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1. INTRODUCTION AND PRELIMINARY RESULTS

Let H be a complex Hilbert space andS(I) be the class of all self-adjoint bounded
operators onH whose spectra are contained in an intervalI ⊂ R. The spectrum of a
bounded operatorA onH is denoted by sp(A). Let I ⊂ R be an interval then the function
f : S(I) → R is said to be operator-convex iff is continuous onS(I) and

f(sA + tB) ≤ sf(A) + tf(B)

for all A, B ∈ S(I) and for all positive numberss andt such thats + t = 1. The function
f is called operator-concave onS(I) if −f is operator-convex onS(I).
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Theorem 1.1.Jensen’s operator inequality ([1]): Let I ⊂ R be an interval andf : S(I) →
R be an operator-convex function on I. IfAi ∈ S(I) andwi > 0; i = 1, 2, ..., n such that

Wn =
n∑

i=1

wi, then

f(
1

Wn

n∑

i=1

wiAi) ≤ 1
Wn

n∑

i=1

wif(Ai). (1. 1)

If f is an operator-concave function, then(1. 1 ) is reversed.

A self-adjoint bounded operatorA on H is called strictly positive if it is positive and
invertible, or equivalently, Sp(A) ⊂ [m, M ] for some0 < m < M . The power mean for
strictly positive operatorsA := (A1, ..., An) with positive weightsw := (w1, ..., wn) is
defined in [1] as

Mr(w, A) := (
1

Wn

n∑

i=1

wiA
r
i )

1
r ,

wherer ∈ R \ {0} andWn =
n∑

i=1

wi.

The next result is borrowed from [1] (see also [2]).

Theorem 1.2. Let I ⊂ R be an interval andA be ann-tuple of strictly positive operators

with positive weightsw := (w1, ..., wn) such thatWn =
n∑

i=1

wi . Then

Ms(w, A) ≤ Mr(w, A); r, s ∈ R \ {0}
if either

(i) s ≤ r; r, s /∈ (−1, 1) or
(ii) 1

2 ≤ s ≤ 1 ≤ r or
(iii) s ≤ −1 ≤ r ≤ − 1

2 holds.

The inequalities for convex function are widely studied e.g see [8, 9, 11, 12, 13] and ref-
erences with in. Jensen-Mercer operator inequality and refinements of the operator Jensen-
Mercer inequality are studied in [6] and [7] respectively, where as a variant of the Jensen-
Mercer operator inequality for superquadratic functions is discussed in [4]. We give a new
refinement of Jensen-Mercer operator inequality for operator-convex in the next section.

2. M AIN RESULTS

Let φ : I → R be an operator convex function onI ⊂ R. If Ai ∈ S(I) andwi > 0

with Wn =
n∑

i=1

wi = 1 then for any nonempty proper subsetJ of {1, 2, ..., n} we put

J̄ := {1, 2, ..., n} \ J and defineWJ =
∑
i∈J

wi andWJ̄ = 1− ∑
i∈J

wi. Now for an operator

convex functionφ, then-tuplesA := (A1, ..., An) andw := (w1, ..., wn) as above, we can
define the following functional

D(φ, w, A; J) := WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi).
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In case ifJ = {k}, k ∈ {1, 2, ..., n} then we have functional

Dk(φ, w, A) := D(φ, w, A; {k}) = wkφ(Ak) + (1− wk)φ




n∑
i=1

wiAi − wkAk

1− wk


 ,

which has been investigated for convex function in [5] and earlier in [3].

Theorem 2.1. Letφ : S(I) → R be an operator convex function onI ⊂ R. If Ai ∈ S(I)

andwi > 0; i = 1, 2, ..., n with Wn =
n∑

i=1

wi = 1 then for any nonempty proper subsetJ

of {1, 2, ..., n},
n∑

i=1

wiφ(Ai) ≥ D(φ, w, A; J) ≥ φ(
n∑

i=1

wiAi). (2. 2)

If φ is concave, then(2. 2 ) is reversed.

Proof. By the convexity of the functionφ, we have

D(φ, w, A;J) = WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi)

≥ φ(WJ(
1

WJ

∑

i∈J

wiAi) + WJ̄ (
1

WJ̄

∑

i∈J̄

wiAi))

= φ(
n∑

i=1

wiAi),

which implies that

D(φ, w, A;J) ≥ φ(
n∑

i=1

wiAi). (2. 3)

Now
n∑

i=1

wiφ(Ai) =
∑

i∈J

wiφ(Ai) +
∑

i∈J̄

wiφ(Ai

= WJ(
1

WJ

∑

i∈J

wiφ(Ai)) + WJ̄ (
1

WJ̄

∑

i∈J̄

wiφ(Ai))

≥ WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi)

= D(φ, w, A;J),

which implies that
n∑

i=1

wiφ(Ai) ≥ D(φ, w, A;J). (2. 4)

Hence by combining (2. 3 ) and (2. 4 ), we get (2. 2 ). ¤
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Now for fixed values ofk we assume the (non-empty) subsetsJk
i , ..., Jk

l of {1, 2, ..., n},
1 ≤ l ≤ k ≤ n such thatJk

i ∪ ... ∪ Jk
l = {1, 2, ..., n} andJk

i ∩ Jk
j = φ for i 6= j, where

i, j = 1, 2, ..., n. Consider the functional

Dk

Jk
1 ,...,Jk

l

(φ, w, A) :=
l∑

j=1

WJk
j

Wn
φ((a + b)I − 1

WJk
j

∑

i∈Jk
l

wiAi),

for the functionφ : S([a, b]) → R whereA is ann-tuple of selfadjoint operators defined
on [a, b] ⊂ R andwi > 0; i = 1, 2, ..., n alsoWJ =

∑
i∈J

wi; J ⊂ {1, 2, ..., n}.
For convex functions see [10].

