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Abstract. In this paper we introduce the concept of co-ordinated log-
preinvex functions, we establish a new fractional identity involving a func-
tion of two independent variables, and then we derive some fractional
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1. INTRODUCTION

Let f be a convex function on [u, v], then

F) < ot [ fayan < 2023100, w
u

if the function f is concave then (1. 1) holds in the reverse direction (see [26]).
The above inequality is known as Hermite-Hadamard integral inequality
In [6] Dragomir established the bidimentionnal anologue of (1. 1) given by
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< 4|k 100+ L [reaar

d d
+ dic/f(u, y)dy + dic/f(uy)dy

flu,e) + f(u,d) + f(v,c) + f(v,d)
- 4

Inequalities (1. 1 ) and (1. 2 ) have attracted many researchers, we note that the literature
in this context is rich and various. About some papers related to the integral inequalities
we mention [1, 3,5,6,7,9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 21, 22, 25] and references
therein.

Hanson [8] gave a new generalization of the classical convexity, called invexity or gener-
alized convexity. Many authors studied the properties, and applications of this new concept,
see for instance [4, 23, 24, 27, 29, 30].

Alomari et al. [2] gave the following Hermite-Hadamard for co-ordinated log-convex
functions

. (1.2)

Theorem 1.1. Assume that f : A — R is co-ordinated log-convex functions on A =
[u,v] x [c,d] C R% Then

v d
4log f (42, C;d> < m//logf(x,y)dydaﬁ

<loglf (u,¢) f (u,d) f (v, ¢) f (v, d)].

In this paper we introduce the concept of co-ordinated log-preinvex functions, we es-
tablish a new fractional identity involving a function of two independent variables, and
then we derive some fractional Hermite-Hadamard type inequalities for functions whose
modulus of the mixed derivatives are co-ordinated log-preinvex.

2. PRELIMINARIES

In this section we recall some definitions and lemmas that’s well known in the literature,
and assume that  := [u,v] x [0,w] is a bidimensional interval in R? with u < v and
0 < w.

Definition 2.1. [2] A positive function f : Q@ — R is said to be co-ordinated log-convex on
Q, if the following inequality:

F(mb+ (1 —m)u,sw+ (1—s)v) <fm(0,w) "0, 0) fE7™2% (u,w)
~ f(l—m)(l—s)(u7 ’U)
holds for all m, s € [0, 1] and (0,w), (u,v) € L.

Definition 2.2. [19] Let Hq, Ho be two nonempty subsets of R", (0,w) € Hy x Hy. We
say that the set K1 x Ks is invex at point (6,w) with respect to & and &, if for each
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(u,v) € Hy X Hy and m, s € [0, 1], we have
(0 4+ mé& (u,0),w~+ s& (v,w)) € Hy X Ho.

H, x Hs is said to be an invex set with respect to &1 and &, if H; X Hs is invex at each
points (6, w) € Hy x Hj.

Definition 2.3. [14] Assume that f € L ([u,v]). The Riemann-Liouville fractional inte-
grals J2, f and J& f of order oo > 0 with u > 0 are defined by

€T

I f@) = F(la)/(;z:t)a_lf(t)dt, 2> u
T f@) = g -0 T S0 v

€T

where T'(o) = [ e~"t*~1dt, is the Gamma function and J?, f(z) = JO_ f(z) = f(x).

o —9

Definition 2.4. [14] Assume that f € L(QY). The Riemann-Liouville fractional integrals
Jgfﬁ, JO‘;B,W, ) Jg‘;tj% and J:;?w,oforder a, 8> 0 withu, 0 > 0 are defined by

u

JoL g f (0,w) = m / / (v—2)"" (w—y)" " fz,y)dyde  (2.3)
u 0

T 0) = srmmg [ [0 T 0= f it @)
u 0

o uw:évwx—u‘klw— e x

o, u _ 1 T (E—’u,ail _ p\B-1 T -
T T (,0) F(Q)F(ﬁ)[{< 1y -0 ) dyde. 2.6)

