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Abstract. In this paper, a new weighted identity involving a differentiable
mapping and a non-negative p-symmetric mapping is established. By us-
ing the mathematical analysis techniques, some new integral inequalities
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1. INTRODUCTION

Let A : I C R — R be a convex function and ¢, € € I with € < ¢, the double inequality

A(”€>s ! /;A(@d%sw (1. 1)

2 E—¢€

is very famous in the theory of convex functions and is known as the Hermite-Hadamard
inequality. The inequality ( 1. 1) is considered as a necessary and sufficient condition for a
function A to be convex over an interval I and it actually provides the bounds of the average
value of a convex function.

In [9], Fejér gave a generalized version of ( 1. 1) while studying trigonometric polyno-
mials. Fejér’s original result reads as follows:

Consider the integral [~ \(5¢)pu(5¢)dse, where A is a convex function in the interval (¢, ),
w(3¢) > 0 for s in (e, ) and

ple+a)=ple—a), 0<a<-(e+e).

[N
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Then

A(Gy) [ i< [ aGantae < M2 [upaie

2

It has been noticed that the theory of inequalities significantly depends on the theory of
convexity. Since the theory of convexity plays an important role in the theory of inequalities
and in the other areas of pure and applied mathematics, hence it has received a considerable
attention by a number of researchers over the past few decades. Many mathematicians have
tried to extend or to generalize the classical notion of convex sets and convex functions in
several directions. As a consequence of the extensions and generalizations of the classical
convexity, Hermite-Hadamard inequality ( 1. 1) and Fejér’s inequality ( 1. 2 ) have been
given different forms and numerous bounds related to the middle and leftmost, and middle
and the rightmost terms in ( 1. 1) and ( 1. 2 ) have also been proved, see for instance
[2]-[7] and [8]-[30].

One of the generalizations of the convex sets and convex functions, known as p-convex
sets and p-convex functions, was introduced by Zhang in [31]. In the definitions of p-
convex sets and p-convex functions given in [31], the number p is a positive odd integer
or a fraction with numerator and denominator as positive odd integers and the p-convex
functions are defined over an interval of the set of real numbers R. The definitions of
p-convex sets and p-convex functions were modified by Iscan in [15] by restricting the
domain to be an interval of the set of positive real numbers so that p can be any non-zero
real number. The class of p-convex functions introduced by Iscan contains both the class of
classical convex functions and the class of harmonically convex functions that are defined
over the set of positive real numbers.

In what follows we recall some basic definitions related to p-convex sets, p-convex func-
tions, p-symmetric functions and related Hermite-Hadamard, and Fejér type inequalities for
p-convex functions.

Definition 1.1. [31] An interval I C R is p-convex if
M, (5, ;) = [as + (1 — @) Bp]% el

forall >, 3 € Ianda € [0,1], wherep =2k +1orp= X, n=2r+1,m=2s+ 1k,
r, s € N.

Definition 1.2. [31] Let I be a p-convex set. A function \ : I — R is said to be p-convex
Sfunction or \ is said to belong to the class PC (I), if

A(Mp (52, 850)) <ai(s)+ (1 —a)A(B)
forall >, B € Iand a € [0,1].

Remark 1.3. It is clear from the Definition 1.2 that the p-convex functions are the convex

functions in the classical sense for p = 1. Sincep = 2k +1orp = >, n = 2r+1,

m=2s+1,k, r, s €N, this shows that p # —1. Hence the class PC (I) does not contain
the harmonic convex functions.

Remark 1.4. [14] If I C (0,00) and p € R\ {0}, then
M, (5, B; ) = [as? + (1 — a) 7]
forall >, B € Iand a € [0,1].

S =

el
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Based on Remark 1.4, the following modification of p-convex functions was given in
[14] by Iscan.

Definition 1.5. [15] Let I C (0,00) and p € R\ {0}. A function X : I — R is said to be
p-convex function or X is said to belong to the class PC (I), if
A(Mp (5, 8;a)) <ar(s)+ (1 —a)A(B) (1. 3)

forall 5, 8 € I and o € [0,1]. If the inequality ( 1. 3 ) is reversed, then \ is said to be
p-concave.

According to Definition 1.5, we get from the p-convexity the usual convexity and har-
monic convexity when p = 1 and p = —1 of functions defined on I C (0, co) respectively.
The following is the corrected version of a proposition given in [15].