Theorem 2.2. Let A be ann-tuple of selfadjoint operators defined on[a, b] ⊂ R with

wi > 0; i = 1, 2, ..., n such thatWn =
n∑

i=1

wi. If φ : S([a, b]) → R is an operator-convex

function, then

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Mk ≥ Mk−1 ≥ ... ≥ M2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi),
(2. 5)

where

Mk := max
Jk
1 ,...,Jk

l

[Dk

Jk
1 ,...,Jk

l

(φ, w, A)]

If f is an operator-concave function, then(2. 5 ) is reversed.

Proof. First we show that

Mm ≥ Mm−1; m = 3, ..., k,

Since

Dm−1

Jm−1
1 ,...,Jm−1

l−1

(φ, w, A) :=
l−1∑

j=1

WJm−1
j

Wn
φ((a + b)I − 1

WJm−1
j

∑

i∈Jm−1
l

wiAi).

So let us assume that the maximum of the functionalDm−1

Jm−1
1 ,...,Jm−1

l−1

(φ, w, A) is obtained for
Jm−1

1 = Jk−1
g1

, Jm−1
2 = Jm−1

g2
, ..., Jm−1

l−1 = Jm−1
gl−1

. i.e

max
Jm−1
1 ,...,Jm−1

l−1

[Dm−1

Jm−1
1 ,...,Jm−1

l−1

(φ, w, A) ] =
l−1∑

j=g1

W
J

m−1
j

Wn
φ((a + b)I − 1

W
J

m−1
j

∑
i∈Jm−1

l

wiAi)

=
W

J
m−1
g1

Wn
φ((a+b)I− 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+
W

J
m−1
g2

Wn
φ((a+b)I− 1

W
J

m−1
g2

∑
i∈Jm−1

g2

wiAi)+

... +
W

J
m−1
gl−1

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi).

Without loss of generality, we may assume thatJm−1
gl−1

contains more than one point, so we
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choose two non-empty setsJm−1
r1

andJm−1
r2

such thatJm−1
r1

∩ Jm−1
r2

= φ andJm−1
r1

∪
Jm−1

r2
= Jm−1

gl−1
. Then

W
J

m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
gl−1

Wn
φ((a + b)I − 1

W
J

m−1
gl−1

∑
i∈Jm−1

gl−1

wiAi)

=
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
r1 ∪J

m−1
r2

Wn
φ((a + b)I − 1

W
J

m−1
r1 ∪J

m−1
r2

∑
i∈Jm−1

r1 ∪Jm−1
r2

wiAi)

=
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
r1 ∪J

m−1
r2

Wn
φ( 1

W
J

m−1
r1 ∪J

m−1
r2

∑
i∈Jm−1

r1 ∪Jm−1
r2

wi((a + b)I −Ai))

=
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
r1 ∪J

m−1
r2

Wn
φ( 1

W
J

m−1
r1 ∪J

m−1
r2

∑
i∈Jm−1

r1

wi((a + b)I −Ai)

+ 1
W

J
m−1
r1 ∪J

m−1
r2

∑
i∈Jm−1

r2 wi

((a + b)I −Ai))

=
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
r1 ∪J

m−1
r2

Wn
φ(

W
J

m−1
r1

W
J

m−1
r1 ∪J

m−1
r2

1
W

J
m−1
r1

∑
i∈Jm−1

r1

wi((a + b)I −Ai)

+
W

J
m−1
r2

W
J

m−1
r1 ∪J

m−1
r2

1
W

J
m−1
r2

∑
i∈Jm−1

r2

wi((a + b)I −Ai))
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=
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W

J
m−1
r1 ∪J

m−1
r2

Wn
φ(

W
J

m−1
r1

W
J

m−1
r1 ∪J

m−1
r2

((a + b)I − 1
W

J
m−1
r1

∑
i∈Jm−1

r1

wiAi)+

W
J

m−1
r2

W
J

m−1
r1 ∪J

m−1
r2

((a + b)I − 1
W

J
m−1
r2

∑
i∈Jm−1

r2

wiAi))

≤
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)+

+... +
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W m−1

Jr1
Wn

φ((a + b)I − 1
W

J
m−1
r1

∑
i∈Jm−1

r1

wiAi)

+
W m−1

Jr2
Wn

φ((a + b)I − 1
W

J
m−1
r2

∑
i∈Jm−1

r2

wiAi),

Hence

max
Jm−1
1 ,...,Jm−1

l−1

[Dm−1

Jm−1
1 ,...,Jm−1

l−1

(φ,w,A) ]

≤
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)

+
...

+
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W m−1

Jr1
Wn

φ((a + b)I − 1
W

J
m−1
r1

∑
i∈Jm−1

r1

wiAi)

+
W m−1

Jr2
Wn

φ((a + b)I − 1
W

J
m−1
r2

∑
i∈Jm−1

r2

wiAi)
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But

max
Jm
1 ,...,Jm

l

[Dm

Jm
1 ,...,Jm

l

(φ,w,A)]

≥
W

J
m−1
g1

Wn
φ((a + b)I − 1

W
J

m−1
g1

∑
i∈Jm−1

g1

wiAi)

+
...

+
W

J
m−1
gl−2

Wn
φ((a + b)I − 1

W
J

m−1
gl−2

∑
i∈Jm−1

gl−2

wiAi)

+
W m−1

Jr1
Wn

φ((a + b)I − 1
W

J
m−1
r1

∑
i∈Jm−1

r1

wiAi)

+
W m−1

Jr2
Wn

φ((a + b)I − 1
W

J
m−1
r2

∑
i∈Jm−1

r2

wiAi).