Definition 2.5. [28] Assume that f € L(S)). The Riemann-Liouville fractional integrals
JO f (u,0), J& f (v,0), Jf,f (u,0), and J3; f (u,w) of order o, B > 0 with u,0 > 0,
u < v, and 6 < w are defined by

T f 0) = s [ @ =) f w0y ds @.7)

J&f (v, 0) = %a)/ (w—2)*"" f(x,0)dz (2.9)
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Tg ) = g5 [ (=07 () dy 2.9
0

T8 f (u,w) = ﬁ / @ —3)"" f () dy, @. 10)
0

where I is the Gamma function.

We also recall that the weighted arithmetic-geometric mean inequality can be says that
fora,b>0and 0 <v <1

a’b'™" <wva+ (1 —v)b.

3. MAIN RESULTS

In what follows we assume that K = [a,a + & (b,a)] X [¢,c+ & (d, ¢)] be an invex
subset of R? with respect to £, & where &;,&, @ R?2 — R are two bifunctions such that
& (b, a) > 0 and & (d, C) > 0.

We first introduce the class of log-preinvex functions on the co-ordinates

Definition 3.1. A positive function f : K — R is said to be co-ordinated log-preinvex on
K with respect to &1 and &, if

f (@4t (y,x)  u+ séo (v,u) <FUTIU7) (2,u) fU79° (2,0)
x U7 (y,u) £ (y, )
holds for all (x,u) , (y,v) € [a,a+ & (b,a)] X [¢,c+ & (d,¢)] and t, s € [0, 1].

Remark 3.2. Definition 3.1 recapture Definition 2.1, if we choose &1 (y,x) = & (y,x) =
y— .

We will start with the following lemma which is an auxiliary result.

Lemma 3.3. Let f : K — R be a partially differentiable function on K, if g:gs € L(K),
then the following equality holds

f(a»C)+f(a,c+§2(dyc))+f(a+§1£bya)»C)+f(a+51(b»a),CJrEz(d’C)) _A

4(61(b,0))* (£2(d,0))? (a+£1(b,a))’7(0+€2(d70))’f (a¢)

a8 o,
ot ereataanf (@ T8 B:0) )+ Tiie gy o f (0682 (dre))

+ I flat & (ba), e+ & (d, c)))

+ '(a+1)T(8+1) (a,ﬂ

0
x L (a4 t& (b,a) e+ s& (d, ¢)) dsdt, 3. 11)
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where
A= 4(£1<++al) (Ja+£1<ba>> fla,e+ & (d;e)) + JG e, .0y~ f (a:6)
a+f(a+§1 (b’a),c+§2 (d7c)> +f(a+€1 (b7a>7 ))

+ T (wa&(d,c))*f(““l (0:0),€) + I a9y (0:0)
Jsirf (Cl + 51 (bv CL) ,C+ 52 (dv C)) + Jg+f (Cl,C + 52 (dv C))) . (3 12)

Proof. By integration by parts, we get

/(ta - (1-1t% (55 —-(1- s)ﬁ) % (a+t& (bya),c+ s&(d,c))dsdt
0

1
X (/ (sﬁ -(1 —s)ﬁ) g—(a—i—t& (b,a),c+ s& (d,c))ds) dt
0

1
- / (52(11 c) ot (a+t€1 (b a) c+ & (d,c))

0
+ 0 or (a+ 161 (b,a) )

_m/(sﬂ_l—k(l—s)ﬂ_l)%(a—l—tfl (bya),c+s&(d,c))ds | dt

0
1

= m/(t“—(1—t)”‘)%(a+t£1(b,a),c+§2(d,c))dt

0

1

+";:2(‘1”)/ (1—1) )r{(a+tfl(bva)7c)dt
0
1

T&[@ )/] SO IR R
0

XW (a+t& (b,a),c+ sé (d, c)) dtds
= aooaaef (@+&0.a),c+6&(d0)+ gragusf (e +é(de)
1