Proposition 1.6. Let A : I C (0,00) — R be a function and p € R\ {0}, then

(1) If X is convex and nondecreasing, then \ is p-convex for p € (—oo,0) U (0, 1].
(2) If X\ is p-convex and nondecreasing for p > 1, then \ is convex.

(3) If A is p-concave and nondecreasing for p € (—o0,0) U (0, 1], then A is concave.
(4) If X is concave and nondecreasing, then X is p-concave for p > 1.

(5) If )\ is convex and nonincreasing, then A is p-convex for p > 1.

(6) If X is p-convex and nonincreasing for p € (—oo,0) U (0, 1], then X is convex.
(7) If )\ is p-concave and nonincreasing for p > 1, then A is concave.

(8) If A is concave and nonincreasing, then \ is p-concave for p € (—o0,0) U (0, 1].

Proof. (1) Suppose that A is convex and nondecreasing. For p € (—o0,0) U (0, 1], we have
[as? + (1 —a)ﬁpﬁ <ax+(1—a)p
for all 5, 8 € I and « € [0, 1]. Hence by using the convexity of A, we have
A(los” + (1= ) B7]7) < Aase+ (1 - a) B)
<ad(z)+ (1 —a)+A(H)

for all 5, 8 € I and « € [0, 1]. This shows that \ is p-convex.
(2) Suppose that A is p-convex and nondecreasing for p > 1. For p > 1, we have

ax+(1—a)B<[ax+(1 —a)ﬁp}%
for all 5, 8 € I and « € [0, 1]. Hence by using the p-convexity of A, we have
Mase+ (1) ) < A (lase? + (1 a) 7] )
<ad()+ (1 —a)+ A (P).
The results (3), (4), (5), (6), (7) and (8) can be proved similarly. O

According to Proposition 1.6, the following p-convex and p-concave functions can be
constructed.

Example 1.7. [15] Let A : (0,00) — R, A(3¢) = 3, then X is a p-convex function for
p € (—00,0) U (0,1] and X is a p-concave function for p > 1.

Example 1.8. [15] Let A : (0,00) = R, A(5) = 3P, p > 1, then \ is a p-convex function.
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Example 1.9. [15] Let A : (0,00) — R, A(3¢) = —lnscand p > 1, then \ is a p-convex
function.

Example 1.10. [15] Let A : (0,00) — RA(3¢) = Insc and p > 1, then X is a p-concave
Sfunction.

The following Hermite-Hadamard type inequalities were obtained in [15].

Theorem 1.11. [15] Let A : I C (0,00) — R be a p-convex function, p € R\ {0}, and e,
e € Iwithe <e. If X € L[e, ¢], then we have

() g

— P —¢p 21-p
The inequalities ( 1. 4 ) are sharp.
Definition 1.12. [19] Let p € R\ {0}. A function p1 : [e,e] C (0,00) — R is said to
be p-symmetric with respect to (#)% if u(x) = pu ([e” + &P — %p]%) holds for all
7 € [e,€l.
A weighted version of the inequality ( 1. 4 ) is proved in [19].

Theorem 1.13. [19] Let A : I C (0, 00) — R be a p-convex function, p € R\ {0}, ¢, ¢ € T

withe < e. If \ € L|e,e] and w : [e,e] — R is non-negative, integrable and p-symmetric

eP4eP
2

1
with respect to ( ) P, then the following inequalities hold

A<{+U /W(z)d%S v /wwm,(%)d% W)
2 . TP eP —eP J, 1P

Ale) +A(E) [ pu(x)
< > /%1_pd%.

For several new Hermite-Hadamard and Fejér type inequalities related to ( 1. 4 ) and (
1. 5), we refer the interested reader to [15], [19] and [29].

In this article, we prove new integral inequalities of Hermite-Hadamard and Fejér type
for differentiable p-convex functions. The results of this paper generalize some known
results given in [15] and [29].

2. MAIN RESULTS

In this section, we recall Gamma, Beta, Hypergeometric functions and some generaliza-
tions of the Holder inequality.
The Gamma function is defined as

F(%):/O e “a” o

The Beta function, also known as the Euler integral of the first kind, is defined as

1
B(%ﬁ):/ o (1= a)’ Vda, x> 0,8> 0.
0
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The hypergeometric function is given as follows

F . _ 1 ! x—1 o c—p—1 o —€
2 1(%;5,072)*19(?6_0) A o (1-a) (1 —za) “da,

where |z| < land ¢ > > 0.
The weighted Holder inequality can be stated as follows

where p, ¢ > land p~' + ¢~ ! = 1.
The following result is important to derive the results of this paper.

