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1. INTRODUCTION

Let f be a convex function on [u, v], then

f
(
u+v

2

)
≤ 1

v−u

v∫
u

f(x)dx ≤ f(u)+f(v)
2 , (1. 1)

if the function f is concave then (1. 1 ) holds in the reverse direction (see [26]).
The above inequality is known as Hermite-Hadamard integral inequality
In [6] Dragomir established the bidimentionnal anologue of (1. 1 ) given by

f
(
u+v

2 , c+d2

)
≤ 1

2

 1
v−u

v∫
u

f(τ, c+d2 )dτ + 1
d−c

d∫
c

f(u+v
2 , y)dy


≤ 1

(v−u)(d−c)

v∫
u

d∫
c

f(τ, y)dydτ
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≤ 1
4

 1
v−u

v∫
u

f(τ, c)dτ + 1
v−u

v∫
u

f(τ, d)dτ

+ 1
d−c

d∫
c

f(u, y)dy + 1
d−c

d∫
c

f(v, y)dy


≤ f(u, c) + f(u, d) + f(v, c) + f(v, d)

4
. (1. 2)

Inequalities (1. 1 ) and (1. 2 ) have attracted many researchers, we note that the literature
in this context is rich and various. About some papers related to the integral inequalities
we mention [1, 3, 5, 6, 7, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 21, 22, 25] and references
therein.

Hanson [8] gave a new generalization of the classical convexity, called invexity or gener-
alized convexity. Many authors studied the properties, and applications of this new concept,
see for instance [4, 23, 24, 27, 29, 30].

Alomari et al. [2] gave the following Hermite-Hadamard for co-ordinated log-convex
functions

Theorem 1.1. Assume that f : ∆ → R+ is co-ordinated log-convex functions on ∆ =
[u, v]× [c, d] ⊂ R2. Then

4 log f
(
u+v

2 , c+d2

)
≤ 4

(v−u)(d−c)

v∫
u

d∫
c

log f(x, y)dydx

≤ log [f (u, c) f (u, d) f (v, c) f (v, d)] .

In this paper we introduce the concept of co-ordinated log-preinvex functions, we es-
tablish a new fractional identity involving a function of two independent variables, and
then we derive some fractional Hermite-Hadamard type inequalities for functions whose
modulus of the mixed derivatives are co-ordinated log-preinvex.

2. PRELIMINARIES

In this section we recall some definitions and lemmas that’s well known in the literature,
and assume that Ω := [u, v] × [θ, ω] is a bidimensional interval in R2 with u < v and
θ < ω.

Definition 2.1. [2] A positive function f : Ω→ R is said to be co-ordinated log-convex on
Ω, if the following inequality:

f (mθ + (1−m)u, sω + (1− s) v) ≤fms(θ, ω)fm(1−s)(θ, v)f (1−m)s(u, ω)

× f (1−m)(1−s)(u, v)

holds for all m, s ∈ [0, 1] and (θ, ω), (u, v) ∈ Ω.

Definition 2.2. [19] Let H1, H2 be two nonempty subsets of Rn, (θ, ω) ∈ H1 × H2. We
say that the set K1 × K2 is invex at point (θ, ω) with respect to ξ1 and ξ2, if for each
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(u, v) ∈ H1 ×H2 and m, s ∈ [0, 1], we have

(θ +mξ1 (u, θ) , ω + sξ2 (v, ω)) ∈ H1 ×H2.

H1 ×H2 is said to be an invex set with respect to ξ1 and ξ2 if H1 ×H2 is invex at each
points (θ, ω) ∈ H1 ×H2.

Definition 2.3. [14] Assume that f ∈ L ([u, v]). The Riemann-Liouville fractional inte-
grals Jαu+f and Jαv−f of order α > 0 with u ≥ 0 are defined by

Jαu+f(x) =
1

Γ (α)

x∫
u

(x− t)α−1
f(t)dt, x > u

Jαv−f(x) =
1

Γ (α)

v∫
x

(t− x)
α−1

f(t)dt, v > x,

where Γ(α) =
∞∫
0

e−ttα−1dt, is the Gamma function and J0
u+f(x) = J0

v−f(x) = f(x).

