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Abstract. In this paper, we define the Riemannian metric of the format
f G̃ =S gf +H g on TM over (M, g) Riemannian manifold , which is
completely determined by vector fields βH and θV . Later, we obtain the
covarient and Lie derivatives applied to the Riemannian metric of the for-
mat f G̃ =S gf +H g with respect to the vertical XV and horizontal lifts
XH of vector fields, respectively.
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1. INTRODUCTION

Riemannian manifolds and the tangent bundles of differentiable manifolds are very im-
portant in many areas of mathematics. This fields also studyed a lot of authors [1, 2, 5, 11,
12, 13, 14, 16, 17]. The geometry of tangent bundles goes back to the fundamental paper
[15] of Sasaki published in 1958. Sasakian metrics (diagonal lifts of metrics) on tangent
bundles were also studied in [10, 11, 19]

Let n−dimensional Riemannian manifold be M with g and its tangent bundle, denote
by π : TM → M . Then TM is smooth manifold and have 2n−dimensional. Also, lo-
cal charts on M may be used. Local coordinates (U, xi) in M induces on TM a system
of (π−1(U), xi, xı̄ = yi), where local coordinate system is (xi), i = 1, ..., n in the neigh-
borhood U and Cartesian coordinates is (yi) the in TPM at a point P in U according to{

∂
∂xi

∣∣P}.
Let local expressions in U of β be β = βi ∂

∂xi be on M . The βV , βCand βH of β are
then given respectively by [7]

βV = βi∂ı̄ (1. 1)

βC = βi∂i + yj∂ijβ∂ı̄ (1. 2)
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and
βH = βi∂i − yjΓijkβk∂ı̄ (1. 3)

where the coefficients of Levi-Civita connection ∇ of Riemannian metric g are ∂ı̄ = ∂
∂yi ,

∂i = ∂
∂xi and Γijk .

For a tensor field S ∈ =pq , γS ∈ =
p
q−1(TM) on π−1(U) by

γS = (ysS
j1...jp
si2...iq

)∂j1 ⊗ ...⊗ ∂jp ⊗ dx
i2 ⊗ ...⊗ dxiq

where a tensor field S ∈ =pq , q > 1([19], p.12).
βH of β ∈ =1

0(M) defined by [19]

βH = βC −∇γβ , (∇γβ = γ∇β) (1. 4)

in T (M),
From ( 1. 2 ) and ( 1. 3 ), we get

βH = (∇̂β)C

for any β ∈ =1
0(M), where an affine connection ∇̂ in M defined by [19]

∇̂βθ = ∇θβ + [β, θ] or (∇θβ)v = (∇̂βθ)v + [θ, β]v

The three classical constructions of metrics are given as [8]:
(a) Sg Sasaki metric on TM .

Sg
(
βH , θH

)
= g (β, θ) (1. 5)

Sg
(
βV , θV

)
= g (β, θ)

Sg
(
βH , θV

)
= Sg

(
βV , θH

)
= 0

where β, θ ∈ =1
0 (M).

(b) The lift gH ( pseudo-Riemannian metric) on TM .

gH
(
βV , θV

)
= 0 (1. 6)

gH
(
βV , θH

)
= gH

(
βH , θV

)
= g (β, θ) ,

gH
(
βH , θH

)
= 0

for all β, θ ∈ =1
0 (M).

(c) The lift gV (degenerate metric) on TM .

gV
(
βV , θV

)
= g (β, θ) (1. 7)

gV
(
βV , θH

)
= gV

(
βH , θV

)
= 0

gV
(
βH , θH

)
= 0

for all β, θ ∈ =1
0 (M).

In [20], Riemannian metric Sg on TM introduced by B. V. Zayatuev ([8]see also [21,
22])

Sgf
(
βV , θV

)
= g (β, θ) , (1. 8)

Sgf
(
βV , θH

)
= Sgf

(
βH , θV

)
= 0,

Sgf
(
βH , θH

)
= fg (β, θ) ,
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where f〉0, f ∈ C∞ (M) (see also, [9, 18]). If f = 1, we get Sgf = Sg, i.e. Sgf is a
generalization of the Sg.

f G̃ = Sgf+ Hg Riemannian metric defined by [8]
f G̃
(
βV , θV

)
= g (β, θ) (1. 9)

f G̃
(
βV , θH

)
= f G̃

(
βH , θV

)
= g (β, θ)

f G̃
(
βH , θH

)
= fg (β, θ)

for all β, θ, ξ ∈ =1
0 (M), f〉1, f ∈ C∞ (M) , βH(fg(θ, ξ)) = fβ(g(θ, ξ)) + β(f)g(θ, ξ)

and βV (fg(θ, ξ)) = 0.