Lemma 2.1. Let A : (¢,d) C (0,00) — R be a differentiable mapping on (c,d) and p :

[e,€] — [0, 00) be continuous and p-symmetric with respect to (#) P fore e € (c,d)
withe < e. If X € L ([, €]), then the following equality holds

D _ P 1 Up(eg5)
1
4p o |JL P

p(eEi0)
X {Up_l (e,e;) N (Up (e,650)) — Lp—1 (e, 650) by (Lp (€, a))] do
RYCERYCITC Y W TIC P

2
where
11—« 1+« b
Up(e,e;a):K 5 >€p+< 5 )5”}
and
1+ « l—« v
Lp(e,s;a):[( 5 )6p+( 5 )Ep:| .
Proof. Let

’

Up—1(e,e5a) A (Up (€,6;)) dex

D _ P 1 Up(e,550)
11:<a e)/ / Mfif)d%
4p 0 Ly(eg;a) 7 P
and

/

L1 (e,55a) X (L (e, 6;)) dev.

D _ .p 1 Up (e,6500)
I = (5 ‘ )/ / 1) g,
4p 0 Lp(egia) % P
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By integration by parts, we have
p_ .p 1 Up (e,e;500)
T s 5
4p 0 Ly(e,e;0) % P

1] Uy, (o) .
5/0 VL d%]d()\(Up(e,a,a)))da

17
pleia) 2P

UP(E)E;Q)
/ p ff) doe
Lp(ee;a) % P

eP — P

’

Up—1(e,e5a) A (Up (€,¢;0)) dax

I

1

=

A(Up (¢,;))

0

2 )/Olﬂ(Up(@s;a))A(Up(e,g;a))da
;5)/: M(%)d%— (M) /Olu(Up (6,8;0)) A (U, (€, ;) dov.

»l-p 2p

|
> 7N

By making the substitution s = U, (¢, £; «), we get

2p dx
da =
eP —eP ) Up_1(€,6; )

B 2p dx B 2p dx
A\ Uy (o) A )

b M2 [ A,
: (

2 1-p eP4eP )% 2 1-p
2

Hence

Similarly, we can prove that

p__.p 1 Up (e,6500)
12:<5 < )/ / “ff‘)d%
4p 0 Ly (e,8500) TP
eP4eP

SRCYICT P Auta

’

Lyp_i(e,65a0) X (Lp (6,65 0)) dev

2 wl-p l-p
This shows that

AR CESIC I gFC POy R CVIC

wl-P
This proves the result of the Lemma. g

Remark 2.2. Ifp = 1, the result given in ( 2. 6 ) becomes the result proved in [12, Theorem
2.2].

If p = —1, the result of Lemma 2.1 becomes the following important result.

Lemma 2.3. Let A : (¢,d) C (0,00) — R be a differentiable mapping on (c,d) and

w: [e,€] = [0,00) be continuous and harmonically-symmetric with respect to ieri for ¢,




New Fejér and Hermite-Hadamard Type Inequalities for Differentiable p-Convex Mappings 45

€ (¢,d) withe < e. If A € L ([¢, €]), then the following equality holds

U raiarae
ee(s—e)/ [/ H(Z)d%
0 2ee »

(I+a)e+(1—a)e

! 2¢ ! 2e
» A ((1—a)s+€(1+o¢)e) B A ((1+a)€+s(1—a)e>

(1-)e+@+a)d® [Q+a)e+(1-a)d
:/\(e)+/\(s)/€u(%)d%_/swda, 2.7

2 22 272

We can now commence to prove the results of this manuscript.

2

Theorem 2.4. Let \ : (¢,d) C (0,00) — R be a differentiable mapping on (¢, d) and y :
1
[e,e] — [0, 00) be continuous and p-symmetric with respect to (#) ? fore e € (c,d)

withe < e. If A € L([e, €]) and ‘)\/ !