Definition 2.4. [14] Assume that f ∈ L(Ω). The Riemann-Liouville fractional integrals
Jα,βu+,θ+ , J

α,β
u+,ω− , J

α,β
v−,θ+ and Jα,βv−,ω−of order α, β > 0 with u, θ ≥ 0 are defined by

Jα,βu+,θ+f (v, ω) =
1

Γ (α) Γ (β)

v∫
u

ω∫
θ

(v − x)
α−1

(ω − y)
β−1

f (x, y) dydx (2. 3)

Jα,βu+,ω−f (v, θ) =
1

Γ (α) Γ (β)

v∫
u

ω∫
θ

(v − x)
α−1

(y − θ)β−1
f (x, y) dydx (2. 4)

Jα,βv−,θ+f (u, ω) =
1

Γ (α) Γ (β)

v∫
u

ω∫
θ

(x− u)
α−1

(ω − y)
β−1

f (x, y) dydx (2. 5)

Jα,βv−,ω−f (u, θ) =
1

Γ (α) Γ (β)

v∫
u

ω∫
θ

(x− u)
α−1

(y − θ)β−1
f (x, y) dydx. (2. 6)

Definition 2.5. [28] Assume that f ∈ L(Ω). The Riemann-Liouville fractional integrals
Jαv−f (u, θ), Jαu+f (v, θ), Jβω−f (u, θ), and Jαθ+f (u, ω) of order α, β > 0 with u, θ ≥ 0,
u < v, and θ < ω are defined by

Jαv−f (u, θ) =
1

Γ (α)

v∫
u

(x− u)
α−1

f (x, θ) dx (2. 7)

Jαu+f (v, θ) =
1

Γ (α)

v∫
u

(v − x)
α−1

f (x, θ) dx (2. 8)
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Jβω−f (u, θ) =
1

Γ (β)

ω∫
θ

(y − θ)β−1
f (u, y) dy (2. 9)

Jαθ+f (u, ω) =
1

Γ (β)

ω∫
θ

(ω − y)
β−1

f (u, y) dy, (2. 10)

where Γ is the Gamma function.

We also recall that the weighted arithmetic-geometric mean inequality can be says that
for a, b ≥ 0 and 0 ≤ ν ≤ 1

aνb1−ν ≤ νa+ (1− ν) b.

3. MAIN RESULTS

In what follows we assume that K = [a, a+ ξ1 (b, a)] × [c, c+ ξ2 (d, c)] be an invex
subset of R2 with respect to ξ1, ξ2 where ξ1, ξ2 : R2 → R are two bifunctions such that
ξ1 (b, a) > 0 and ξ2 (d, c) > 0.

We first introduce the class of log-preinvex functions on the co-ordinates

Definition 3.1. A positive function f : K → R is said to be co-ordinated log-preinvex on
K with respect to ξ1 and ξ2, if

f (x+ tξ1 (y, x) , u+ sξ2 (v, u)) ≤f (1−t)(1−s) (x, u) f (1−t)s (x, v)

× f t(1−s) (y, u) f ts (y, u)

holds for all (x, u) , (y, v) ∈ [a, a+ ξ1 (b, a)]× [c, c+ ξ2 (d, c)] and t, s ∈ [0, 1].

Remark 3.2. Definition 3.1 recapture Definition 2.1, if we choose ξ1 (y, x) = ξ2 (y, x) =
y − x.

We will start with the following lemma which is an auxiliary result.

Lemma 3.3. Let f : K → R be a partially differentiable function on K, if ∂2f
∂t∂s ∈ L (K),

then the following equality holds

f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)

= ξ1(b,a)ξ2(d,c)
4

1∫
0

1∫
0

(tα − (1− t)α)
(
sβ − (1− s)β

)
× ∂2f
∂t∂s (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt, (3. 11)
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where

A = Γ(α+1)
4(ξ1(b,a))α

(
Jα

(a+ξ1(b,a))−
f (a, c+ ξ2 (d, c)) + Jα

(a+ξ1(b,a))−
f (a, c)

+ Jαa+f (a+ ξ1 (b, a) , c+ ξ2 (d, c)) + Jαa+f (a+ ξ1 (b, a) , c))

+ Γ(β+1)

4(ξ2(d,c))β

(
Jβ

(c+ξ2(d,c))−
f (a+ ξ1 (b, a) , c) + Jβ

(c+ξ2(d,c))−
f (a, c)

