 + w)l,— > —(v2 + p + a)h which holds in £, there
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It is easy to see that $(u) € X(1),Q2). We will prove S < S¢.

of wedge product, we obtain that

O0sne
0u1
05,

L 8’1,61

OSne

aul
ol

L 8’&1

Sne

aul
oh

Auy
8516

8u1

det

det

OSne

GUQ
05,

8507 aUQ L
Nowg — | or || ol | T -

ou
oh ol det | "5

ou L Oup
? r 8si

8U1
det 9

L Ouy
- ol

ouy
det 9

L Ouy

OSpe

det

9
8u1

aS’fL(i

8’&2
05,
ou
88n26
811,2
o
8UQ
STLE
6'[1;2
ol
ou
8562
8’[1,2
ol

Ougy
85?

8U2
oh

87
%
8uQ
oh

duy

o(u) ifl(u) > & h(u) > ¢
! yh(u) =&,
(Sne7se7€vh) if 8(::)—|-<SE _|_(£'Ll_ hi %
Sne Se L (u) <& h(u) > €,
(Sne +Se(ﬁ a 25)7 Sne +Se(ﬁ - 25)’£7£) lfsne +8e+&+h> %
Au) > & h(u) <€,
(snevsevlag) 1 5ne+se+l+§§%
Sne A Se u) > & h(u) < €&,
(Sn6+s€(ﬁ725),8”6—’—56(572&-),575) lfsne+86+l+f>%
l h ,
(Snevsmgag) if 8(7::)—58&; _|_(2u§)§<§
Sne A Se . l(u) < 57 h(u) < 57
(Sne+se(ﬁ_2£),Sne"'se(ﬁ_zf)’g?é.) lfsne+se+2£> %

From the definition
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o o e e e~
is a vector in R® for each « € B. We denote 8—@ A 8@ = (x1,9627$3,$4,$5,$6)T
U2
0 0
and X AP _ = (w1, 72,3, 24,75, 76)" . We prove |7;| < |z
5‘u1 81@
(¢ =1,2,---,6) in the possible cases.

Case 1. If [(u) > &, h(u) > & then ¢ = ¢ and therefore, |T;| = |z;]
(i=1,2,---,6).

Case2. Ifl(u) < &, h(u) > €and spe+s.+E+h < %,then@( ) = (8ne(u), se(u), &, h(u)).

Therefore

r [ OSpe  OSpe T
8u1 8’11,2
det 05, 05,
L 87.1,1 3u2 J
0
[ OSne  OSpe T
5’&1 au2 i 871 87’1@ ]
0
Dse Ose
(’9u1 (’9u2
€ on o
8u1 8u2
L 0 i

almost everywhere. Hence it follows z; = z;(i = 1,3,5) and z; = 0(¢ = 2,4,6).
Thus |Z;| < |z4].

A s A
Case 3. If I(u) < & h(u) > € and s, + 5. h> 2 then Gu) = (—me (& _
ase (u)Af (u) > € and spe + 5 + € + m en ¢(u) (5ne+$e(,u
Se
26), ———(— — 2 Th
€. (5 20).6.€). Thus,
GO Os |
%_(§_2§) e@uj ne@uj
auj_ o (sne+se)2 0
0

0 op
for j = 1, 2. Therefore, 8i and a2 have linear dependence, hence their wedge product
U

1 U2
is zero. Thus 7, = 0(¢ = 1,2, 3,4, 5,6). Therefore |Z;| < |z;|(i = 1,2, -+ ,6).
A -
Cased. Ifl(u) > &, h(u) < £and spe+8.+1+E < ;,then o(u) = (Sne(w), se(u),l(u), ).

Hence,
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r M OSne O0Spe 1 7]
ou ou
det Gsi 855
L Ou Ouy |
r 837116 8856 T
ou ou
ol o
3(5 AP dp L Ouq Ouy |
aul (’)ug 0
05, 05,
ou ou
o aor
8’LL1 6’(1,2
0
L 0 i

almost everywhere. Therefore, 7; = z;(i = 1,2,4) and z; = 0
(1 =3,5,6). Thus |Z;| < |a|.

A s A
Case 5. If I(u) > &, h(u) < d spe + 5. +1 > =, then o(u) = (———(= —
ase (U)A_f (u) < §and spc + 5 +¢& p en ¢(u) (sne+se(u
Se
2 — =2 h
. (2~ 20).6.6). thus
Ospe  Ose !
05 _ Ay 0u Oy |
8uj_ I (Sne + 8e)? 0
0

for j = 1, 2. Therefore, g— and 5@ have linear dependence, hence their wedge product
is zero. Thus T, = 0(¢ = 1,2,3,4,5,6), and |z;| < |z;|(: =1,2,--- ,6).
A -
Case 6. If [(u) < &, h(u) < € and spe + se + 26 < —, then G(u) = (Spe(u), se(u),§,€),
I
hence,

OSpe 0Spe

ou ou
det 85(1 855
8’LL1 8UQ
09 Op
/\ J—
8U1 au2

o O o o o
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almost everywhere. Therefore, T; = z;(i = 1) and Z; = 0
(1 =2,3,4,5,6), then |z;| < |z;].