‘)\(e)—i—)\@) /Eu(%)d%_/swd%‘

2 =P 2P

el — P\ 2
<l (Z57) o ec2im.0)

where ||pl oo = SUD,.efc e |1 (5¢)] and

! 1— 1
arteenn = [ o{(F52) i s+ (B2) 1 e faa

Proof. Taking the absolute value on both sides of the result of Lemma 2.1 and using the
continuous and discrete power-mean inequalities, we have

‘)\(e)+)\(€) /E/«L(%)d%_/a)‘(%)“(%)d%‘

2 P 1P

1—1
[ )
B dp 0 Ly (e,e500) slop

1 U p(€,8500)
/ a (?) d%) Ul (e,60)
0

1
plegi) X p

1 U(eea)
p(>) _
+< 0 ( Lp(e,e50) %1—Pd )Lg 1 (6 50)

w22\

X [U{l (e,8;0) ‘)\ v (€, €; a))‘q—kLgfl (6,85 )

is p-convex for p € R\ {0} and ¢ > 1,

’

A (€)

arcargN @] @8

/

N CACET))

. q
da)

q q
da
1—1
Up (e,8500) q 1 Up(e,e50)
/ ugﬂ_f)d% / / ’“‘Ef)d%
Ly (e,650) 5P 0 Ly (e,e500) n TP

N (L, (e,g;a))ﬂ da}% . 2.9

/

A (Ly (6,550))

p
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/1a
By using the p-convexity of ‘A ‘ forg > 1, we get

A (Ly (6,850))

’ ‘ q

’ q
UL, (e,550) [N (U, (6,8;04))‘ + LI (e,50)

< )X (g)\q{<1;0‘> UL, (e,550) + (1;0‘) L, (6,6;04)}
\ (a)‘q{<1;°‘> UL, (e,550) + (1 ;O‘> Lo, (e7g;a)}. 2. 10)

By applying (2. 10)in (2. 9), we get
‘A<e>+A<e> [ [ A(%)u(%)d%‘

2 =P
_ 21_% (5pep) /1 /Up(e,a;a) /L( / / (e,850x) ‘u(%)d%
- 4p 0 Ly (€,6500) sl L, (e,e500) slop
q{<1;a>Ug (6,6;0) + < > esa}

q { (1—12—&) US| (e,50) + (I;O‘) Ll (e,e;a)}] da} 2011
Since

Up(e,e;0) Up(e,e;50) 1
D e <l doe = Wllee [ (¢ o) — 12 (e, 1]
L A L

(€,850x) stp p

R
~ e (Z2).
p
1 Up(e,e;500) P _ P
1 el — ¢
(] D hoe) dac = ., ( )
0 L, (e,e500) ” 2p

Thus, the inequality ( 2. 11 ) becomes the following inequality

MO [ [ < ()

2 P

AL (5 e (52) )

+ [ (a)‘q { (i“) U, (e,650) + (1;O‘> L, (e,a;a)}] da}; L @12
O

Q=

+ ’X (e)

p(e,850)

hence

’

A (e)

The inequality ( 2. 12 ) is the desired inequality.

Remark 2.5. If ju(x) = 2 for all » € [e, €] and p € R\ {0}, we can get Hermite-
Hadamard type inequalities for p-convex functions from the result of Theorem 2.4.

The following important results can be deduced from the inequality ( 2. 8 ).
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Corollary 2.6. According to the inferences of Theorem 2.4 with q = 1, then

‘)\(e)—H\(E) /EM(%>d%_/6wd%‘

2 1P 1P

eP — P 2 ’ ’
<l (F5) [or (im0 3 @] +an i) |3 )

} @ 13)

where ||| oo = sup,ee,q) |1 (5)| and

o (6,2:p,1) = /O1 o { (1;“> U, 1 (e,c50) + (i“) Ly (e,a;a)} da.

Corollary 2.7. As far as the reasonings of Theorem 2.4 are justified and p = 1, then

‘/\();A()/ ) doe — /)\ ‘
N+ e :

2
E—€
< 2. 14
||uoo(2) i e

where || 1] o = SUD,cefe o |1 (5)]

Proof. The proof follows from the fact that

1
1-— 1 1
a1(€7€;17Q):a1(8a6;17q):/ Oé{( 2a>+< —;a>}da:2
0

Remark 2.8. The inequality ( 2. 14 ) has been proven in [12, Theorem 2.4]. If p (3¢) = Eie
Sor all x € [e €], the result given in ( 2. 14 ) turns out to be the result proved in [30,
Theorem 1].

