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Abstract. In this research, Grassmannian complex (Configuration Com-
plex) is being introduced in a generalized form. Its4th and5th order com-
plexes are being constructed at first, thenN th order generalization is being
discussed. For this purpose, higher order mixed partial differential mor-
phisms between free abelian group generated by projective configuration
of points will used. Furthermore, in this work, the associated diagrams of
these complexes are shown to be commutative.
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1. INTRODUCTION

Grassmannian chain complex was named after the mathematician Hermann Grassmannian,
who presented his idea in general. For past few year, the Grassmannian complexes have
been under consideration of many researchers to investigate the homology of general lin-
ear groups. Grassmannian chain complex of free abelian groups generated by the projec-
tive configuration of points was first introduced by Suslin [9], who connected free abelian
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groups using two types of first order differential morphisms: differential map and projec-
tion map to form Grassmannian chain complex.
Goncharov [1, 2, 3] connected Grassmannian complex with Bloch-Suslin complex for
weight 2 and also connected the former with his own complex, called Goncharov’s com-
plex, for weight 3.
Grassmannian complex and Cathelineau’s complex for weight 2 and 3 are connected by
Siddiqui [8]. Khalid [5, 6] introduced new morphisms to connect Grassmannian complex
and Variant of Cathelineau complex upto weightN and proved that the corresponding di-
agrams are commutative. Recently, Hussain [4] connect Grassmannian complex and Tan-
gent complex for second order.
In previous work, Khalid [7] introduced2nd and3rd order Grassmannian complexes. Both
of which have been defined using2nd and3rd order mixed partial differential morphism
between free abelian groups generated by projective configuration of points.
In the present work,4th, 5th and N th order Grassmannian complexes have been con-
structed and free abelian group are connected through4th, 5th andN th order mixed partial
differential morphism. It is also shown that the associated diagrams of these complexes are
bi-complex and commutative.

2. PRELIMINARY AND BACKGROUND

Let us supposeGn+1(n) is a group ofn− dimensional vector space generated by(n+1)
vectors and it is free abelian. The first order Grassmannian chain complex [9] is given by

Gn+1(n) d // Gn(n) d // Gn−1(n)

Gn+1(n)
p // Gn(n− 1)

p // Gn−1(n− 2)

whered is a differential function called first order differential morphism, defined as

d : (α0, . . . , αn) 7→
n∑

~=0

(−1)~(α0, ..., α̂~, ..., αn) (2. 1)

andp is called projective map, which is another type of differential morphism, defined by

p : (α0, . . . , αn) 7→
n∑

[=0

(−1)[(α[|α0, . . . , α̂[, . . . , αn). (2. 2)

2nd and3rd order Grassmannian complex have been introduced with2nd and3rd order
mixed partial differential morphisms (see [7]).
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2.1. Fourth Order Grassmannian Complex. Let us construct fourth order Grassmannian
complex by the following

...

piv

²²

...

piv

²²

...

piv

²²
· · · div

// Gn+16(n + 11) div
//

piv

²²

Gn+12(n + 11) div
//

piv

²²

Gn+8(n + 11)

piv

²²
· · · div

// Gn+12(n + 7) div
//

piv

²²

Gn+8(n + 7) div
//

piv

²²

Gn+4(n + 7)

piv

²²
· · · div

// Gn+8(n + 3) div
// Gn+4(n + 3) div

// Gn(n + 3)

(A)

wherediv is fourth order mixed partial differential map, defined as

div(α0, . . . , αn) 7→
n∑

~1 6=~2 6=~3 6=~4
~1=0

~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4(α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , ..., αn)

(2. 3)

andpiv is another fourth order mixed partial differential morphism called projection map,
defined by

piv(α0, . . . , αn) 7→
n∑

[1 6=[2 6=[3 6=[4
[1=0

[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4(α[1 , α[2 , α[3 , α[4 |α0, ..., α̂[1 ,

α̂[2 , α̂[3 , α̂[4 , ..., αn) (2. 4)

Proposition 2.2. (i) div ◦ div = 0 (ii) piv ◦ piv = 0

(i) G9(4) div
// G5(4) div

// G1(4)