+ Jαc+f (a+ ξ1 (b, a) , c+ ξ2 (d, c)) + Jαc+f (a, c+ ξ2 (d, c))) . (3. 12)

Proof. By integration by parts, we get
1∫
0

1∫
0

(tα − (1− t)α)
(
sβ − (1− s)β

)
∂2f
∂t∂s (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

=

1∫
0

(tα − (1− t)α)

×

 1∫
0

(
sβ − (1− s)β

)
∂2f
∂t∂s (a+ tξ1 (b, a) , c+ sξ2 (d, c)) ds

 dt

=

1∫
0

(tα − (1− t)α)
(

1
ξ2(d,c)

∂f
∂t (a+ tξ1 (b, a) , c+ ξ2 (d, c))

+ 1
ξ2(d,c)

∂f
∂t (a+ tξ1 (b, a) , c)

− β
ξ2(d,c)

1∫
0

(
sβ−1 + (1− s)β−1

)
∂f
∂t (a+ tξ1 (b, a) , c+ sξ2 (d, c)) ds

 dt

= 1
ξ2(d,c)

1∫
0

(tα − (1− t)α) ∂f∂t (a+ tξ1 (b, a) , c+ ξ2 (d, c)) dt

+ 1
ξ2(d,c)

1∫
0

(tα − (1− t)α) ∂f∂t (a+ tξ1 (b, a) , c) dt

− β
ξ2(d,c)

1∫
0

1∫
0

(
sβ−1 + (1− s)β−1

)
(tα − (1− t)α)

×∂f∂t (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dtds

= 1
ξ1(b,a)ξ2(d,c)f (a+ ξ1 (b, a) , c+ ξ2 (d, c)) + 1

ξ1(b,a)ξ2(d,c)f (a, c+ ξ2 (d, c))

− α
ξ1(b,a)ξ2(d,c)

1∫
0

(
tα−1 + (1− t)α−1

)
f (a+ tξ1 (b, a) , c+ ξ2 (d, c)) dt

+ 1
ξ1(b,a)ξ2(d,c)f (a+ ξ1 (b, a) , c) + 1

ξ1(b,a)ξ2(d,c)f (a, c)
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− α
ξ1(b,a)ξ2(d,c)

1∫
0

(
tα−1 + (1− t)α−1

)
f (a+ tξ1 (b, a) , c) dt

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(
sβ−1 + (1− s)β−1

)
f (a+ ξ1 (b, a) , c+ sξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(
sβ−1 + (1− s)β−1

)
f (a, c+ sξ2 (d, c)) ds

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

(
sβ−1 + (1− s)β−1

)(
tα−1 + (1− t)α−1

)
×f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

= 1
ξ1(b,a)ξ2(d,c)f (a+ ξ1 (b, a) , c+ ξ2 (d, c)) + 1

ξ1(b,a)ξ2(d,c)f (a, c+ ξ2 (d, c))

− α
ξ1(b,a)ξ2(d,c)

1∫
0

(
tα−1 + (1− t)α−1

)
f (a+ tξ1 (b, a) , c+ ξ2 (d, c)) dt

+ 1
ξ1(b,a)ξ2(d,c)f (a+ ξ1 (b, a) , c) + 1

ξ1(b,a)ξ2(d,c)f (a, c)

− α
ξ1(b,a)ξ2(d,c)

1∫
0

(
tα−1 + (1− t)α−1

)
f (a+ tξ1 (b, a) , c) dt

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(
sβ−1 + (1− s)β−1

)
f (a+ ξ1 (b, a) , c+ sξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(
sβ−1 + (1− s)β−1

)
f (a, c+ sξ2 (d, c)) ds

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

(
sβ−1 + (1− s)β−1

)(
tα−1 + (1− t)α−1

)
×f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

= f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
ξ1(b,a)ξ2(d,c)

− α
ξ1(b,a)ξ2(d,c)

1∫
0

tα−1f (a+ tξ1 (b, a) , c+ ξ2 (d, c)) dt

− α
ξ1(b,a)ξ2(d,c)

1∫
0

(1− t)α−1
f (a+ tξ1 (b, a) , c+ ξ2 (d, c)) dt



Frac. Hermite-Hadamard Type Int. Inequalities for Functions whose Modulus of Derivatives are Co-ordinated log-Preinvex 27