2. MAIN RESULTS

Definition 2.1. The transformation of D = Lβ is called as Lie derivation according to
β ∈ =1

0(M) if

Lβθ = [β, θ],∀β, θ ∈ =1
0(Mn), (2. 10)

Lβf = βf,∀f ∈ =0
0(Mn).

[β, θ] is the Lie bracked. The Lie derivative LβF of F =1
1(M) according to β is defined by

[3, 4, 19]
(LβF )θ = [β, Fθ]− F [β, θ]. (2. 11)

Definition 2.2. The bracket operation for horizontal and vertical vector fields is defined by

βHfV = (βf)V , [βV , θV ] = 0, (2. 12)

[βH , θV ] = (∇βθ)V ,
[βH , θH ] = [β, θ]H − (R(β, θ)u)V ,

where f ∈ =0
0(M), β, θ ∈ =1

0(M), Riemannian curvature R [6]

R(β, θ) = [∇β ,∇θ]−∇[β,θ].

Theorem 2.3. The format f G̃ =S gf +H g is the Riemannian metric on TM , defined by (
1. 9 ). From ( 1. 9 ), Definition (2.1) and Definition (2.2), we have the following results

i) (LβV
f G̃)(θV , ξV ) = 0,

ii) (LβV
f G̃)(θV , ξH) = g(θ, ∇̂ξβ),

iii) (LβV
f G̃)(θH , ξV ) = g(∇̂θβ, ξ),

iv) (LβH
f G̃)(θV , ξV ) = (∇̂βg)(θ, ξ),

v) (LβH
f G̃)(θH , ξV ) = (Lβg)(θ, ξ)− g(θ, (∇Zβ)) + g(R(β, θ)U, ξ),

vi) (LβV
f G̃)(θH , ξH) = g((∇̂θβ), ξ) + g(θ, (∇̂Zβ)),

vii) (LβH
f G̃)(θV , ξH) = (Lβg)(θ, ξ) + g(θ,R(β, ξ)U)− g((∇θβ), ξ),

viii) (LβH
f G̃)(θH , ξH) = (Lβfg)(θ, ξ) + g(θ, (R(β, ξ)U)) + g((R(β, θ)U, ξ),

where the lifts of βV , βC , βH ∈ =1
0(TM) of vector field β, θ, ξ ∈ =1

0 (M), defined by
( 1. 1 ),( 1. 2 ),( 1. 3 ), respectively.
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Proof. From ( 1. 9 ), Definition 2.1 and Definition 2.2, we get the following results
i)

(LβV
f G̃)(θV , ξV ) = LβV

f G̃(θV , ξV )−f G̃(LβV θV , ξV )−f G̃(θV , LβV ξV ),

= LβV
f G̃(θV , ξV ), (from (1.9))

= LβV g(θ, ξ),

= 0.

ii)

(LβV
f G̃)(θV , ξH) = LβV

f G̃(θV , ξH)−f G̃(LβV θV , ξH)−f G̃(θV , LβV ξH),

= βV g(θ, ξ)−f G̃(θV , [β, ξ]V − (∇βξ)V ), (from (1.9) )

= −f G̃(θV , [β, ξ]V ) +f G̃(θV , (∇βξ)V ),

= −g(θ, [β, ξ]) + g(θ,∇βξ),
= g(θ,−[β, ξ] +∇βξ),
= g(θ, [ξ, β] +∇βξ), (from (∇̂βθ = ∇θβ + [β, θ] )

= g(θ, ∇̂ξβ).

iii)

(LβV
f G̃)(θH , ξV ) = LβV

f G̃(θH , ξV )−f G̃(LβV θH , ξV )−f G̃(θH , LβV ξV ),

= βV g(θ, ξ)−f G̃([β, θ]V − (∇βθ)V , ξV ), (from (1.9) )

= −f G̃([β, θ]V , ξV ) +f G̃((∇βθ)V , ξV ),

= g(−[β, θ] +∇βθ, ξ),
= g([θ, β] +∇βθ, ξ), (from (∇̂βθ = ∇θβ + [β, θ] )

= g(∇̂θβ, ξ)

iv)

(LβH
f G̃)(θV , ξV ) = LβH

f G̃(θV , ξV )−f G̃(LβHθV , ξV )−f G̃(θV , LβH ξV ),

= βHg(θ, ξ)−f G̃((∇̂βθ)V , ξV )−f G̃(θV , (∇̂βξ)V ),

= βg(θ, ξ)− g((∇̂βθ), ξ)− g(θ, (∇̂βξ)),
= (∇̂βg)(θ, ξ),

where ∇̂βg(θ, ξ) = (∇̂βg)(θ, ξ) + g((∇̂βθ), ξ) + g(θ, (∇̂βξ)).
v)