A s A
Case 7. If l(u) < & h(u) < £ and Spe + Se + 26 > —, then @ = ne - —
@ < 6 < ¢ € > . then (u) = (= (0
Se
2 — =2 th
0. (5 - 20.6.0). s,
5 0Spe s 05, -1
8@, A © 8Uj ne an -1
2 (L -2)
auj M (Sne + 86)2 0
0
) 0p op
for j = 1,2. Therefore D and o have linear dependence, therefore their wedge
U1 (15)

product is zero. Thus 7; = 0(i = 1,2, 3,4, 5,6), and |z;| < |z;|(¢ =1,2,--- ,6). Furthere

~ ~ 1 1 1 1
more [(u) = max{l(u), {} and h(u) = max{h(u),&}, hence 5 < 7 and 5 < 7 Now let

-1 -

= 0 0 0 0 0
0 % 0o o 0 O
0 0 ©0 i 0 0
0 0 = 0 0 0
h
1
6o 0 o0 0 = 0
h 1
0 0 0 0 0 =
L h

1. 1 1. 1 .
Since |7xl| < \Txl| (1=1,2,4) and |:xz| < |E[L'Z| (1 = 3,5,6), by an easy computation

3 0
56— /HP —A—Hd</up ¢ d’)l\d

Using lemma, we can choose § = inf{S¢ : ¢ € Z(w, )} Suppose that {¢*}, min-
imizes S with respect to N (1p, ), then limy_, o, So¥ = 6. Now consider the sequence

{¢*} € 2(1,Q) as in the above definition, from the boundedness of {&bk} and S¢F <
S¢*, we have limy_, o Sgbk < 4. Furthere more qﬁk € X(, ), hence Sgbk > 4, and
limg_ oo ngbk > 6, which implies limy_, o Sq’)k = 4. Now

inf{S¢: ¢ € B(4,Q)} < nf{Sp: ¢ € B(s, 2)} =
and from 5 € (v, Q) we have 1nf{$¢ gf) € X(, )} > 9, which implies 1nf{8¢5 ¢ €
2(1/),52)} = 4. At the final we can show that limy,_, o, Sép = 6 = inf{S¢ : ¢ € S(), )},

i.e. {¢*} minimizes S relative to X (1), Q).
From lemmas (4.3) and (4.4), and as in theorem 4.5 in [10], we have the following result.
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Theorem 4.5. Suppose that the inequalities in Lemma 4.3., is verified, then:

(1) when the only equilibrium point is the drug-free equilibrium Py, then all solutions tend
to Py,

(2) when Rg > 1, then all solutions of ( 2. 2 ) converge to the unique endemic equilibrium;
(3) when there are two endemic equilibrium points, which occurs when R§ < Ry < 1,
solutions of the system either go to the drug-free equilibrium Py or tend to the upper equi-
librium point.

Remark. Epidemic models can be studied numerically or by the discretization shcemes,
for example see, [12, 16, 23].

Conflict of interest. The authors declare that there is no conflict of interests regarding
the publication of this paper.

5. ACKNOWLEDGMENTS

The authors are very grateful to the editor and referees for their useful suggestions and
comments which enhanced the quality of the paper.

REFERENCES

[1] J. Arino, C. C. McCluskey and P. V. D. Driessche, Global results for an epidemic model with vaccination
that exhibits backward bifurcation, SIAM Journal on Applied Mathematics 64, No. 1 (2003) 260-276.

[2] B.Buonomo and D. Lacitignola, Global stability for a four dimensional epidemic model, Note di Matematica
30, No. 2 (2011) 83-96.

[3] B. Buonomo and D. Lacitignola, On the use of the geometric approach to global stability for three dimen-
sional ODE systems: a bilinear case, Journal of Mathematical Analysis and Applications 348, No. 1 (2008)
255-266.

[4] B. Buonomo, A. dOnofrio and D. Lacitignola, Global stability of an SIR epidemic model with information
dependent vaccination, Mathematical biosciences 216, No. 1 (2008) 9-16.

[5] C. C. Chavez and B. Song, Dynamical models of tuberculosis and their applications, Math. Biosci. Eng. 2,
(2004) 361-404.

[6] J. Cui, Y. Sun and H. Zhu, The impact of media on the control of infectious diseases, Journal of Dynamics
and Differential Equations 20, (2008) 31-53.