(ii) G9(9)
piv

// G5(5)
piv

// G1(1)

Proof: (i) let (α0, ..., α8) ∈ G9(4) , apply mapdiv then

div(α0, ..., α8) =
8∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4(α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , ..., α8) (2. 5)
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In Eq. ( 2. 5 ), there are126 terms with each having5 points, if expanded it becomes,

div(α0, ..., α8) =(α4, α5, α6, α7, α8)− (α3, α5, α6, α7, α8)+

(α3, α4, α6, α7, α8)− (α3, α4, α5, α7, α8)+

(α3, α4, α5, α6, α8)− (α3, α4, α5, α6, α7)+
.

.

.

(α1, α2, α3, α4, α5)− (α0, α2, α3, α4, α5)+

(α0, α1, α3, α4, α5)− (α0, α1, α2, α4, α5)+

(α0, α1, α2, α3, α5)− (α0, α1, α2, α3, α4) (2. 6)

Now apply mapdiv, to get

div ◦ div =
8∑

~5=~1+4
~6=~1+5
~7=~1+6
~8=~1+7

(−1)~5+~6+~7+~8
8∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4(α0, ..., α̂~1 ,

α̂~2 , α̂~3 , α̂~4 , α̂~5 , α̂~6 , α̂~7 , α̂~8 , ..., α8) (2. 7)

In Eq.( 2. 7 ), there are630 terms, each of which has single points given by

div ◦ div =(α4)− (α5) + (α6)− (α7) + (α8)− (α3) + (α5)− (α6)+

(α7)− (α8) + (α3)− (α4) + (α6)− (α7) + (α8)− (α3)+
.

.

.

+ (α1)− (α2) + (α3)− (α4) + (α5)− (α0) + (α2)− (α3)+

(α4)− (α5) + (α0)− (α1) + (α2)− (α3) + (α5)− (α0)+

(α1)− (α2) + (α3)− (α4) (2. 8)

all the terms cancel each other, therefore

div ◦ div = 0

Proof: (ii) let (α0, ..., α8) ∈ G9(9) , apply mappiv then

piv(α0, ..., α8) =
8∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4(α[1 , α[2 , α[3 , α[4 |α0, ..., α̂[1 , α̂[2 ,

α̂[3 , α̂[4 , ..., α8) (2. 9)
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in Eq.( 2. 9 ), there are126 terms with5 points each with4 projected points like such as

piv(α0, ..., α8) =(α0, α1, α2, α3|α4, α5, α6, α7, α8)−
(α0, α1, α2, α4|α3, α5, α6, α7, α8)+
.

.

.

(α4, α6, α7, α8|α0, α1, α2, α3, α5)−
(α5, α6, α7, α8|α0, α1, α2, α3, α4) (2. 10)

Now applying mappiv again, to get

piv ◦ piv =
8∑

[5=[1+4
[6=[1+5
[7=[1+6
[8=[1+7

(−1)[5+[6+[7+[8

8∑

[1 6=[2 6=[3 6=[4
[1=0

[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4(α[1 , α[2 , α[3 , α[4 ,

α[5 , α[6 , α[7 , α[8 |α0, ..., α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , α̂[6 , α̂[7 , α̂[8 , ..., α8) (2. 11)

In Eq.( 2. 11 ), there are630 terms with each having single points with8 projected points,
given by

piv ◦ piv =(α0, α1, α2, α3, α5, α6, α7, α8|α4)−
(α0, α1, α2, α3, α4, α6, α7, α8|α5)
.

.

.