Corollary 2.9. Letting g = 1 in Corollary 2.7, gives the result for convex functions below

‘A();A()/ ) doe— /)\ ‘
N (o) +X(5)‘

2
E—€
< 2.1
_||u|00( ) : SNCRE)

where ||| .o = sUp,cefeqp |1 ()]

Remark 2.10. If we take ju (%) = = for all x € [e,e] in (2. 15 ), we get the result
proved in [5, Theorem 2.3].
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Corollary 2.11. If the assumptions of Theorem 2.4 are met and if p = —1, ¢ > 1 and
q# % then
g g
Ale) +A(e) / u(%)d%_/ A ()
2 2 . 2

1
q

" an(ee-1,q) ’X (s)ﬂ . (. 16)

2
E—€ ’
<l (5) o et ¥ @

where || ]| o, = sup,.e(c o |1 (3¢)| and
a1 (6,651, q)
2207120224 (e 4 £)* 7% (¢ — e + 2eq — 2¢q) + €262 (e + 3¢ — 2eq + 2¢q)
B (=) (a=1) (20— 1) (2~ 3)
€2le [(2(] —1)%e2+2(g— 1) (2¢ — 3) € — (4% — 14¢ + 3) ee}
(e—e)*(g—1)(2¢—1)(2q - 3) '

Remark 2.12. If we take () = == for all s« € [e,e| in (2. 16 ), we get Hermite-

E—€

Hadamard type inequalities for harmonically-convex functions.

+

Theorem 2.13. Let A : (¢,d) C (0,00) — R be a differentiable mapping on (c, d) and i :
[e,€] — [0, 00) be continuous and p-symmetric with respect to (<-4=-) ’ fore € € (c,d)
withe < e. If X € L([¢,g]) and ’)\/ ‘q is p-convex for p € R\ {0, o Sfl} and s, q > 1,
s # 2, then the following inequality holds

‘A(e)+>\(€) /j#(%)d%/j)‘(%)“(%)d%‘

2 P 1P
1
7 q 7 n E
P — P\ 2 N ‘)\ (€) +5)\(6)‘
< , :
< (F57) Il d (o o)) .
’ q / 99 9
s @ + ) e
+(Ot1 (5,6,]);8,*1'))5 19 ) (2 17)

where [|p1]| .o = SUp,eeqp |1 (%)

s

(e,¢ ) e +eP\7 " P2 —p(1—a)» " (p+ pr + sz — psa)
v € 1S, ) =
2esns 2 (ps — s —2p) (ps — s — p) x* ’

e’ —eb dstigl=1
x = and s =1
€P + P 1
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Proof. From Lemma 2.1 and employing the weighted version of the Holder inequality, we
have

P

Up(e.sia)
/ p (52) doe
L

1-p
p(evf;a) d

1P
P — P 1
(557
4p 0

x [Up,l (e,8;0) ‘)\/ (Up (€, ¢; a))‘ + Ly_1(€,6;0)

<>| 1 [ @[t esa)
< um/ a{ 1 (68
2p 0 Pl

X ptezanfdos (T2 7) i
([t ([ ot
+ (/OlaLgl(e,g;a)daf (/Ola N (L, (e,s;a))‘qda);] @ 18)

.4
Since ‘)\ ‘ is p-convex for p € R\ {0 5, =2 } and s, g > 1, s # 2, we get that

’5—27 s—1
1
/ a
0

MO+AE) [Fule),  [FAG)a()
AOTAE e | dx

’

N (L, (e,e;a))H da

X (Up (.5:0)

+L,_1 (€,6; )

Q=

’

x A (Up (6,550))

N wpesa|aos [Lal(50) Wl + (159)

:%2 N (@’H%‘X @ @19
and
/Ola )\/(Lp(e,a;a))‘qdag/ola[(1—’2—04) A (6)q+(1;a) )\/(E)‘q] da
:132 A (@‘ﬁ%’x (g)f (2. 20)

Moreover, we also observe that

! ! 1- 1 5
/ aly_4 (6,€;a)da:/ Ol|:< 2a>ep+< J;a) 51’} da
0 0

- (ep ; Ep) . [pQ —p(1—2)" " (p+pr + sz — psa)
a (

2 ps — s —2p) (ps — s — p) x2 1 2.21)
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and

1 1 ==
1 1-—-
/aL;’;fl(e,e;a)da:/ a[( -12—04>6p+< 206)6”}1) do
0 0

(e T PP —p (L) T (p— pa — sz + psa) (2.22)
S\ 2 (ps — s —2p) (ps — s — p) a® T
where 2 = S=57. The result follows by applying (2. 19)-(2. 22 )in (2. 18). O

The following new results for convex and harmonically-convex functions are the direct
consequences of Theorem 2.13.