From above we have

max
Jm
1 ,...,Jm

l

[Dk

Jm
1 ,...,Jm

l

(φ, w, A)] ≥ max
Jm−1
1 ,...,Jm−1

l−1

[Dm−1

Jm−1
1 ,...,Jm−1

l−1

(φ, w, A) ],

i.e

Mm ≥ Mm−1; m = 3, ..., k.

Next we have to show that

φ(aI) + φ(bI)− 1
Wn

n∑

i=1

wiφ(Ai) ≥ Mk.

For this we assume that maximum of the functionalDk

Jk
1 ,...,Jk

l−1

(φ, w, A) is obtained forJk
1 =

Jk
h1

, Jk
2 = Jk

h2
, ..., Jk

l = Jk
hl

. i.e

max
Jk
1 ,...,Jk

l

[Dk

Jk
1 ,...,Jk

l

(φ, w, A)] =
W

Jk
h1

Wn
φ((a + b)I − 1

W
Jk

h1

∑
i∈Jk

h1

wiAi) +
W

Jk
h2

Wn
φ((a + b)I −

1
W

Jk
h2

∑
i∈Jk

h2

wiAi) + ... +
W

Jk
hl

Wn
φ((a + b)I − 1

W
Jk

hl

∑
i∈Jk

hl

wiAi)

=
W

Jk
h1

Wn
φ( 1

W
Jk

h1

∑
i∈Jk

h1

wi((a+ b)I−Ai))+
W

Jk
h2

Wn
φ( 1

W
Jk

h2

∑
i∈Jk

h2

wi((a+ b)I−Ai))+ ...+

W
Jk

hl

Wn
φ( 1

W
Jk

hl

∑
i∈Jk

hl

wi((a + b)I −Ai))

≤ 1
wn

∑
i∈Jk

hl

wi(φ(aI) + φ(bI) − φ(Ai)) + 1
wn

∑
i∈Jk

h2

wi(φ(aI) + φ(bI) − φ(Ai)) + ... +

1
wn

∑
i∈Jk

hl

wi(φ(aI) + φ(bI)− φ(Ai))
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= 1
wn

∑
i∈Jk

h1
∪...∪Jk

hl

wi(φ(aI) + φ(bI)− φ(Ai))

= 1
wn

n∑
i=1

wi(φ(aI) + φ(bI)− φ(Ai)).

Hence it is proved that

φ(aI) + φ(bI)− 1
Wn

n∑

i=1

wiφ(Ai) ≥ Mk.

Now we have to prove that

M2 ≥ φ((a + b)I − 1
Wn

n∑

i=1

wiAi).

For this we assume that maximum of the funtionalD2

J2
1 ,J2

2

(φ, w, A) is obtained forJ2
1 = Jk

q1

andJ2
2 = J2

q2
i.e

max
J2
1 ,J2

2

[D2

J2
1 ,J2

2

(φ, w, A)]

=
WJ2

q1
Wn

φ((a + b)I − 1
WJ2

q1

∑
i∈J2

q1

wiAi) +
WJ2

q2
Wn

φ((a + b)I − 1
WJ2

q2

∑
i∈J2

q2

wiAi)

=
WJ2

q1
Wn

φ( 1
WJ2

q1

∑
i∈J2

q1

wi((a + b)I −Ai)) +
WJ2

q2
Wn

φ( 1
WJ2

q2

∑
i∈J2

q2

wi((a + b)I −Ai))

≥ φ( 1
Wn

∑
i∈J2

q1

wi((a + b)I −Ai) + 1
Wn

∑
i∈J2

q2

wi((a + b)I −Ai))

= φ( 1
Wn

∑
i∈J2

q1
∪J2

q2

wi((a + b)I −Ai))

= φ( 1
Wn

n∑
i=1

wi((a + b)I −Ai).

Hence

M2 ≥ φ((a + b)I − 1
Wn

n∑

i=1

wiAi).

¤

Theorem 2.3. Let A be ann-tuple of selfadjoint operators defined on[a, b] ⊂ R with

wi > 0; i = 1, 2, ..., n such thatWn =
n∑

i=1

wi. If φ : [a, b] → R is an operator-convex

function, then we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Hk ≥ Hk−1 ≥ ... ≥ H3 ≥ H2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi)
(2. 6)

where

Hk := min
Jk
1 ,...,Jk

l

[Dk

Jk
1 ,...,Jk

l

(φ, w, A)]
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If f is an operator-concave function then(2. 6 ) is reversed.

Proof. Its proof is similar to Theorem2.2 but we use the minimum of the functional forl
index sets instead functionals forl − 1 index set. ¤

3. APPLICATIONS TO OPERATOR POWER M EANS

Mixed-symmetric means according to (2. 2 ), (2. 5 ) and (2. 6 ) are defined as

M(r, s; w, A) := (WJ(
1

WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄ (

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ,

Mn(s, r; w, A; k) := ( max
Jk
1 ,...,Jk

l

l∑

j=1

WJk
j

Wn
((a + b)I − 1

WJk
j

∑

i∈Jk
j

wiAi
r)

s
r )

1
s

and

Hn(s, r; w, A; k) := ( min
Jk
1 ,...,Jk

l

l∑

j=1

WJk
j

Wn
((a + b)I − 1

WJk
j

∑

i∈Jk
j

wiAi
r)

s
r )

1
s ,

wherer, s ∈ R \ {0} and1 ≤ l ≤ k ≤ n.
The idea of above means for convex functions is given in [1].