(LβH
f G̃)(θH , ξV ) = LβH

f G̃(θH , ξV )−f G̃(LβHθH , ξV )−f G̃(θH , LβH ξV ),

= βg(θ, ξ)− f G̃([β, θ]H − (R(β, θ)U)V , ξV )

−f G̃(θH , [β, ξ]V + (∇ξβ)V ), (from (1.9) and (2.12))

= −g([β, θ], ξ) + βg(θ, ξ) + g(R(β, θ)U, ξ)

−g(θ, [β, ξ])− g(θ, (∇ξβ)),

= (Lβg)(θ, ξ)− g(θ, (∇ξβ)) + g(R(β, θ)U, ξ).
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where Lβg(θ, ξ) = (Lβg)(θ, ξ) + g((Lβθ), ξ) + g(θ, (Lβξ))).
vi)

(LβV
f G̃)(θH , ξH) = LβV

f G̃(θH , ξH)−f G̃(LβV θH , ξH)−f G̃(θH , LβV ξH)

= βV (fg(θ, ξ))−f G̃(−(∇βθ)V + [β, θ]V , ξH)

−f G̃(θH , [β, ξ]V − (∇βξ)V )

= −f G̃([β, θ]V , ξH) +f G̃((∇βθ)V , ξH)−f G̃(θH , [β, ξ]V )

+f G̃(θH , (∇βξ)V ) (from (1.9) and (2.12))

= g(−[β, θ] + (∇βθ), ξ) + g(θ,−[β, ξ] + (∇βξ))
= g([θ, β] + (∇βθ), ξ) + g(θ, (∇βξ) + [ξ, β])

= g((∇̂θβ), ξ) + g(θ, (∇̂ξβ)) (from (∇̂βθ = ∇θβ + [β, θ] )

vii)

(LβH
f G̃)(θV , ξH) = LβH

f G̃(θV , ξH)−f G̃(LβHθV , ξH)−f G̃(θV , LβH ξH),

= βHg(θ, ξ)−f G̃([β, θ]V + (∇βθ)V , ξH)

−f G̃(θV , [β, ξ]H − (R(β, ξ)U)V ), (from (2.10) and (2.12))

= βg(θ, ξ)−f G̃([β, θ]V , ξH)−f G̃((∇θβ)V , ξH)

−f G̃(θV , [β, ξ]H) +f G̃(θV , (R(β, ξ)U)V ),

= βg(θ, ξ)− g([β, θ], ξ)− g((∇θβ), ξ)− g(θ, [β, ξ])

+g(θ,R(β, ξ)U), (from (1.9))

= (Lβg)(θ, ξ)− g((∇θβ), ξ) + g(θ,R(β, ξ)U).

viii)

(LβH
f G̃)(θH , ξH) = LβH

f G̃(θH , ξH)−f G̃(LβHθH , ξH)−f G̃(θH , LβH ξH),

= −f G̃(−(R(β, θ)U)V + [β, θ]H , ξH) + βH(fg(θ, ξ))

−f G̃(θH , [β, ξ]H − (R(β, ξ)U)V ), (from (1.9) and (2.12))

= β(f)g(θ, ξ)− fg([β, θ], ξ) + g(R(β, θ)U, ξ) + fβg(θ, ξ)

−fg(θ, [β, ξ]) + g(θ,R(β, ξ)U),

= (Lβfg)(θ, ξ) + g(θ, (R(β, ξ)U) + g((R(β, θ)U, ξ),

where Lβg(θ, ξ) = (Lβg)(θ, ξ) + g((Lβθ), ξ) + g(θ, (Lβξ)). �

Definition 2.4. Differential transformation according to vector field β, defined by

D = ∇β : T (M)→ T (M), β ∈ =1
0(M),

is called as covarient derivation if

∇βf = βf, (2. 13)
∇fβ+gθt = f∇βt+ g∇θt,

where ∀f, g ∈ =0
0(M)∀β, θ ∈ =1

0(M),∀t ∈ =(M).
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Also, a transformation defined by

∇ : =1
0(M)×=1

0(M)→ =1
0(M),

is called as affin connection [14, 19]. For any β, θ ∈ =1
0(M), the lift ∇H of ∇ in M to

T (M), defined by

∇HβHθ
H = (∇βθ)H , ∇HβV θ

H = 0, (2. 14)