Corollary 2.14. According to the assumptions of Theorem 2.13 and p = 1,

R0 [ e [rcnwcnn] < (59 3 (52)

1
s

114/l oo
’ q ’ q % , q , q %
A(e) +5|A (¢e) 5|\ (e) +’/\ ()
2.23
) 12 + 12 (2.23)
where ||u|| o, = sup,.crc . |1 (5)| and sTl4¢g =1
Proof. If p =1, we have
( 1 ) ( 1 ) 1 /e—c¢ 2
Q S,T) = 26 E,1,5,—x) = <
2 (€&, 1, 8; 2 A
O
Corollary 2.15. Let the assumptions of Theorem 2.13 be justified and if p = —1, then
€ €
NOEXE) [y, AR,
2 € %2 . %2
! q ’ q %
< (¢ 2|| R T A(e) +5(A (s)‘
<\ 5 ) Il § (a2 (65, 15q -
’ q ’ a4 3
s @] + Ve
+ (a2 (e,6,-19))" 5 . (2.24)

,s 1 +qg ' =1and

where ||t = SUD,cepe o |1 (%)

2q

(427 (g =1 +477 (g =)t e —eq) (e+2) 77
2(e—e)(g+1)

Q2 (6757 _17 q) =
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Proof. If p = —1, we have
ag (e,e,—1;8,x)

=2 (6,6, —1;¢)

2q

(6+5)2(q—1)2+41Q(q—l)6 (e —€q)(e+e)i T
2(6—6) (¢g+1)

O

Theorem 2.16. Let A : (¢,d) C (0,00) — R be a differentiable mapping on (¢, d) and i :
[e,€] — [0, 00) be continuous and p-symmetric with respect to (#) v fore e € (c,d)
withe < e. If X € L ([e,¢€]) and '/\l‘q is p-convex for p € R\ {0, —1} and s, q¢ > 1, then
the following inequality holds

‘)\(e)—i—)\@) /Eu(%)d%_/swd%‘

2 »l-p sl-p

< (752 Wi {lesteemse® [ cemn ¥ o
+as (6,5 p;7) (/\l (6)‘?5 + (a3 (2,6, p, 53 —))*
X [oz5 (e,€;p; —x) N (e)’q + a4 (g,6;p; —x) N (6)ﬂ ;} , (2.25)

where |[pt]| o = SUPcefe e 1 ()],

i1
1 4 P\ p 1
a3(€755p75;I)(6 +€) 2F1 <1p75+175+2;x>7

+1 2
Py P x—p+px+p(l—x) +1]
s (6,65 pia) = € —|—€
- 2(1+p)a? '
1 1
.. ove 1-(-23] plp-trra0-o)7]
s o) = 2z 2(1+p)a? ’
p_cp
x:Ep+ipand8_1+q_1:1.

Proof. Applying Lemma 2.1 and using the weighted version of the Holder inequality, we
have

‘A(e)+>\(€) /j#(”)d%/j)‘(%)“(%)d%‘

2 =P 1P

D _ P 1 Up(e,5500)
< (E € )/ / “f”)d% (2. 26)
4p 0 Lp(e,e;0) P
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X [Up_l (e,8;0) ’)\/ (U, (e, ¢ a))’ +Ly_1 (€6 0) ‘)\/ (Ly (e, ¢ oz))H do

(ﬂ‘@)ﬂ|| a1 (s
< uoo/ a[ _1(6 6
2p 0 ot

A%%@ﬁmwhm§<ﬁ£&>mMm
) [( [ wtstceai) ([ vean
+ (/01 0Ly (6,2:0) da)l (/01 Lyt (6,50)

/|4
Since ‘)\ ’ is p-convex for p € R\ {0, —1} and ¢ > 1, we get that

X (U (e,50)

+Lp—1 (67 €] (l)

N (U, (e,a;a))‘q da)é

’

A

(L, (e, ; oz))‘q da) é] . @27

1
/ Up—1(€,6;5) ‘)\I (U, (6,6504)>‘qda
0

<ol [ (59 [(55) e+ (5]

e f (] ()]
ey
() e e

and
/Ole—l (e,6;:0) [N (L, (6,¢;0)) " da
P + P %_1p[$—p+px+p(1—x)%+l} .
S( 2 ) 51+ p) 22 X ()
N <€p;gp>;—1 {p[l—(;_x)p} +p[p_2(;:j;)(;—x)p} ol
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Moreover, we also observe that

1 1 1 1 vt
/ a’Up_1(€,6;a) da = / o’ [(a) e’ + (—l—oz) Ep} da

19
1 P D\ p 1
<6 ;E> Py <1—,s+1,s+2;x) (2. 30)
p

and

1 1 1 1— -1
/ a’Ly 1 (e,s;a)da:/ a[( +a) e’ + ( a) Ep}p do

19
1 (el +eP\? 1
= F(1-= 1,s+2;— 2.31
S+1< 2 > 21( p38+ 75+ 9 .'L'>, ( 3)
where z = £ =5 The result follows by applying ( 2. 28 )-( 2. 31 )in (2. 26 ). O

[

From Theorem 2.16 the only result for convex functions can be obtained.