− α
ξ1(b,a)ξ2(d,c)

1∫
0

tα−1f (a+ tξ1 (b, a) , c) dt

− α
ξ1(b,a)ξ2(d,c)

1∫
0

(1− t)α−1
f (a+ tξ1 (b, a) , c) dt

− β
ξ1(b,a)ξ2(d,c)

1∫
0

sβ−1f (a+ ξ1 (b, a) , c+ sξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(1− s)β−1
f (a+ ξ1 (b, a) , c+ ξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

sβ−1f (a, c+ sξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

sβ−1f (a, c+ sξ2 (d, c)) ds

− β
ξ1(b,a)ξ2(d,c)

1∫
0

(1− s)β−1
f (a, c+ sξ2 (d, c)) ds

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

sβ−1tα−1f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

sβ−1 (1− t)α−1
f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

(1− s)β−1
tα−1f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

+ αβ
ξ1(b,a)ξ2(d,c)

1∫
0

1∫
0

(1− s)β−1
(1− t)α−1

f (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt.

(3. 13)

Putting x = a+ tξ1 (b, a) and y = c+ sξ2 (d, c) in (3. 13 ) we obtain

1∫
0

1∫
0

(tα − (1− t)α)
(
sβ − (1− s)β

)
∂2f
∂t∂s (a+ tξ1 (b, a) , c+ sξ2 (d, c)) dsdt

= f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
ξ1(b,a)ξ2(d,c)
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− α
(ξ1(b,a))α+1ξ2(d,c)

a+ξ1(b,a)∫
a

(x− a)
α−1

f (x, c+ ξ2 (d, c)) dx

− α
(ξ1(b,a))α+1ξ2(d,c)

a+ξ1(b,a)∫
a

(a+ ξ1 (b, a)− x)
α−1

f (x, c+ ξ2 (d, c)) dx

− α
(ξ1(b,a))α+1ξ2(d,c)

a+ξ1(b,a)∫
a

(x− a)
α−1

f (x, c) dx

− α
(ξ1(b,a))α+1ξ2(d,c)

a+ξ1(b,a)∫
a

(a+ ξ1 (b, a)− x)
α−1

f (x, c) dx

− β

ξ1(b,a)(ξ2(d,c))β+1

c+ξ2(d,c)∫
c

(y − c)β−1
f (a+ ξ1 (b, a) , y) dy

− β

ξ1(b,a)(ξ2(d,c))β+1

c+ξ2(d,c)∫
c

(c+ ξ2 (d, c)− y)
β−1

f (a+ ξ1 (b, a) , y) dy

− β

ξ1(b,a)(ξ2(d,c))β+1

c+ξ2(d,c)∫
c

(y − c)β−1
f (a, y) dy

− β

ξ1(b,a)(ξ2(d,c))β+1

c+ξ2(d,c)∫
c

(c+ ξ2 (d, c)− y)
β−1

f (a, y) dy

+ αβ

(ξ1(b,a))α+1(ξ2(d,c))β+1

×
a+ξ1(b,a)∫

a

c+ξ2(d,c)∫
c

(x− a)
α−1

(y − c)β−1
f (x, y) dydx

+ αβ

(ξ1(b,a))α+1(ξ2(d,c))β+1

×
a+ξ1(b,a)∫

a

c+ξ2(d,c)∫
c

(a+ ξ1 (b, a)− x)
α−1

(y − c)β−1
f (x, y) dydx

+ αβ

(ξ1(b,a))α+1(ξ2(d,c))β+1

×
a+ξ1(b,a)∫

a

c+ξ2(d,c)∫
c

(x− a)
α−1

(c+ ξ2 (d, c)− y)
β−1

f (x, y) dydx
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+ αβ

(ξ1(b,a))α+1(ξ2(d,c))β+1

×
a+ξ1(b,a)∫

a

c+ξ2(d,c)∫
c

(a+ ξ1 (b, a)− x)
α−1

(c+ ξ2 (d, c)− y)
β−1

f (x, y) dydx.