Corollary 3.1. Let A ben-tuple of strictly positive operators withwi > 0; i = 1, 2, ..., n

such thatWn =
n∑

i=1

wi = 1. Then for any nonempty proper subsetJ of {1, 2, ..., n}, we

have
Ms(w, A) ≤ M(r, s; w, A) ≤ Mr(w, A),

if either

(i) 1 ≤ s ≤ r or
(ii) −r ≤ s ≤ −1 or

(iii) r ≥ s ≤ 2r, s ≤ −1
holds. While(3. 7 ) is reversed if either

(iv) r ≤ s ≤ −1 or
(v) 1 ≤ s ≤ −r or

(vi) r ≤ s ≤ 2r, s ≥ 1 holds.

Proof. There are basically six cases to prove this theorem
Case1: Let us suppose1 ≤ s ≤ r then we have0 ≤ s

r ≤ 1. Now by using Theorem2.1
for a concave functionφ, we have

n∑

i=1

wiφ(Ai) ≤ WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi) ≤ φ(
n∑

i=1

wiAi). (3. 7)
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Sinceφ(x) = xp is concave function for0 < p ≤ 1, by puttingAi = Ar
i in (3. 7 ), we get

n∑

i=1

wi(Ar
i )

s
r ≤ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≤ (

n∑

i=1

wiA
r
i )

s
r .

Sincef(x) = x
1
p is an increasing function forp ≥ 1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≤ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≤ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ (

n∑

i=1

wiA
r
i )

1
r .

Hence

Ms(w, A) ≤ M(r, s; w, A) ≤ Mr(w, A).

Case2: Let us suppose−r ≤ s ≤ −1. Then we have−1 ≤ s
r < 0. Now by using

Theorem2.1 for a convex functionφ, we have
n∑

i=1

wiφ(Ai) ≥ WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi) ≥ φ(
n∑

i=1

wiAi). (3. 8)

Sinceφ(x) = xp is a convex function for−1 ≤ p < 0, by puttingAi = Ar
i in (3. 8 ), we

get
n∑

i=1

wi(Ar
i )

s
r ≥ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≥ (

n∑

i=1

wiA
r
i )

s
r .

Sincef(x) = x
1
p is a decreasing function forp ≤ −1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≤ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≤ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ (

n∑

i=1

wiA
r
i )

1
r .

Hence

Ms(w, A) ≤ M(r, s; w, A) ≤ Mr(w, A).

Case3: Let us supposer ≥ s ≥ 2r, s ≤ −1 then we have1 ≤ s
r ≤ 2 wheres ≤ −1. Since

φ(x) = xp is convex function for1 ≤ p ≤ 2, by puttingAi = Ar
i in (3. 8 ), we get

n∑

i=1

wi(Ar
i )

s
r ≥ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≥ (

n∑

i=1

wiA
r
i )

s
r .
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Sincef(x) = x
1
p is a decreasing function forp ≤ −1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≤ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≤ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≤ (

n∑

i=1

wiA
r
i )

1
r .

Hence

Ms(w, A) ≤ M(r, s; w, A) ≤ Mr(w, A).

Case4: Let us supposer ≤ s ≤ −1 then we have0 < s
r ≤ 1. Now by using Theorem2.1

for a concave functionφ, we have
n∑

i=1

wiφ(Ai) ≤ WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi) ≤ φ(
n∑

i=1

wiAi). (3. 9)

Sinceφ(x) = xp is concave function for0 < p ≤ 1, by puttingAi = Ar
i in (3. 9 ), we get

n∑

i=1

wi(Ar
i )

s
r ≤ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≤ (

n∑

i=1

wiA
r
i )

s
r .

Sincef(x) = x
1
p is a decreasing function forp ≤ −1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≥ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≥ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ (

n∑

i=1

wiA
r
i )

1
r .

Hence

Ms(w, A) ≥ M(r, s; w, A) ≥ Mr(w, A).

Case5: Let us suppose1 ≤ s ≤ −r then we have−1 ≤ s
r < 0. Now by using Theorem

2.1 for a convex functionφ, we have
n∑

i=1

wiφ(Ai) ≥ WJφ(
1

WJ

∑

i∈J

wiAi) + WJ̄φ(
1

WJ̄

∑

i∈J̄

wiAi) ≥ φ(
n∑

i=1

wiAi). (3. 10)

Sinceφ(x) = xp is convex function for−1 ≤ s
r < 0, by puttingAi = Ar

i in (3. 10 ), we
get

n∑

i=1

wi(Ar
i )

s
r ≥ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≥ (

n∑

i=1

wiA
r
i )

s
r .
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Sincef(x) = x
1
p is an increasing function forp ≥ 1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≥ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≥ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ (

n∑

i=1

wiA
r
i )

1
r .

Hence
Ms(w, A) ≥ M(r, s; w, A) ≥ Mr(w, A).

Case6: Let us supposer ≤ s ≤ 2r, s ≥ 1 then we have1 ≤ s
r ≤ 2 wheres ≥ 1. Since

φ(x) = xp is convex function for1 ≤ p ≤ 2, by puttingAi = Ar
i in (3. 10 ), we get

n∑

i=1

wi(Ar
i )

s
r ≥ WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r ≥ (

n∑

i=1

wiA
r
i )

s
r .

Sincef(x) = x
1
p is an increasing function forp ≥ 1, from above inequality we have

(
n∑

i=1

wi(Ar
i )

s
r )

1
s ≥ (WJ(

1
WJ

∑

i∈J

wiA
r
i )

s
r +WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ ((

n∑

i=1

wiA
r
i )

s
r )

1
s ,

which implies that

(
n∑

i=1

wiA
s
i )

1
s ≥ (WJ (

1
WJ

∑

i∈J

wiA
r
i )

s
r + WJ̄(

1
WJ̄

∑

i∈J̄

wiA
r
i )

s
r )

1
s ≥ (

n∑

i=1

wiA
r
i )

1
r .

Hence
Ms(w, A) ≥ M(r, s; w, A) ≥ Mr(w, A).