—m/ (ta_l + (1 - t)a_l) f (CL +t& (ba a) ,c+ & (d, C)) dt
0
tasmams/ (@& (0.0),0) + gragEe /(@0
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_51(b7a)a€2(d,c) (ta_l + (- t)a_1> fla+t& (bya),c)dt

1
{
1
‘m/(sﬂ’lﬂl—s)ﬂ‘l)ﬂwa (b,a),c+ s& (d,c))ds
0
1
*W/ (Sﬁ’l +(1- S)‘H) fla,c+s&(d,c))ds
0
11
+ﬁ?<d>// (" a=-9" ) (-0
00

X f(a+t& (bya),c+ s&(d,c))dsdt
Wf(a‘f'fl (b,a),c+&(d,0)) + epaame/ (@ c+ & (d,c))

—W/ (o7 + (1= ") fla+t61 (b,0) e+ & (d,0)) e

0
t 51(17#1)152(61,0) flaté&(ba),c)+ &1 (b,a)lfz(d,c) fla,c)
1

—W/ (ta_l +(1- t)“‘l) f(a+t& (ba),c)dt

,
TG, @)52(11 c)/ 5)5_1) fla+&i(b,a),c+s&(dic))ds
?
et | (97 =97 F(ane+ sta (0.0 s
.
S / S)ﬁfl) (ta_l +( —t)aﬂ)
00

X f(a+t& (bya),c+ s&(d,c))dsdt

fla,0)+F(a,c+€2(d,0))+f(a+&1 (b,a),0)+ f(a+€:1(b,a),c+E€2(d,c))
£1(b,a)é2(d,c)

gooeas | U Lf(a+t& (b,a),c+ & (d,c))dt

O] fla+t& (bya),c+ & (d,c))dt

/
[0
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o

—W to‘_lf(a+t§1 (b, a) ,C) dt

e | (- O f(a+t& (ba),c)dt

— e [ 577 f (a+ & (ba) e+ s (d,c)) ds

—~
—_
I
»
@
—

RN ZIC) )7 fla+&(ba),c+&2(d ) ds

_Wﬁgz(d,c) P71 (a,c+ s& (d, ) ds

_Wﬁgz(d,c) P71 (a,c+ s& (d,c)) ds

— 5)6_1 fla,c+s& (d,c))ds

—~
=

B
&1 (bﬂl)fz (dvc)

+§1(#§2M70) sP717  f (a + t€y (bya) , e+ s& (d, ¢)) dsdt

SA=) fa+t& (ba), e+ s& (d,c)) dsdt

oB
MCORICT)

aff

tematas | | =9 T T (a1 (ba) e+ sE (d, o) dsdt
+W§2M,C) (1= (A=) flatt& (ba),c+ s& (d, ) dsdt.

S - O~ O~ O~ oY = O — ~ O~ o~ o — = o — ~ o —_

O~ O— F O~~~ o Y~— ~

(3. 13)

Putting x = a + t&; (b,a) and y = ¢ + s&2 (d, ¢) in (3. 13 ') we obtain

11
// t*—(1-1t% (3'8 —(1- s)ﬁ) ggs (a+t& (b,a),c+ s& (d, c)) dsdt
0’0

fla,0)+f(a,c+82(d,c))+f(a+81(b,a),c)+f(atés(ba),c+E2(d,c))
€1(b,a)¢2(d,c)
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T (€ (b,a))° e (doe)

- a
(€1(0,0))* T €2(d,c)

a+&1(b,a)
(x — a)ail f(z,c+&(d,c)da

a

a+&1(b,a)
(a+& (bya) —2)* ' f(z,c+ & (d,0)) da

a
a+&1(b,a)
« a—1
T @) e (d0) (@—a)"" f(z,c)do
a“"gl(b»a)
- (51 (b,a))nglﬁz (d,c) (a + 51 (ba (1) - x)a_l f (SC, C) dl’
C-‘r&z d,c)