∇HβHθ
V = (∇βθ)V ,∇HβV θ

V = 0,

Theorem 2.5. The format f G̃ =S gf +H g, defined by ( 1. 9 ) is the Riemannian metric
on TM . The lift∇H of ∇ in M to T (M). From ( 1. 9 ) and Definition 2.4, we obtain

i) (∇HβV
f G̃)(θV , ξV ) = 0,

ii) (∇HβV
f G̃)(θV , ξH) = 0,

iii) (∇HβV
f G̃)(θH , ξV ) = 0,

iv) (∇HβV
f G̃)(θH , ξH) = 0,

v) (∇HβH
f G̃)(θV , ξV ) = (∇β g)(θ, ξ),

vi) (∇HβH
f G̃)(θV , ξH) = (∇βg)(θ, ξ),

vii) (∇HβH
f G̃)(θH , ξV ) = (∇βg)(θ, ξ),

viii) (∇HβH
f G̃)(θH , ξH) = (∇βfg)(θ, ξ),

where the vertical,complete and horizontal lifts βV , βC , βH ∈ =1
0(TM) of vector field

β, θ, ξ ∈ =1
0 (M), defined by ( 1. 1 ),( 1. 2 ),( 1. 3 ), respectively.

Proof. From ( 1. 9 ), ( 2. 13 ) and ( 2. 14 ), we get the following results
i)

(∇HβV
f G̃)(θV , ZV ) = ∇HβV

f G̃(θV , ξV )−f G̃(∇HβV θ
V , ξV )−f G̃(θV ,∇HβV ξ

V ),

= βV g(θ, ξ), (from (1.9) and (2.14))

= 0.

ii)

(∇HβV
f G̃)(θV , ξH) = ∇HβV

f G̃(θV , ξH)−f G̃(∇HβV θ
V , ξH)−f G̃(θV ,∇HβV ξ

H),

= βV g(θ, ξ), (from (1.9) and (2.14))

= 0.

iii)

(∇HβV
f G̃)(θH , ξV ) = ∇HβV

f G̃(θH , ξV )−f G̃(∇HβV θ
H , ξV )−f G̃(θH ,∇HβV ξ

V ),

= βV g(θ, ξ),

= 0.
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iv)

(∇HβV
f G̃)(θH , ξH) = ∇HβV

f G̃(θH , ξH)−f G̃(∇HβV θ
H , ξH)−f G̃(θH ,∇HβV ξ

H),

= βV fg(θ, ξ),

= 0.

v)

(∇HβH
f G̃)(θV , ξV ) = ∇HβH

f G̃(θV , ξV )−f G̃(∇HβHθ
V , ξV )−f G̃(θV ,∇HβH ξ

V ),

= βHg(θ, ξ)−f G̃((∇βθ)V , ξV )−f G̃(θV , (∇βξ)V ),

= βg(θ, ξ)− g((∇βθ), ξ)− g(θ, (∇βξ)), (from (1.9)

= (∇β g)(θ, ξ),

where∇βg(θ, ξ) = (∇βg)(θ, ξ) + g((∇βθ), ξ) + g(θ, (∇βξ)))
vi)

(∇HβH
f G̃)(θV , ξH) = ∇HβH

f G̃(θV , ξH)−f G̃(∇HβHθ
V , ξH)−f G̃(θV ,∇HβH ξ

H),

= βg(θ, ξ)−f G̃((∇βθ)V , ξH)−f G̃(θV , (∇βξ)H),

= βg(θ, ξ)− g(θ, (∇βξ))− g((∇βξ), Z),

= (∇βg)(θ, ξ).(from (1.9) and (2.14))

vii)

(∇HβH
f G̃)(θH , ξV ) = ∇HβH

f G̃(θH , ξV )−f G̃(∇HβHθ
H , ξV )−f G̃(θH ,∇HβH ξ

V ),

= βg(θ, ξ)− g(θ, (∇βξ))− g((∇βθ), ξ),
= (∇βg)(θ, ξ).

viii)

(∇HβH
f G̃)(θH , ξH) = ∇HβH

f G̃(θH , ξH)−f G̃(∇HβHθ
H , ξH)−f G̃(θH ,∇HβH ξ

H),

= β(f)g(θ, ξ)−f G̃((∇βθ)H , ξH) + fβg(θ, ξ)

−f G̃(θH , (∇βξ)H), (from (1.9) and (2.14))

= β(f)g(θ, ξ)− fg((∇βθ), ξ) + fβg(θ, ξ)− g(θ, (∇βξ)),
= (∇βfg)(θ, ξ).

where∇βfg(θ, ξ) = (∇βfg)(θ, ξ)+fg((∇βθ), ξ)+g(θ, (∇βξ)) and (∇βfg)(θ, ξ) =
β(f)g(θ, ξ) + fβg(θ, ξ). �

3. CONCLUSION

In this paper, studyed on the Riemannian metric of the format f G̃ =S gf +H g on TM
over (M, g) Riemannian manifold , which is completely determined by vector fields βH

and θV . Later, obtained the covarient and Lie derivatives applied to the Riemannian metric
of the format f G̃ =S gf +H g with respect to the vertical XV and horizontal lifts XH of
vector fields, respectively. It can also work on vertical and complete lifts.
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