¤

Corollary 3.2. Let [a, b] ⊂ R andA ben-tuple of strictly positive operators withwi > 0;

i = 1, 2, ..., n such thatWn =
n∑

i=1

wi. Then we have

((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r ≥ Mn(s, r;w,A; 2) ≥ ... ≥ Mn(s, r;w,A; k) ≥

≥ ((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wiAi
s)

1
s

(3. 11)

if either

(i) 1 ≤ s ≤ r or
(ii) −r ≤ s ≤ −1 or

(iii) r ≥ s ≤ 2r, s ≤ −1
holds. While(3. 11 )is reversed if either

(iv) r ≤ s ≤ −1 or
(v) 1 ≤ s ≤ −r or
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(vi) r ≤ s ≤ 2r, s ≥ 1 holds.

Proof. There are basically six cases to prove this theorem
Case1: Let us suppose1 ≤ s ≤ r then we have0 ≤ s

r ≤ 1. Now by using Theorem2.2
for a concave functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≤ Mk ≤ Mk−1 ≤ ... ≤ M3 ≤ M2 ≤

≤ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 12)

Since

φ(x) = xp

is concave function for0 < p ≤ 1, by puttingAi = Ar
i in (3. 12 ), we get

(aI)
s
r +(bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r ≤ max

Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a+ b)I − 1

W
Jk

j

∑
i∈Jk

j
wiA

r
i )

s
r ≤

max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a+b)I− 1

W
J

k−1
j

∑
i∈Jk−1

j
wiA

r
i )

s
r ≤ ... ≤ max

J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a+

b)I− 1
W

J3
j

∑
i∈J3

j
wiA

r
i )

s
r ≤ max

J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a+b)I− 1

W
J2

j

∑
i∈J2

j
wiA

r
i )

s
r ≤ ((a+b)I−

1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since

f(x) = x
1
p ; p ≥ 1

is an increasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≤

≤ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a + b)I − 1

W
Jk

j

∑
i∈Jk

j
wiA

r
i )

s
r )

1
s

≤ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

j
wiA

r
i )

s
r )

1
s ≤

...

≤ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j
wiA

r
i )

s
r )

1
s

≤ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j
wiA

r
i )

s
r )

1
s ≤ (((a + b)I − 1

Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≤ Mn(s, r; w, A; k) ≤ Mn(s, r; w, A; k − 1) ≤

... ≤ Mn(s, r; w, A; 3) ≤ Mn(s, r; w, A; 2) ≤ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r .
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Case2: Suppose that−r ≤ s ≤ −1 then we have−1 ≤ s
r < 0. Now by using The-

orem2.2 for a convex functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Mk ≥ Mk−1 ≥ ... ≥ M3 ≥ M2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 13)

Since

φ(x) = xp

is convex function for−1 ≤ p < 0, by puttingAi = Ar
i in (3. 13 ), we get

(aI)
s
r +(bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r ≥ max

Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a+ b)I − 1

W
Jk

j

∑
i∈Jk

j
wiA

r
i )

s
r ≥

max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a+b)I− 1

W
J

k−1
j

∑
i∈Jk−1

j
wiA

r
i )

s
r ≥ ... ≥ max

J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a+

b)I− 1
W

J3
j

∑
i∈J3

j
wiA

r
i )

s
r ≥ max

J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a+b)I− 1

W
J2

j

∑
i∈J2

j
wiA

r
i )

s
r ≥ ((a+b)I−

1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since

f(x) = x
1
p ; p ≤ −1

is an decreasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s

≤ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a + b)I − 1

W
Jk

j

∑
i∈Jk

j

wiA
r
i )

s
r )

1
s

≤ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

j

wiA
r
i )

s
r )

1
s

...

≤ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r )

1
s

≤ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r )

1
s

≤ (((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≤ Mn(s, r; w, A; k) ≤ Mn(s, r; w, A; k − 1) ≤

... ≤ Mn(s, r; w, A; 3) ≤ Mn(s, r; w, A; 2) ≤ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r .
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Case3: Let us supposer ≥ s ≥ 2r, s ≤ −1 then we have1 ≤ s
r ≤ 2 wheres ≤ −1. Now

by using Theorem2.2 for a convex functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Mk ≥ Mk−1 ≥ ... ≥ M3 ≥ M2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 14)

Since
φ(x) = xp

is convex function for1 ≤ p ≤ 2, by puttingAi = Ar
i in (3. 14 ), we get

(aI)
s
r +(bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r ≥ max

Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a+ b)I − 1

W
Jk

j

∑
i∈Jk

j
wiA

r
i )

s
r ≥

max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a+b)I− 1

W
J

k−1
j

∑
i∈Jk−1

j
wiA

r
i )

s
r ≥ ... ≥ max

J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a+

b)I− 1
W

J3
j

∑
i∈J3

j
wiA

r
i )

s
r ≥ max

J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a+b)I− 1

W
J2

j

∑
i∈J2

j
wiA

r
i )

s
r ≥ ((a+b)I−

1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since
f(x) = x

1
p ; p ≤ −1

is an decreasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s

≤ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a + b)I − 1

W
Jk

j

∑
i∈Jk

j

wiA
r
i )

s
r )

1
s

≤ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

j

wiA
r
i )

s
r )

1
s

≤
...