Corollary 2.17. If the hypotheses of Theorem 2.16 are fulfilled and p = 1, then

AL [ [AGonoan < (il)

1 1
, , ‘qq , ’ ’qq

X(H)ZWH N +3]\ (@ +3A<e>"+A<s>
2 o0 4 4 b

2. 32)

where ||| ., = SUD,efe ] ()| and s7t +q71 = 1.

Theorem 2.18. Let A : (¢, d) C (0,00) — R be a differentiable mappin(gl7 on (c,d) and i :
[e,€] — [0, 00) be continuous and pq—symmetric with respect to (#) ? fore e € (c,d)
withe < e. If A € L([¢,¢]) and ‘)\/’ is p-convex for p € R\ {—1, —%,0} and q > 1, then
the following inequality holds

‘,\(6)+>\(€) /ju(%>d%_[ )‘(%)Md%‘< (Ep‘ep)gnulloo

2 »l-p 1P 2p

Q=

’

A (e)

|

} . (2.33)

q
+ 53 (e,E;p,LE)

{1t [ leapalV @

(81 (e ip—a)) 7 [Bs (eseip, =) [N (9 + B (e im—a) N (@) ]

where ||p| o, = SUD,cefe o) [ (50)

5

e”+ep>11’_1 [pZ—p(l—ﬂ?); (p+2)

2

61 (E,E;p, x) = (
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4 op\ 31 PP [zp(x_1)+x+(1_x)1+% (2p + x)

B3 (e.3p, @)

P 4 P 1p{ (x+2p(1+I))7(1—x)% (2x2+2p2(1+x)+3px(1+z))}
:< 2 ) (p+1) (2p+1)a?

and

P — &P

P +eP’

Proof. Taking the absolute value on both sides of the result of Lemma 2.1 and using the
power-mean inequality, we have

‘)\(6);)\(6) / fogd%_/jwﬁ‘_‘;”)d%‘ < (Epz_pep)zllulloo

1 -5 1
+ (/ aLl, (€€ a) da) (/ aLl, (€6 a)
0 0

N (Ly (e 550))| da) '
(2. 34)

.19
Since ‘)\ ’ is p-convex for p € R\ {—1,0,—%} and ¢ > 1, we get that

do

N (U, (c,c:0))|

1
/ alU,_1 (¢,&; )
0

1
( —“ Up—1(€,6500) doz—i—‘)\ ‘ / (—ga) Up—1 (€, & ) dov

o\ [P 2@ -1+ (1 -a) 7 (2p+ ) ,
‘( i) | T ) @ D }’A ©

’

NGl

<

q

P [p(x+2p(1—|—x)) -1 —az)% (222 4 2p* (1 + ) —|—3px(1+x))]

* p+1)2p+1)a3

e

(2.735)
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and

1
/ aL,_1 (g,¢; )
0

)

do

’

A (Lp (6,8 0))

1
_(ereyi [Pl nseae -]
—< 2 ) 2(p+1)(2p+1)23 (&)
< 2 2
p{p(x—Qp(l—:c))+(l+x)P (222 +2p (1—x)+3px(1—x))} i
+ 5 V()
2p+ 1) (2p+ 1)z
(2. 36)
Moreover, we also observe that
! ! 1— 1 p!
/ ozUp—l(e,é?;Oz)dOé:/ a{( a>€p+< Jra)ep} da
Pep\v 2 p(l—2)7
N (6 o )p L = (2.37)
2 (1+ p)x?
and
1 1 !
1 1-— P
/ aLp—l(E,e;a)dOz:/ a{( —|—a) 6p+< a) Ep} da
1 9 2 1
_ (P +eP\T i —p(l+a)r (p—2) 2. 38)
- 2 (1+p)x? ’ ’
where sx = ©=5_ The result follows by applying ( 2. 35 )-( 2. 38 ) in ( 2. 34). O

eP4eP*

The following interesting Fejér type inequalities for convex functions can be derived
from the result of Theorem 2.18.