(3. 14)

Multplying both sides of (3. 14 ) by ξ1(b,a)ξ2(d,c)
4 , and using (2. 3 )-(2. 10 ), we get the

desired result. �

Theorem 3.4. Let f : K → R be a partially differentiable function on K. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣ is

co-ordinated log-preinvex function on K with respect to ξ1 and ξ2 such that ξ1 (b, a) > 0
and ξ2 (d, c) > 0, then the following fractional inequality holds

∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4

σ+3τ
(α+1)(β+1)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ,
where

σ =
∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣ , (3. 15)

τ =
∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣ ∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣ , (3. 16)

and A is defined as in (3. 12 ).

Proof. From Lemma 3.3, and properties of modulus we have

∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)
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+ Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4

×
1∫
0

1∫
0

|tα − (1− t)α|
∣∣∣λβ − (1− λ)

β
∣∣∣ ∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣ dλdt
≤ ξ1(b,a)ξ2(d,c)

4

×
1∫
0

1∫
0

(tα + (1− t)α)
(
λβ + (1− λ)

β
) ∣∣∣ ∂2f

∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))
∣∣∣ dλdt.
(3. 17)

Using log-preinvexity on the co-ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣, we get∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4

×
1∫
0

1∫
0

(
(tα + (1− t)α)

(
λβ + (1− λ)

β
) ∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣(1−t)(1−λ)

×
∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣(1−t)λ ∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣t(1−λ) ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣tλ) dλdt
≤ ξ1(b,a)ξ2(d,c)

4

×
1∫
0

1∫
0

(
(tα + (1− t)α)

(
λβ + (1− λ)

β
) ∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣1+tλ

×
∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣1−tλ ∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣1−tλ ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣tλ) dλdt
= ξ1(b,a)ξ2(d,c)

4

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣
×

1∫
0

1∫
0

(tα + (1− t)α)
(
λβ + (1− λ)

β
)
σtλτ1−tλdλdt, (3. 18)

where σ and τ are defined as in (3. 15 ) and (3. 16 ) respectively.
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Now, applying the weighted arithmetic-geometric mean inequality, (3. 18 ) becomes

∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣

×
1∫
0

1∫
0

(tα + (1− t)α)
(
λβ + (1− λ)

β
)

(tλσ + (1− tλ) τ) dλdt

= ξ1(b,a)ξ2(d,c)
4

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣
×

(σ − τ)

 1∫
0

(
tα+1 + t (1− t)α

)
dt

 1∫
0

(
λβ+1 + λ (1− λ)

β
)
dλ


+ τ

 1∫
0

(tα + (1− t)α) dt

 1∫
0

(
λβ + (1− λ)

β
)
dλ


= ξ1(b,a)ξ2(d,c)

4
σ+3τ

(α+1)(β+1)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ,
The proof is achieved. �

Corollary 3.5. In Theorem 3.4 if we choose ξ1 (b, a) = ξ2 (b, a) = b − a, we obtain the
following fractional inequality

∣∣∣ f(a,c)+f(a,d)+f(b,c)+f(b,d)
4 −A+ Γ(α+1)Γ(β+1)

4(b−a)α(d−c)β

×
(
Jα,βb−,d−f (a, c) + Jα,βa+,d−f (b, c) + Jα,βb−,c+f (a, d) + Jα,βa+,c+f (b, d)

)∣∣∣
≤ (b−a)(d−c)

4
σ+3τ

(α+1)(β+1)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ .
Theorem 3.6. Let f : K → R be a partially differentiable function on K. If

∣∣∣ ∂2f
∂t∂λ

∣∣∣q is

co-ordinated log-preinvex function on K with respect to ξ1 and ξ2 such that ξ1 (b, a) > 0
and ξ2 (d, c) > 0, where q > 1 with 1

p + 1
q = 1, then the following fractional inequality
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holds ∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A (3. 19)

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ( l+3m
4

) 1
q ,

where

l =
∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣q ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣q , (3. 20)

m =
∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣q ∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣q , (3. 21)

and A is defined as in (3. 12 ).