[7] P. V. d. Driessche and J. Watmough, Reproduction numbers and sub-threshold endemic equilibria for com-
partmental models of disease transmission, Math. Biosci. 180, (2002) 29-48.

[8] B. Dubeya, P. Dubeya and U. S. Dubeyb, Role of media and treatment on an SIR model, Nonlinear Analysis,
Modeling and Control 21, No.2 (2016) 185-200.

[9] B. Fang, X. Z. Li, M. Martcheva and L. M. Cai, Global asymptotic properties of a heroin epidemic model
with treat-age, Applied Mathematics and Computation 263, (2015) 315-331.

[10] X. Feng, Z. Teng, K. Wang and F. Zhang, Bckward bifurcation and global stability in an epidemic model
with treatment and vaccination, Discrete and Continuous Dynamical Systems-Series B 19, No. 4 (2014)
223-233.

[11] A. B. Gumel, C. C. McCluskey and J. Watmough, An SVEIR model for assessing potential impact of an
imperfect anti-SARS vaccine, Math. Biosci. Eng. 3, (2006) 485-512.

[12] F. Haq, K. Shah A. Khan, M. Shahzad and G. Rahman, Numerical solution of fractional order epidemic
model of a vector born disease by laplace adomian decomposition method, Punjab Univ. j. math. 49, No. 2
(2017) 13-22.

[13] A. S. Kalula and F. Nyabadza, A theoretical model for substance abuse in the presence of treatment, South
African Journal of Science 108, No. 3-4 (2012) 1-12.

[14] M. Y. Li and J. S. Muldowney, A geometric approach to global-stability problems, STAM Journal on Math-
ematical Analysis 27, No. 4 (1996) 1070-1083.



46 Reza Memarbashi and Malek Pourhosseini

[15] M. Y. Li and J. S. Muldowney, On RA Smith’s autonomous convergence theorem, Rocky Mountain Journal
of Mathematics 25, No. 1 (1995) 365-378.

[16] R. Memarbashi, F. Alipour and A. Ghasemabadi, A nonstandard finite difference scheme for a SEI epidemic
model, Punjab Univ. j. math. 49, No. 3 (2017) 133-147.

[17] Z. Mukandavire, W. Garira and J. M. Tchuenche, Modelling effects of public health educational campaigns
on HIV/AIDS transmission dynamics, Applied Mathematical Modelling 33, No. 4 (2009) 2084-2095.

[18] J. D. Murray, Mathematical biology, Springer-Verlag, Berlin, 1998.

[19] H.J. B. Njagarah and F. Nyabadza, Modeling the impact of rehabilitation, amelioration and relapse on the
prevalence of drug epidemics, Journal of Biological Systems 21, No. 1 (2013) 135-145.

[20] F. Nyabadza, J. B. Njagarah and R. J. Smith, Modelling the dynamics of crystal meth (tik) abuse in the
presence of drug-supply chains in South Africa, Bulletin of mathematical biology 75, No. 1 (2013) 24-48.

[21] E Nyabadza and S. D. Hove-Musekwa, From heroin epidemics to methamphetamine epidemics: modelling
substance abuse in a South African province, Mathematical biosciences 225, No. 2 (2010) 132-140.

[22] G. P. Samanta, Dynamic behaviour for a nonautonomous heroin epidemic model with time delay, Journal of
Applied Mathematics and Computing 35, No. 1-2 (2011) 161-178.

[23] M. Suleman and S. Riaz, Unconditionally stable numerical scheme to study the dynamics of hepatitis B
disease, Punjab Univ. j. math. 49, No. 3 (2017) 99-118.

[24] B. Thurman and J. Boughelaf, We don’t get taught enough: an assessment of drug education provision in
schools in England, Drugs and Alcohol Today 15, No. 3 (2015) 127-140.

[25] UNODC, International standards on drug prevention, UNODC, New York, 2013.

[26] E. White and C. Comiskey, Heroin epidemics, treatment and ODE modelling, Mathematical biosciences
208, No. 1 (2007) 312-324.

[27] Y. N. Xiao, T. T. Zhao and S. Y. Tang, Dynamics of an infectious disease with media/psychology induced
non-smoth incidence, Math. Biosci. Eng. 10, (2013) 445-461.

[28] X. Zhou, X. Shi and J. Cui, Stability and backward bifurcation on a cholera epidemic model with saturated
recovery rate, Mathematical Methods in the Applied Sciences bf 40, No. 4 (2017) 1288-1306.

[29] X.Zhou and J. Cui, Analysis of stability and bifurcation for an SEIR epidemic model with saturated recovery
rate, Commun. Nonlinear Sci. Numer. Simulat. 16, (2011) 4438-4450.