≤ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r )

1
s

≤ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r )

1
s

≤ (((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≤ Mn(s, r; w, A; k) ≤ Mn(s, r; w, A; k − 1) ≤

... ≤ Mn(s, r; w, A; 3) ≤ Mn(s, r; w, A; 2) ≤ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r .
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Case4: Suppose thatr ≤ s ≤ −1 then we have0 < s
r ≤ 1. Now by using Theorem

2.2 for a concave functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≤ Mk ≤ Mk−1 ≤ ... ≤ M3 ≤ M2 ≤

≤ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 15)

Since
φ(x) = xp

is concave function for0 < p ≤ 1, by puttingAi = Ar
i in (3. 15 ), we get

(aI)
s
r +(bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r ≤ max

Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a+ b)I − 1

W
Jk

j

∑
i∈Jk

j
wiA

r
i )

s
r ≤

max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a+b)I− 1

W
J

k−1
j

∑
i∈Jk−1

j
wiA

r
i )

s
r ≤ ... ≤ max

J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a+

b)I− 1
W

J3
j

∑
i∈J3

j
wiA

r
i )

s
r ≤ max

J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a+b)I− 1

W
J2

j

∑
i∈J2

j
wiA

r
i )

s
r ≤ ((a+b)I−

1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since
f(x) = x

1
p ; p ≤ −1

is an decreasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s

≥ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
((a + b)I − 1

W
Jk

j

∑
i∈Jk

j

wiA
r
i )

s
r )

1
s

≥ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

j

wiA
r
i )

s
r )

1
s

≥
...

≥ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r )

1
s

≥ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r )

1
s

≥ (((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≥ Mn(s, r; w, A; k) ≥ Mn(s, r; w, A; k − 1) ≥

... ≥ Mn(s, r; w, A; 3) ≥ Mn(s, r; w, A; 2) ≥ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r .



New Refinement of Jensen-Mercer’s Operator Inequality and Applications to Means 143

Case5: Let us suppose1 ≤ s ≤ −r then we have−1 ≤ s
r < 0. Now by using The-

orem2.2 for a convex functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Mk ≥ Mk−1 ≥ ... ≥ M3 ≥ M2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 16)

Since

φ(x) = xp

is convex function for−1 ≤ s
r < 0, by puttingAi = Ar

i in (3. 16 ), we get

(aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r

≥ max
Jm
1 ,...,Jm

l

l∑
j=1

WJm
j

Wn
((a + b)I − 1

WJm
j

∑
i∈Jm

j

wiA
r
i )

s
r

≥ max
Jm−1
1 ,...,Jm−1

l

l∑
j=1

W
J

m−1
j

Wn
((a + b)I − 1

W
J

m−1
j

∑
i∈Jm−1

j

wiA
r
i )

s
r

≥
...

≥ max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r

≥ max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r

≥ ((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since

f(x) = x
1
p ; p ≥ 1
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is an increasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s

≥ ( max
Jm
1 ,...,Jm

l

l∑
j=1

WJm
j

Wn
((a + b)I − 1

WJm
j

∑
i∈Jm

j

wiA
r
i )

s
r )

1
s

≥ ( max
Jm−1
1 ,...,Jm−1

l

l∑
j=1

W
J

m−1
j

Wn
((a + b)I − 1

W
J

m−1
j

∑
i∈Jm−1

j

wiA
r
i )

s
r )

1
s

≥
...

≥ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r )

1
s

≥ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r )

1
s

≥ (((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≥ Mn(s, r; w, A; k) ≥ Mn(s, r; w, A; k − 1) ≥

... ≥ Mn(s, r; w, A; 3) ≥ Mn(s, r; w, A; 2) ≥ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r .

Case6: Suppose thatr ≤ s ≤ 2r, s ≥ 1 then we have1 ≤ s
r ≤ 2 wheres ≥ 1.

Now by using Theorem2.2 for a convex functionφ, we have

φ(aI) + φ(bI)− 1
Wn

n∑
i=1

wiφ(Ai) ≥ Mk ≥ Mk−1 ≥ ... ≥ M3 ≥ M2 ≥

≥ φ((a + b)I − 1
Wn

n∑
i=1

wiAi).
(3. 17)

Since

φ(x) = xp
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is convex function for1 ≤ p ≤ 2, by puttingAi = Ar
i in (3. 17 ), we get

(aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r

≥ max
Jm
1 ,...,Jm

l

l∑
j=1

WJm
j

Wn
((a + b)I − 1

WJm
j

∑
i∈Jm

j

wiA
r
i )

s
r

≥ max
Jm−1
1 ,...,Jm−1

l

l∑
j=1

W
J

m−1
j

Wn
((a + b)I − 1

W
J

m−1
j

∑
i∈Jm−1

j

wiA
r
i )

s
r

≥
...

≥ max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r

≥ max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r

≥ ((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r .

Since

f(x) = x
1
p ; p ≥ 1

is an increasing function, from above inequality we have

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s

≥ ( max
Jm
1 ,...,Jm

l

l∑
j=1

WJm
j

Wn
((a + b)I − 1

WJm
j

∑
i∈Jm

j

wiA
r
i )

s
r )

1
s

≥ ( max
Jm−1
1 ,...,Jm−1

l

l∑
j=1

W
J

m−1
j

Wn
((a + b)I − 1

W
J

m−1
j

∑
i∈Jm−1

j

wiA
r
i )

s
r )

1
s

≥
...

≥ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
((a + b)I − 1

W
J3

j

∑
i∈J3

j

wiA
r
i )

s
r )

1
s

≥ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
((a + b)I − 1

W
J2

j

∑
i∈J2

j

wiA
r
i )

s
r )

1
s

≥ (((a + b)I − 1
Wn

n∑
i=1

wiA
r
i )

1
r )

1
s .