Corollary 2.19. If the conditions of Theorem 2.18 are satisfied and if p = 1, the following
Fejér type inequality for convex functions holds

‘W/ju(%)d%_/j)\(%)u(%)d%‘S (5;6)2%0 (Dl_;

’ q ’ q : ’ q ’ q
‘)\ (@\ 5] (5)‘ " [s5|a (e)] +’)\ (5)\ ’
x = n = . (2.39)
where ||| o = SUD,cefe,) 1 (59)].
Remark 2.20. By choosing i (%) = o2, ju(3) = 2, p(3¢) = == forall > € [e,€],

one can get Hermite-Hadamard type inequalities for p-convex functions, convex functions
and harmonically-convex functions from Theorem 2.13, Theorem 2.16, Theorem 2.18 and
the related corollaries of these theorems.
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3. COMPARISON OF THE RESULTS

In this section, we compare the bounds of the results obtained. Let the bounds in Corol-
lary 2.7, Corollary 2.14, Corollary 2.17 and Corollary 2.19 be denoted by FE (e,¢;q),
Es (e,85q), Es3 (e,¢;q) and Ey (¢, ¢; q), that is,

’ ’ q
’)\ (6)‘ + A (5)‘ !
E1(€>E Q) 2 )
r 211-3%
1l /e—c¢
= [4(2)
( q 1 1
N +5 ()‘ ! ‘A +’)\ ’ ’
X + s
12 12

q—
2q —

(e,5q) <
q < / q / q L
(e) +3‘>\ 3\ (¢) ©)
+ 1 ,
(e,€;q) (

<
>

+
>

and

1 .

2

a4 N LT e
N (€) (a)‘ 5[\ (e)] +|x (e)]
+ 12
We have omitted ||u|,, = sup,.c o I (>)] and (555)2 since they are fixed in all these
’ q

error bounds. Suppose A (3) = 2:11, € (0,00), ¢ > 1, then ‘)\ (%)‘ = »? is convex.

Let us take e = 1, e = 5 and ¢ € [2,5], then it is obvious from Figure 1 that Fs (e, ¢; q)
and FE, (¢, ¢; q) are better error bounds than E (€, ;q) and E3 (€, €; ¢). Indeed, the error
bound Ej (€, ¢€; q) is less than all the other error bounds. Hence it reveals that the result
of Corollary 2.14 is better than those results given in Corollary 2.7, Corollary 2.17 and
Corollary 2.19.

Now we compare the results of Corollary 2.11 and Corollary 2.15. Let the error bounds
in Corollary 2.11 and Corollary 2.15 be denoted by Es (¢, €; q) and Eg (¢, €; q) respectively.
That is,

T NI
By (e.5:0) = [ (€5 L) |V (9] +a1 cei—Lo) N ()] |
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Error

4.0 E3(1, 5, q)
E1(1, 5, )
35 E4(1, 5, q)
3.0
25
E2(1, 5, q)
2.0
15
; 2 3 T 5 ¢
FIGURE 1
and
1
’ q ’ b E
[P @ +5 ) @)
E5 (678;(]) = (QQ (678771;5))5 12

1
’q '

5[ (e)]q +|V @)
12 ’

|-

+ (a2 (g,6,—1;9))

where o (€,€; —1,¢q) and o (€, €, —1; g) are defined in Corollary 2.11 and Corollary 2.15

. . . —er2 . L
respectively. We have omitted the quantity (5=5)" ||x]|, in these error bounds since it is

’ q . .
common in them. As we know, ‘)\ (%)‘ = 52, » € (0, 00) is harmonically-convex for

q > 1. By takinge = 1,e = 5 and ¢ € [2, 5], it is obvious from Figure 2 that E (¢, ¢; q) is
a better error bound than Es (e, €; ).

4. CONCLUSIONS

We have established a new weighted identity involving a differentiable mapping and a
non-negative p-symmetric mapping. A number of new integral inequalities of Fejér and
Hermite-Hadamard type for differentiable p-convex functions are investigated. A compari-
son for the different results of the manuscript is demonstrated by drawing graphs using the
software Mathematica. We strongly believe that such a comparison of the bounds by using
graphs is very useful for the reader as one can compare the results at a glance.
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Error
100 - E5(1, 5, q)
8ol
60l
a0l
20l
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