Proof. From Lemma 3.3, properties of modulus, and Hölder inequality, we have∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4


 1∫

0

1∫
0

tαpλβpdλdt


1
p

+

 1∫
0

1∫
0

tαp (1− λ)
βp
dλdt


1
p

+

 1∫
0

1∫
0

(1− t)pα λpβdλdt


1
p

+

 1∫
0

1∫
0

(1− t)pα (1− λ)
pβ
dλdt


1
p


×

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

= ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

.(3. 22)
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Since
∣∣∣ ∂2f
∂t∂λ

∣∣∣q is co-ordinated log-preinvex, we deduce∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

 1∫
0

1∫
0

(∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣q)(1−t)(1−λ) (∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣q)tλ

×
(∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣q)(1−t)λ (∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣q)t(1−λ)

dλdt

) 1
q

≤ ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣
 1∫

0

1∫
0

ltλm1−tλdλdt


1
q

, (3. 23)

where l and m are defined as in (3. 20 ) and (3. 21 ) respectively.
Now, applying the weighted arithmetic-geometric mean inequality for (3. 23 ), and then

integrating the result, we get∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣
 1∫

0

1∫
0

(tλl + (1− tλ)m) dλdt


1
q

= ξ1(b,a)ξ2(d,c)

(αp+1)
1
p (βp+1)

1
p

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ( l+3m
4

) 1
q ,

which is the desired result. �

Corollary 3.7. In Theorem 3.6 if we choose ξ1 (b, a) = ξ2 (b, a) = b − a, we obtain the
following fractional inequality∣∣∣ f(a,c)+f(a,d)+f(b,c)+f(b,d)

4 −A+ Γ(α+1)Γ(β+1)

4(b−a)α(d−c)β

×
(
Jα,βb−,d−f (a, c) + Jα,βa+,d−f (b, c) + Jα,βb−,c+f (a, d) + Jα,βa+,c+f (b, d)

)∣∣∣
≤ (b−a)(d−c)

(αp+1)
1
p (βp+1)

1
p

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ ( l+3m
4

) 1
q .
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Theorem 3.8. Let f : K → R be a partially differentiable function on K. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣q is
co-ordinated log-preinvex function on K with respect to ξ1 and ξ2 where q > 1, then the
following inequality holds∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))

4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4(1+α)(1+β)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ (( (α+1)(β+1)l+(β+α+3)m
(α+2)(β+2)

) 1
q

+
(
l+(βα+2β+2α+3)m

(α+2)(β+2)

) 1
q

+
(

(α+1)l+(β(α+2)+α+3)m
(α+2)(β+2)

) 1
q

+
(

(β+1)l+((β+2)α+β+3)m
(α+2)(β+2)

) 1
q

)
,

where A, l and m are defined as in (3. 12 ), (3. 20 ) and (3. 21 ) respectively.

Proof. From Lemma 3.3, properties of modulus, and power mean inequality, we have∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)
4


 1∫

0

1∫
0

tαλβdλdt

1− 1
q

×

 1∫
0

1∫
0

tαλβ
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

tα (1− λ)
β
dλdt

1− 1
q

×

 1∫
0

1∫
0

tα (1− λ)
β
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

(1− t)α λβdλdt

1− 1
q
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×

 1∫
0

1∫
0

(1− t)α λβ
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

(1− t)α (1− λ)
β
dλdt

1− 1
q

×

 1∫
0

1∫
0

(1− t)α (1− λ)
β
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q


= ξ1(b,a)ξ2(d,c)

4(1+α)
1− 1

q (1+β)
1− 1

q


 1∫

0

1∫
0

tαλβ
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

tα (1− λ)
β
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

(1− t)α λβ
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

+

 1∫
0

1∫
0

(1− t)α (1− λ)
β
∣∣∣ ∂2f
∂t∂λ (a+ tξ1 (b, a) , c+ λξ2 (d, c))

∣∣∣q dλdt


1
q

 .

Using log-preinvexity on the co-ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣q , and then Applying the A-G inequality
for the result we get

∣∣∣ f(a,c)+f(a,c+ξ2(d,c))+f(a+ξ1(b,a),c)+f(a+ξ1(b,a),c+ξ2(d,c))
4 −A

+ Γ(α+1)Γ(β+1)

4(ξ1(b,a))α(ξ2(d,c))β

(
Jα,β

(a+ξ1(b,a))−,(c+ξ2(d,c))−
f (a, c)

+Jα,β
a+,(c+ξ2(d,c))−

f (a+ ξ1 (b, a) , c) + Jα,β
(a+ξ1(b,a))−,c+

f (a, c+ ξ2 (d, c))

+ Jα,βa+,c+f (a+ ξ1 (b, a) , c+ ξ2 (d, c))
)∣∣∣

≤ ξ1(b,a)ξ2(d,c)

4(1+α)
1− 1

q (1+β)
1− 1

q

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣
×


(l −m)