Hence

((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wi(Ar
i )

s
r )

1
s ≥ Mn(s, r; w, A; k) ≥ Mn(s, r; w, A; k − 1) ≥

... ≥ Mn(s, r; w, A; 3) ≥ Mn(s, r; w, A; 2) ≥ ((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r . ¤
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Corollary 3.3. Let [a, b] ⊂ R and A be ann-tuple of strictly positive operators with

wi > 0; i = 1, 2, ..., n such thatWn =
n∑

i=1

wi. Then we have

((a + b)I − 1
Wn

n∑
i=1

wiAi
r)

1
r ≥ Hn(s, r;w,A; 2) ≥ ... ≥ Hn(s, r;w,A; k)

≥ ((aI)
s
r + (bI)

s
r − 1

Wn

n∑
i=1

wiAi
s)

1
s ,

(3. 18)

if either

(i) 1 ≤ s ≤ r or
(ii) −r ≤ s ≤ −1 or

(iii) r ≥ s ≤ 2r, s ≤ −1

holds. While(3. 18 )is reversed if either

(iv) r ≤ s ≤ −1 or
(v) 1 ≤ s ≤ −r or

(vi) r ≤ s ≤ 2r, s ≥ 1 holds.

Proof. Its proof is similar to Theorem3.2, but we use the minimum of the functional forl
index sets instead functionals forl − 1 index set. ¤

Now we introduce the following expressions for operator-convex functions in the same
way as these are defined in [1] for convex functions:

g(φ; p; A) :=



WJφ[

1
WJ

∑

i∈J

wiA
p
i ]

1
p + WJ̄φ[

1
WJ̄

∑

i∈J̄

wiA
p
i ]

1
p





1
p

,

gk,n(φ; p; A) :=



 max

Jk
1 ,...,Jk

l

l∑

j=1

WJk
j

Wn
φ[((a + b)I − 1

WJk
j

∑

i∈Jk
l

wiA
p
i )

1
p ]p





1
p

and

hk,n(φ; p; A) :=



 min

Jk
1 ,...,Jk

l

l∑

j=1

WJk
j

Wn
φ[((a + b)I − 1

WJk
j

∑

i∈Jk
l

wiA
p
i )

1
p ]p





1
p

.

Corollary 3.4. LetA be ann-tuple of strictly positive operators withwi > 0, i = 1, 2, ..., n

such thatWn =
n∑

i=1

wi = 1, φ is a positive operator monotone function onS(0,∞) andJ

is any nonempty proper subset of{1, 2, ..., n}. Now ifp ≥ 1, then we have

(
n∑

i=1

wiφ(Ap
i ))

1
p ≤ g(φ; p; A) ≤ φ((

n∑

i=1

wiA
p
i )

1
p ). (3. 19)

If p ≤ −1, then(3. 19 )is reversed.
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Proof. Let us supposep ≥ 1, now by using Theorem2.1 for a concave functionf , we have
n∑

i=1

wif(Ai) ≤ WJf(
1

WJ

∑

i∈J

wiAi) + WJ̄f(
1

WJ̄

∑

i∈J̄

wiAi) ≤ f(
n∑

i=1

wiAi). (3. 20)

Since the functionf(x) = φ(x
1
p )p is operator-concave, whereφ is a positive operator-

monotone function defined onS(0,∞). Now by puttingAi = Ap
i in (3. 20 ), we get

n∑
i=1

wiφ((Ap
i )

1
p )

p

≤ WJφ(( 1
WJ

∑
i∈J

wiA
p
i )

1
p )p

+WJ̄φ(( 1
WJ̄

∑
i∈J̄

wiA
p
i )

1
p )p ≤ φ((

n∑
i=1

wiA
p
i )

1
p )p.

(3. 21)

Sinceg(x) = x
1
p is an increasing function forp ≥ 1, we get

(
n∑

i=1

wiφ((Ap
i )

1
p )

p

)
1
p ≤ (WJφ(( 1

WJ

∑
i∈J

wiA
p
i )

1
p )p

+WJ̄φ(( 1
WJ̄

∑
i∈J̄

wiA
p
i )

1
p )p)

1
p ≤ (φ((

n∑
i=1

wiA
p
i )

1
p )p)

1
p ,

which implies that

(
n∑

i=1

wiφ(Ap
i ))

1
p ≤ (WJφ(( 1

WJ

∑
i∈J

wiA
p
i )

1
p )p

+WJ̄φ(( 1
WJ̄

∑
i∈J̄

wiA
p
i )

1
p )p)

1
p ≤ φ((

n∑
i=1

wiA
p
i )

1
p ).

Hence

(
n∑

i=1

wiφ(Ap
i ))

1
p ≤ g(φ; p; A) ≤ φ((

n∑

i=1

wiA
p
i )

1
p ).

Now we suppose thatp ≤ −1. Sinceg(x) = x
1
p is decreasing function forp ≤ −1,

(3. 21 ) becomes

(
n∑

i=1

wiφ((Ap
i )

1
p )

p

)
1
p ≥ (WJφ(( 1

WJ

∑
i∈J

wiA
p
i )

1
p )p

+WJ̄φ(( 1
WJ̄

∑
i∈J̄

wiA
p
i )

1
p )p)

1
p ≥ (φ((

n∑
i=1

wiA
p
i )

1
p )p)

1
p ,

which implies that

(
n∑

i=1

wiφ(Ap
i ))

1
p ≥ (WJφ(( 1

WJ

∑
i∈J

wiA
p
i )

1
p )p

+WJ̄φ(( 1
WJ̄

∑
i∈J̄

wiA
p
i )

1
p )p)

1
p ≥ φ((

n∑
i=1

wiA
p
i )

1
p ).

Hence

(
n∑

i=1

wiφ(Ap
i ))

1
p ≥ g(φ; p; A) ≥ φ((

n∑

i=1

wiA
p
i )

1
p ).

¤
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Corollary 3.5. Let I ⊂ R be an interval andA be n-tuple of strictly positive operators

with wi > 0; i = 1, 2, ..., n such thatWn =
n∑

i=1

wi andφ is a positive operator monotone

function onS(0,∞). Now ifp ≥ 1, then we have

(φ((aI)
1
p )p+φ((bI)

1
p )p− 1

Wn

n∑

i=1

wiφ(Ai)
p)

1
p ≤ gk,n(φ; p; A) ≤ ... ≤ g2,n(φ; p; A) ≤

φ(((a + b)I − 1
Wn

n∑

i=1

wiAi
p)

1
p ), (3. 22)

where1 ≤ l ≤ k ≤ n. If p ≤ −1, then(3. 22 )is reversed.