- B
&1(b,a)(€2(d,0)PH1

\

“f(a+€(ba),y)dy

T &1 (ba) @(d £1(b,a)(&2(d,c))PFT

C+£2(dvc)
(c+&(de)—y)’ " fla+& (ba),y)dy

c

c+é€2(d,c)

-1
_5l<b,a>(§2ﬁ<d,e))6“ (v =" f (@) dy

C

c+€2(d,c)

7451 (b,a)(Ef(d,C))ﬂ+1 / (C + 52 (d7 C) — y)B_l f (ll7 y) dy

+

X

af
(£1(b,0)) 1 (€2(dy0)) "
a+&1(b,a)etE2(dyc)

(x—a)* " (y— )" fla,y) dydx

a c

oB
T &)™ (@@

X

a+&1(b,a)c+E€2(d,c)
(a+¢& (bya) —2)*  (y— )" f(x,y) dydx

a c
af

T ) T (Eda) T

X

a+£1 (baa)c+§2(d’c)
(z—a)* " (c+&(dc)—y)" " f(z,y)dyde
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af
T GG T (&)
a1 (bya)etéa(de)

8 / / (a+& (ba)—2)* e+ & (de) — )" f(z,y) dyda.

(3. 14)

Multplying both sides of (3. 14 ) by £®:@0&2(4:8) "and ysing (2. 3 )-(2. 10), we get the
desired result. O

Theorem 3.4. Let f : K — R be a partially differentiable function on K. If ’ 88;)& is

co-ordinated log-preinvex function on K with respect to &1 and & such that & (b,a) > 0
and &5 (d, ¢) > 0, then the following fractional inequality holds

f(afc)+f(avc+£2(d7c))+f(a+£1ib7a):c)+f(a+51 (b,a),c+€2(d,c)) — A

(a+D)D(B+1) B
T 2 (0,0)* (E2(d,0)P (‘] (at¢1 (b))~ (c+eadiey - (B€)

+J:+ﬁ(c+£2 d,c))‘f (a + 51 (b7 a) ) + J(a f,ﬁl b a))—,c+f (a, c+ 52 (d7 C))

+ I3 flaté&(ba),c+&(d, C)))’

&1(b,a)é2(d,c) o+31 2
< = )42( (a+14)r(35+1) atafA (a, )],
where
2 p 2
o= | g (@ C)‘ g (0, )| (3. 15)
62
T= ataA (a, d)‘ atg»\ (b, )|, (3. 16)

and A is defined as in (3. 12).

Proof. From Lemma 3.3, and properties of modulus we have

f(arc)+f(avc+§2(dac))“"f(a“"glib#a)»c)+f(a+£1 (b,a),c+€2(d,c)) — A

T(a+1)T(8+1) B
T 2(E (6:0) " (€2(d.))P (J(H&(b,a))—,(c+52(d,c>)—f (a;¢)
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I vesaey-d (@& (0a), )+ T f(ae+ € (d o))

+ Jol s fla+ & (ba),c+ & (d C)))‘
<albaade

11
x//|to‘—
00

S&l(bya)iz(dm)

—(1- ﬁ‘ ‘mm a+ & (bya),c+ e (d, c))( d\dt

1

x[/ (1-0% (3 +1-3)7)

2k (a+ 161 (b a) ,c+ A& (d,))| dAdt,

0
3. 17)
2f
atox |
f(a,c)+f(a,c+52(d,c))+f(a+§1ib,a),c)+f(a+§1(b,a)7c+§2(d7c)) 4
[(a+DT(B+1) a,B
i (b)) (€ (d.0) (J(a+£1<b,a>)—,(c+£2(d )~ fla,c)
+Jaiﬁ(0+£z(d o)~ flat&(ba),c)+ J(O;f_gl(b ), C+f (a,c+&2(d,c))
T flat & (ba), et (d,c)))’
< M
r (1—)(1-)
) 51—
x//< (1—1) )(AB+(1—A)5)‘§8§(M)]
00
A=tX | 42 t(1-X) A
X z?ta,\ (a, d)‘ Sion (b.¢) S (b, d)‘ )d)\dt
< M
Iy 14+6A
2 +
of [ (i =07 (4 0= 7) [k 0
00
1—tA | o 1—tA | o i
‘é)té)/\ (a, )‘ Sion (0. C)‘ s (0. d)‘ ) dAdt
— M 24 (a, C)‘
11
x// (1—1)%) ()\ﬂ +(1- )\)B) oA L, (3. 18)
00