1∫
0

1∫
0

tα+1λβ+1dλdt+m

1∫
0

1∫
0

tαλβdλdt


1
q
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+

(l −m)

1∫
0

1∫
0

tα+1λ (1− λ)
β
dλdt+m

1∫
0

1∫
0

tα (1− λ)
β
dλdt


1
q

+

(l −m)

1∫
0

1∫
0

t (1− t)α λ (1− λ)
β
dλdt+m

1∫
0

1∫
0

(1− t)α (1− λ)
β
dλdt


1
q

+

(l −m)

1∫
0

1∫
0

t (1− t)α λβ+1dλdt+m

1∫
0

1∫
0

(1− t)α λβdλdt


1
q


= ξ1(b,a)ξ2(d,c)

4(1+α)(1+β)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ (( (α+1)(β+1)l+(β+α+3)m
(α+2)(β+2)

) 1
q

+
(
l+(βα+2β+2α+3)m

(α+2)(β+2)

) 1
q

+
(

(α+1)l+(β(α+2)+α+3)m
(α+2)(β+2)

) 1
q

+
(

(β+1)l+((β+2)α+β+3)m
(α+2)(β+2)

) 1
q

)
,

which is the desired result. �

Corollary 3.9. In Theorem 3.8 if we choose ξ1 (b, a) = ξ2 (b, a) = b − a, we obtain the
following fractional inequality∣∣∣ f(a,c)+f(a,d)+f(b,c)+f(b,d)

4 −A+ Γ(α+1)Γ(β+1)

4(b−a)α(d−c)β

×
(
Jα,βb−,d−f (a, c) + Jα,βa+,d−f (b, c) + Jα,βb−,c+f (a, d) + Jα,βa+,c+f (b, d)

)∣∣∣
≤ (b−a)(d−c)

4(1+α)(1+β)

∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ (( (α+1)(β+1)l+(β+α+3)m
(α+2)(β+2)

) 1
q

+
(
l+(βα+2β+2α+3)m

(α+2)(β+2)

) 1
q

+
(

(α+1)l+(β(α+2)+α+3)m
(α+2)(β+2)

) 1
q

+
(

(β+1)l+((β+2)α+β+3)m
(α+2)(β+2)

) 1
q

)
.

REFERENCES

[1] A. Akkurt, M. Z. Sarıkaya, H. Budak and H. Yıldırım, On the Hadamard’s type inequalities for co-ordinated
convex functions via fractional integrals. Journal of King Saud University-Science 29, No 3 (2017) 380-387.

[2] M. Alomari and M. Darus, On the Hadamard’s inequality for log-convex functions on the coordinates. J.
Inequal. Appl. 2009, Art. ID 283147 13 pp.

[3] I. A. Baloch, On G. Bennett’s Inequality, Punjab Univ. j. math. 48, No. 1 (2016) 65-72.
[4] A. Ben-Israel and B. Mond, What is invexity? J. Austral. Math. Soc. Ser. B 28, No 1 (1986) 1–9.
[5] H. Darwish, A. M. Lashin and S. Soileh, Fekete-Szego Type Coefficient Inequalities for Certain Subclasses

of Analytic Functions Involving Salagean Operator, Punjab Univ. j. math. 48, No. 2 (2016) 65-80.
[6] S. S. Dragomir, On the Hadamard’s inequality for convex functions on the co-ordinates in a rectangle from

the plane, Taiwanese J. Math. 5, No. 4 (2001) 775–788.
[7] S. S. Dragomir, Generalization, Refinement and Reverses of the Right Fejer Inequality for Convex Functions,

Punjab Univ. j. math. 49, No. 2 (2017) 1-13.
[8] M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl. 80, No. 2 (1981) 545–550.
[9] S. Hussain and S. Qaisar, New Integral Inequalities of the Type of Hermite-Hadamard Through Quasi Con-

vexity, Punjab Univ. j. math. 45, (2013) 33-38.
[10] S. Hussain and S. Qaisar, Generalizations of Simpson’s Type Inequalities Through Preinvexity and Prequasi-

invexity, Punjab Univ. j. math. 46, No. 2 (2014) 1-9.



Frac. Hermite-Hadamard Type Int. Inequalities for Functions whose Modulus of Derivatives are Co-ordinated log-Preinvex 37
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