Proof. Let us suppose thatp ≥ 1, now by using Theorem2.2 for a concave functionφ, we
have

f(aI) + f(bI)− 1
Wn

n∑
i=1

wif(Ai)

≤ max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
f((a + b)I − 1

W
Jk

j

∑
i∈Jk

l

wiAi)

≤ max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
f((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

l

wiAi)

≤
...

≤ max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
f((a + b)I − 1

W
J3

j

∑
i∈J3

l

wiAi)

≤ max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
f((a + b)I − 1

W
J2

j

∑
i∈J2

l

wiAi)

≤ f((a + b)I − 1
Wn

n∑
i=1

wiAi).

Since the functionf(x) = φ(x
1
p )p is operator-concave, whereφ is a positive operator-

monotone function defined onS(0,∞). Now by puttingAi = Ap
i in above inequality, we
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get

φ((aI)
1
p )p + φ((bI)

1
p )p − 1

Wn

n∑
i=1

wiφ((Ap
i )

1
p )p)

≤ max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
φ(((a + b)I − 1

W
Jk

j

∑
i∈Jk

l

wiA
p
i )

1
p )p

≤ max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
φ(((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

l

wiA
p
i )

1
p )p

≤
...

≤ max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
φ(((a + b)I − 1

W
J3

j

∑
i∈J3

l

wiA
p
i )

1
p )p

≤ max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
φ(((a + b)I − 1

W
J2

j

∑
i∈J2

l

wiA
p
i )

1
p )p

≤ φ(((a + b)I − 1
Wn

n∑
i=1

wiA
p
i )

1
p )p.

(3. 23)

Sinceg(x) = x
1
p is an increasing function forp ≥ 1, (3. 23 ) becomes

(φ((aI)
1
p )p + φ((bI)

1
p )p − 1

Wn

n∑
i=1

wiφ((Ap
i )

1
p )p)

1
p

≤ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
φ(((a + b)I − 1

W
Jk

j

∑
i∈Jk

l
wiA

p
i )

1
p )p)

1
p

≤ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
φ(((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

l
wiA

p
i )

1
p )p)

1
p

≤
...

≤ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
φ(((a + b)I − 1

W
J3

j

∑
i∈J3

l
wiA

p
i )

1
p )p)

1
p

≤ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
φ(((a + b)I − 1

W
J2

j

∑
i∈J2

l
wiA

p
i )

1
p )p)

1
p

≤ (φ(((a + b)I − 1
Wn

n∑
i=1

wiA
p
i )

1
p )p)

1
p .

Hence

(φ((aI)
1
p )p+φ((bI)

1
p )p− 1

Wn

n∑
i=1

wiφ(Ai)
p)

1
p ≤ gk,n(φ; p; A) ≤ gk−1,n(φ; p; A) ≤ ... ≤

g3,n(φ; p; A) ≤ g2,n(φ; p; A) ≤ φ(((a + b)I 1
Wn

n∑
i=1

wiAi
p)

1
p ).

Now we suppose thatp ≤ −1. Sinceg(x) = x
1
p is decreasing function forp ≤ −1,
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(3. 23 ) becomes

(φ((aI)
1
p )p + φ((bI)

1
p )p − 1

Wn

n∑
i=1

wiφ((Ap
i )

1
p )p)

1
p

≥ ( max
Jk
1 ,...,Jk

l

l∑
j=1

W
Jk

j

Wn
φ(((a + b)I − 1

W
Jk

j

∑
i∈Jk

l

wiA
p
i )

1
p )p)

1
p

≥ ( max
Jk−1
1 ,...,Jk−1

l

l∑
j=1

W
J

k−1
j

Wn
φ(((a + b)I − 1

W
J

k−1
j

∑
i∈Jk−1

l

wiA
p
i )

1
p )p)

1
p

≥
...

≥ ( max
J3
1 ,...,J3

l

l∑
j=1

W
J3

j

Wn
φ(((a + b)I − 1

W
J3

j

∑
i∈J3

l

wiA
p
i )

1
p )p)

1
p

≥ (max
J2
1 ,J2

l

l∑
j=1

W
J2

j

Wn
φ(((a + b)I − 1

W
J2

j

∑
i∈J2

l

wiA
p
i )

1
p )p)

1
p

≥ (φ(((a + b)I − 1
Wn

n∑
i=1

wiA
p
i )

1
p )p)

1
p .

Hence

(φ((aI)
1
p )p+φ((bI)

1
p )p− 1

Wn

n∑
i=1

wiφ(Ai)
p)

1
p ≥ gk,n(φ; p; A) ≥ gk−1,n(φ; p; A) ≥ ... ≥

g3,n(φ; p; A) ≥ g2,n(φ; p; A) ≥ φ(((a + b)I 1
Wn

n∑
i=1

wiAi
p)

1
p ). ¤

Corollary 3.6. Let the conditions of Corollary3.5 be satisfied. Then we have the following
inequality

(φ((aI)
1
p )p+φ((bI)

1
p )p− 1

Wn

n∑

i=1

wiφ(Ai)
p)

1
p ≤ hk,n(φ; p; A) ≤ ... ≤ h2,n(φ; p; A) ≤

φ(((a + b)I − 1
Wn

n∑

i=1

wiAi
p)

1
p ), (3. 24)

where1 ≤ l ≤ k ≤ n. If p ≤ −1, then(3. 24 )is reversed.

Proof. Its proof is similar to the proof of Corollary3.5. ¤
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