where o and 7 are defined as in (3. 15 ) and (3. 16 ) respectively.
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Now, applying the weighted arithmetic-geometric mean inequality, (3. 18 ) becomes

fla, )+ fasct€a(die))+f(at€i(ba),c)+f(at8r(bia),etEa(dic)) _ »
4

T(a+1)T(B+1) o8
1 I (0,0) " (E2(4,0))° (J (@61 (ba)) (c+&a (e~ (@€)
a,f o,
+Ja+7(c+§2(d,0)), f (CL + fl (b7 Cl) ) J( +&1(b, a))f_’CJrf (CL, c+ 52 (da C))

+ I3 flat & (ba), e+ & (d, C))) ’

&1(b,a)¢2(dyc)
< 1 42

62
atafx (a, C)’

0
b,a d,c 02
= abepld | B (0o
1 1
x| (e=7) /(t““th(l / (P A1 =27) ax
0 0
1 1
+ 7 /( +(1—1)" / ) d\
0 0
§1(b,a)é2(d,c) o437 9% f
- 42 (a+1§(5+1) DEON (a,c)l,

The proof is achieved.

Corollary 3.5. In Theorem 3.4 if we choose &1 (b,a) = & (b,a) = b — a, we obtain the
following fractional inequality

‘ fla,0)+£(a, d)+f(bc)+f bd) _ 44 (a+§>r(<6+;%
4(b—a d—c

X (0 (e + T2y [ 0,0+ T f (a,d) + T3 (0,0))|
b—a)(d—c o+37 o2
< ! L( ) (a+1J)r(36+1) ‘ma{\ (a, C)‘

Theorem 3.6. Let f : K — R be a partially differentiable function on K. If ‘ 5o zs

co-ordinated log-preinvex function on K with respect to &1 and &3 such that & (b,a) > 0
and & (d,c) > 0, where ¢ > 1 with % + % = 1, then the following fractional inequality
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holds

F(a,0)+f(aet € () +f (a6 (b,a),0) +f (a6 (ba)ctba(de)) _ 4 (3. 19)
( .
C'(a+1)T(B+1) a,p
T 1 (0,0) " (E2(d,0)P (‘] (@61 (5a)) (ctéa(d,en T (3)

+J3+ﬁ<c+sz(d oy @+ & (b.0),0) + Ty o f (@06 (d )

a+ C+f(a+§1 (b,a),c+& (d,c)))’

_aba)t(de) | 0°f ac) Lt3m
(ap+1)7 (Bp+1)7 s (4:¢) ( ) ’

IN

4

where

, (3. 20)

7 (3.21)

and A is defined as in (3. 12).

Proof. From Lemma 3.3, properties of modulus, and Holder inequality, we have

fla,c)+f(a,ct&s (dvc))+f(a+§1£b7a)=C)+f(a+£1 (b,a),c+€2(d,c)) — A

T(a+1)T(8+1) B
T 2 (b.a)* (E2(d0))P (‘] (a1 (ba)) (et €a(dn)—d (@€)

I ertataoy T @F & 00+ 0D F (are+ €2(d,0)

TS @+ & (b,a), e+ & (dc) |

1
1 P P

11
< Glbelado) / / PN |+ / / 7 (1 — \)P dxdt
0 00
11 11
+ //(1—15)1’“ APBANdE |+ //(1—:&)’” (1= \)PP dxdt
00 00