(α0, α2, α3, α4, α5, α6, α7, α8|α1)−
(α1, α2, α3, α4, α5, α6, α7, α8|α0) (2. 12)

all the terms cancel each other, therefore

piv ◦ piv = 0

Proposition 2.3. piv ◦ div = div ◦ piv.
Proof: Consider the subcomplex of the above diagram to be

G9(5) div
//

piv

²²

G5(5)

piv

²²
G5(1) div

// G1(1)

(B)
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Let (α0, ..., α8) ∈ G9(5), apply mapdiv

div(α0, . . . , α8) =
8∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4(α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , ..., α8) (2. 13)

then:

piv ◦ div =
8∑

[1=~1+4
[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4

8∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4(α[1 , α[2 , α[3 ,

α[4 |α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , α̂[1 , α̂[2 , α̂[3 , α̂[4 , ..., α8) (2. 14)

now take(α0, ..., α8) ∈ G9(5) again and apply mappiv

piv(α0, ..., α8) =
8∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4(α[1 , α[2 , α[3 , α[4 |α0, ..., α̂[1 , α̂[2 ,

α̂[3 , α̂[4 , ..., α8) (2. 15)

now apply mapdiv

div ◦ piv =
8∑

~1=[1+4
~2=~1+1
~3=~1+2
~4=~1+3

(−1)~1+~2+~3+~4
8∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3

(−1)[1+[2+[3+[4(α[1 , α[2 , α[3 ,

α[4 |α0, ..., α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂~1 , α̂~2 , α̂~3 , α̂~4 , ..., α8) (2. 16)

using dummy indices~1, ~2, ~3, ~4 and[1, [2, [3, [4 in Eq.( 2. 14 ) and Eq.( 2. 16 ), it is
observed that the diagram A is commutative.
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2.4. Fifth Order Grassmannian Complex. Fifth order Grassmannian complex is con-
structed by the following

...

pv

²²

...

pv

²²

...

pv

²²
· · · dv

// Gn+25(n + 11) dv
//

pv

²²

Gn+20(n + 11) dv
//

pv

²²

Gn+15(n + 11)

pv

²²
· · · dv

// Gn+20(n + 6) dv
//

pv

²²

Gn+15(n + 6) dv
//

pv

²²

Gn+10(n + 6)

pv

²²
· · · dv

// Gn+15(n + 1) dv
// Gn+10(n + 1) dv

// Gn+5(n + 1)

(C)

wheredv is fifth order mixed partial differential map, defined as

dv : (α0, . . . , αn) 7→
n∑

~1 6=~2 6=~3 6=~4 6=~5
~1=0

~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5(α0, ..., α̂~1 , α̂~2 ,

α̂~3 , α̂~4 , α̂~5 , . . . , αn) (2. 17)

andpv is another fifth order mixed partial differential morphism, called projection map,
given by

pv(α0, . . . , αn) =
n∑

[1 6=[2 6=[3 6=[4 6=[5
[1=0

[2=[1+1
[3=[1+2
[4=[1+3
[5=[1+4

(−1)[1+[2+[3+[4+[5(α[1 , α[2 , α[3 , α[4 , α[5 |α0,

..., α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , . . . , αn) (2. 18)

Proposition 2.5. (i) dv ◦ dv = 0 (ii) pv ◦ pv = 0

(i) G11(5) dv
// G6(5) dv

// G1(5)

(ii) G11(11)
pv

// G6(6)
pv

// G1(1)
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Proof: (i) let (α0, ..., α10) ∈ G11(5) and apply mapdv to it then

dv(α0, ..., α10) =
10∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5(α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , α̂~5 ,

..., α10) (2. 19)

using combinations in the Eq.( 2. 19 ), there are462 terms with each having6 points as
given below.

dv(α0, ..., α10) = + (α5, α6, α7, α8, α9, α10)

− (α4, α6, α7, α8, α9, α10)

+ (α4, α5, α7, α8, α9, α10)
.

.

.

− (α0, α1, α2, α3, α5, α6)

+ (α0, α1, α2, α3, α4, α6)

− (α0, α1, α2, α3, α4, α5) (2. 20)

Applying mapdv again, to get

dv ◦ dv =
10∑

~6=~1+5
~7=~1+6
~8=~1+7
~9=~1+8
~10=~1+9

(−1)~6+~7+~8+~9+~10
10∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5(α0, ...,

α̂~1 , α̂~2 , α̂~3 , α̂~4 , α̂~5 , α̂[6 , α̂[7 , α̂[8 , α̂[9 , α̂[10 , ..., α10) (2. 21)

In the Eq.( 2. 21 ), there are2772 terms each having single points given by

dv ◦ dv = + (α5)− (α6) + (α7)− (α8) + (α9)− (α10)

− (α4) + (α6)− (α7) + (α8)− (α9) + (α10)
.