11

q
//‘%(fl+t§1(b7a),c+)\§2(d,c))‘ d\dt
00

11
AR //
(ap+1)? (Bp+1)P

00

=

1
P

(a+ 161 (b,a),c+ e (d, )| dxdt | 3. 22)

Bta)\
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2,0 |9

8% f . . .
Since Bta)\‘ is co-ordinated log-preinvex, we deduce

‘f(a,c>+f(a,c+5z(d,c>>+f(a+51<b,a>,c>+f<a+fl(b,a),c+52<d,c)) _A
4

PatDM(E+1) (s
et (etaemr eauf @9
0,8 of
Tt ereaaan T @& (0,0, + Tl ) o f (a6 82(d,0))

I e (b,a),c+52<d,c>>)]

(1=H1-X) /| i\
_Gba)bd / / ) ‘ ot )
= (a,) bd
T (apt) P (Bpr1) B < g (0.d)
1
2 0\ (10X 1 g qy t(1=X) 7
< (|gh @al) (|4 vo)) d/\dt>
< —algela, | 2L (.0 / / Frm T dade | (3.23)
(ap+1)? (Bp+1)P

where [ and m are defined as in (3. 20 ) and (3. 21 ) respectively.
Now, applying the weighted arithmetic-geometric mean inequality for (3. 23 ), and then
integrating the result, we get

fla )t fla,ctéa(dic)) +f(atéi(ba),c)tflaté(ba),ctéalde)) _ »
4

I'(a+1)T(B+1) a,p
T 1 (6,0) " (E2(d,0)P (J<a+sl<b,a>>:<c+52 a1 (@:€)
T ey S (@t &), )+ TR0 f (aet € (dyo)

+ I a6 (b a), e+ 6 (d0) )|

1
q

11
_GGa)ede |0 2 / /
< (a,c) (AL + (1 —tA d\dt
(ap+1)7 (Bpt1) 7 | 910X - )m)
= _ababda | 0% ) 43m\ 3
(ap+1)? (5p+1)% OtoX (a,c) ( )
which is the desired result. 0

Corollary 3.7. In Theorem 3.6 if we choose &1 (b,a) = & (b,a) = b — a, we obtain the
following fractional inequality

‘f(a,c>+f<a,d)+f<b,c>+f(b,d> A 4 Dlet)re+y
4 4(b—a)*(d—c)”?

5 (T8 are) + T2 (0,0) T8 f (ad) + T2 £ (b))

(b—a)(d—c) o2 f ’ 1+3m\ &
< —— a,c)|(—/—5—)*.
(ap+1) (ﬁp+1)% 6t6>\( ) ( 4 )
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Theorem 3.8. Let f : K — R be a partially differentiable function on K. If

q .
8t6/\ Ls

co-ordinated log-preinvex function on K with respect to &, and £; where g > 1, then the
following inequality holds

IN

fla, )+ fasct€a(die))+f(at€i(ba),c)+f(attr(bia),etea(dic)) _ »
4

(a4 1)0(B+1) B
T I (0,0) " (€2(4,0))° (J (aré1 (b))~ (c+eadiey)~ T (©€)
a,f a,B
+J, J(ct€a( d,c))*f (a+ & (b,a),c) + J(a+§1(b a)”, C+f (a,c+ & (d,c))

+ I fla+&(ba),c+ & (d, C)))‘

&1(b,a)éa(dye) | 82f (a c)’ (((a+1)(ﬁ+l)l+(ﬁ+a+3)m)‘1l 4 <l+(ﬁa+25+2a+3)m>%

4(1+a)(1+P)

DN (a+2)(B+2) (a+2)(B+2)

+ ((a+1)l+(ﬁ(a+2)+a+3)m)5 i ((ﬁ+1)l+((5+2)a+ﬁ+3)m)%
(a+2)(B+2) (a+2)(B+2) ’

where A, l and m are defined as in (3. 12), (3. 20 ) and (3. 21 ) respectively.