.

.

+ (α0)− (α1) + (α2)− (α3) + (α4)− (α6)

− (α0) + (α1)− (α2) + (α3)− (α4) + (α5) (2. 22)

all the terms cancel each other, therefore:

dv ◦ dv = 0
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Proof: (ii) let (α0, ..., α10) ∈ G11(11) , apply mappv then

pv(α0, ..., α10) =
10∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3
[5=[1+4

(−1)[1+[2+[3+[4+[5(α[1 , α[2 , α[3 , αi4 , α[5 |α0, . . . ,

α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , . . . , α10) (2. 23)

In Eq.( 2. 23 ), there are462 terms and each have6 points with5 projected points like
given below.

pv(α0, ..., α10) =(α0, α1, α2, α3, α4|α5, α6, α7, α8, α9, α10)−
(α0, α1, α2, α3, α5|α4, α6, α7, α8, α9, α10)+
.

.

.

(α5, α7, α8, α9, α10|α0, α1, α2, α3, α4, α6)−
(α6, α7, α8, α9, α10|α0, α1, α2, α3, α4, α5) (2. 24)

Now applying mappv again, to get

pv ◦ pv =
10∑

[6=[1+5
[7=[1+6
[8=[1+7
[9=[1+8
[10=[1+9

(−1)[6+[7+[8+[9+[10

10∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3
[5=[1+4

(−1)[1+[2+[3+[4+[5(α[1 , α[2 ,

α[3 , α[4 , α[5 , α[6 , α[7 , α[8 , α[9 , α[10 |α0, . . . , α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 ,

α̂[6 , α̂[7 , α̂[8 , α̂[9 , α̂[10 , . . . , α10) (2. 25)

In Eq.( 2. 25 ), there are2772 terms each have single point with10 projected points given
by

pv ◦ pv =(α0, α1, α2, α3, α4, α5, α6, α7, α8, α9|α10)−
(α0, α1, α2, α3, α4, α5, α6, α7, α8, α10|α9)+
.

.

.

(α0, α2, α3, α4, α5, α6, α7, α8, α9, α10|α1)−
(α1, α2, α3, α4, α5, α6, α7, α8, α9, α10|α0) (2. 26)

all the terms cancel each other, therefore

pv ◦ pv = 0
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Proposition 2.6. pv ◦ dv = dv ◦ pv.
Proof: On taking the subcomplex of the above diagram given by

G11(6) dv
//

pv

²²

G6(6)

pv

²²
G6(1) dv

// G1(1)

(D)

Let (α0, ..., α10) ∈ G11(6), apply mapdv

dv(α0, . . . , α10) =
10∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5(α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 ,

α̂~5 , ..., α10) (2. 27)

then

pv ◦ dv =
10∑

[1=~1+5
[2=[1+1
[3=[1+2
[4=[1+3
~5=[1+4

(−1)[1+[2+[3+[4+[5

10∑

~1=0
~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5(α[1 , α[2 , α[3 ,

α[4 , α[5 |α0, ..., α̂~1 , α̂~2 , α̂~3 , α̂~4 , α̂~5 , α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , ..., α10)
(2. 28)

now take again(α0, ..., α10) ∈ G11(6) , apply mappv

pv(α0, ..., α10) =
10∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3
[5=[1+4

(−1)[1,+[2+[3+[4+[5(α[1 , α[2 , α[3 , α[4 , α[5 |α0, ...,

α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , ..., α10) (2. 29)

now apply mapdv

dv ◦ pv =
10∑

~1=[1+5
~2=~1+1
~3=~1+2
~4=~1+3
~5=~1+4

(−1)~1+~2+~3+~4+~5
10∑

[1=0
[2=[1+1
[3=[1+2
[4=[1+3
[5=[1+4

(−1)[1+[2+[3+[4+[5(α[1 , α[2 , α[3 ,

α[4 , α[5 |α0, ..., α̂[1 , α̂[2 , α̂[3 , α̂[4 , α̂[5 , α̂~1 , α̂~2 , α̂~3 , α̂~4 , α̂~5 , ..., α10)
(2. 30)

use dummy indices~1, ~2, ~3, ~4, ~5 and[1, [2, [3, [4, [5 in equation Eq.( 2. 28 ) and Eq.(
2. 30 ), it is proved that the diagram C is commutative.
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2.7. N th Order Grassmannian Complex. Let us generalize Grassmannian asN th order
Grassmannian complex, shown below:

...

pn

²²

...

pn

²²

...

pn

²²
· · · dn

// G4n+1(4n + 1) dn
//

pn

²²

G3n+1(4n + 1) dn
//

pn

²²

G2n+1(4n + 1)

pn

²²
· · · dn

// G3n+1(3n + 1) dn
//

pn

²²

G2n+1(3n + 1) dn
//

pn

²²

Gn+1(3n + 1)

pn

²²
· · · dn

// G2n+1(2n + 1) dn
// Gn+1(2n + 1) dn

// G1(2n + 1)

(E)

where

dn : (α0, . . . , αn) 7→
n∑

~1 6=~2... 6=~n
~1=0

~2=~1+1
.
.
.

~n=~1+(n−1)

(−1)~1+~2+...+~n(α0, ..., α̂~1 , ..., α̂~n
, ..., αn)

(2. 31)

and

pn : (α0, . . . , αn) 7→
n∑

[1 6=[2...6=[n

[1=0
[2=[1+1

.

.

.
[n=[1+(n−1)

(−1)[1+[2+...+[n(α[1 , ...,α[n
|α0, ..., α̂[1 , ...,

α̂[n
, ..., αn) (2. 32)

Proposition 2.8. pn ◦ dn = dn ◦ pn.

G2n+1(2n + 1) dn
//

pn

²²

Gn+1(2n + 1)

pn

²²
Gn+1(n + 1) dn

// G1(n + 1)

(F)

Proof: Let(α0, ..., α2n) ∈ G2n+1(2n + 1), apply mapdn

dn(α0, . . . , α2n) =
2n∑

~1=0
~2=~1+1

.

.

.
~n=~1+(n−1)

(−1)~1+~2+...+~n(α0, ..., α̂~1 , ..., α̂~n , ..., α2n) (2. 33)
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then

pn ◦ dn =
2n∑

[1=~1+n
[2=[1+1

.

.

.
[n=[1+(2n−1)

(−1)[1+[2+...+[n

2n∑

~1=0
~2=~1+1

.

.

.
~n=~1+(n−1)

(−1)~1+~2+...+~n(α[1 , ...,

α[n
|α0, ..., α̂~1 , ..., α̂~n

, α̂[1 , ..., α̂[n
, ..., α2n) (2. 34)

now take again(α0, ..., α2n) ∈ G2n+1(2n + 1), apply mappn

pn(α0, ..., α2n) =
2n∑

[1=0
[2=[1+1

.

.

.
[n=[1+(n−1)

(−1)[1+[2+...+[n(α[1 , ..., α[n
|α0, ..., α̂[1 , ...,

α̂[n
, ..., α2n) (2. 35)

now apply mapdn

dn ◦ pn =
2n∑

~1=[1+n
~2=~1+1

.

.

.
~n=~1+(2n−1)

(−1)~1+~2+...+~n

2n∑

[1=0
[2=[1+1

.

.

.
[n=[1+(n−1)

(−1)[1+[2+...+[n(α[1 ,

..., α[n
|α0, ..., α̂[1 , ..., α̂[n

, α̂~1 , ..., α̂~n , ..., α2n) (2. 36)

use dummy indices~1, ~2, ...~n and [1, [2, ..., [n in Eq.( 2. 34 ) and Eq.( 2. 36 ), it is
observe that the diagram E is commutative.

3. CONCLUSION

This study generalized the Grassmannian complex construction uptoN th order. Free
abelian group have been connected through higher order mixed partial differential mor-
phisms, through which the associated diagrams of these complexes shown commutative
and bi-complex. This paper is a comprehensive contribution to the field of algebraic com-
plexes. Also this work will serve as pioneer in the study of generalized Grassmannian chain
complexes.
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