Proof. From Lemma 3.3, properties of modulus, and power mean inequality, we have

‘f(a,C)+f(ayc+§2(dyc))+f(a+§1ib»a)1C)+f(a+51(b,a)’C+E2(d70)) A

G e (‘] ebes - (eeataf (@©)
I ereataon @+ & 0,0, + T - o F (ac+E2(d,c))
+ IS @ & (ba), e+ & (do))) |
11 1-3
< fba)(de) / / N drdt
00

1
q

X //to‘)\ﬂ ‘ma)\ (a +t& (bya),c+ A2 (d, ) qd)\dt

1—1
q

> (1= A)? drdt

+
O\i—‘
ot — -

Q=

2 q
DAL (a+1&1 (ba), c+ N (d,c))| dAdt

(1= N7 2

X
O\P—‘
ot—

1—1
q

1
\/
0

1
/ (1 —t)* Nd\dt
0
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[0

q

q
I (a+t& (bya),c+ A\ (d,c))| drdt

1—1

11 q
+ //(1—t)“(1—A)ﬁdAdt

00

11 %

q
// 1-0)* (1 =N | 2L (a+t& (b,a),c+)\£2(d,c))’ dXdt
00
%

G1b.a)ta(de) a ﬁ‘ ’q

—atgaus //t N2 (011, (b a) e+ A (d, )| dAde

Q=

q
ok (@161 (b,0) ¢+ &2 (d,))| dxd

Q=

DL (a4t (ba) , e+ A& (d,c))‘qd/\dt

2 q
2k (161 (b,a) e+ A& (d, )| dAdt

q
, and then Applying the A-G inequality

2
Using log-preinvexity on the co-ordinates of %

for the result we get

fla, )+ faset€a(die))+f(at€i(ba),c)+f(attr(bia),eta(dic)) _ 4
4

Mot DB+ [ oud
11 (0,0)* (E2(4,0))° (J<a+51<b,a>>* (c+eatden-T (©:€)

I8 venaey S (@& @) )+ T (age+ & (dye))

+ 5 flat & (ba), e+ & (d, C))) ’

£1(b,a)éa (dyc) il . ‘
4(1+a)' "T(148) T orox (@)

11 11
< [ [ (1 —m) //ta“)\ﬁ“d)\dt+m//ta)\5d)\dt
00 00

IN

1|

1
q
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11 11
+ //ta“A —\)° d)\dt—s—m//ta(l — A dxdt
00 00

Q=

11 11 %
+ (l—m)//t(l—t)o‘A(l—)\)ﬁdAdt—km//(l—t)a(l—A)ﬁdAdt
00 00
1
1 1 q
+ (l—m)//t( t)* )ﬁ“dkdt—km// )* A dNdt
00
60060 | 02 () o) (@G Eratnm )T (L(Fat220tam ) 1
A(1+a)(115) |otox \ @ € (a+2)(B+2) (@12)(B+2)
N ((a+1)z+(5(a+2)+a+3)m)5 N ((5+1)z+((ﬁ+2)a+5+3)m)§
(a+2)(B+2) (a+2)(512) ’
which is the desired result. O

Corollary 3.9. In Theorem 3.8 if we choose &1 (bya) = &5 (b,a) = b — a, we obtain the
following fractional inequality

Flae) 4 F(ad)+F (be) 1 (bud) I(o41)D(B41)
‘ a — At f—ar@—or

x (Jggéd, (a,¢) + J%7, f(b,) + TP, f (a,d) + g;ﬁf(b,d))‘

1 1
(b—a)(d—c) | &*f (a+1)(B+D)I+(B+a+3)m | ¢ I+(Ba+2B+2a+3)m \ @
S T8 ’atm (a, C)‘ (( (at+2)(B+2) ) + ( (a+2)(F+2) )

n ((a+1)z+(ﬂ(a+2)+a+3)m)5 ((6+1)z+((B+2)a+5+3)m)5
(a+2)(B+2) (a+2)(B+2) :
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