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Abstract. In this paper, we prove that the Gardner equation with
the small parameter is approximately nonlinear self-adjoint. This
property is important for constructing approximate conservation
laws associated with approximate symmetries. We utilize first-
order approximate symmetries for constructing approximate con-
servation laws.
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1. INTRODUCTION

Canonical form of the Kortewege-de Vrise (KdV) equation is,ut − 6uux +
uxxx = 0. This PDE is a mathematical model for describing weakly nonlinear
long waves. Gardner et al.(1967-1974) published several papers about KdV equa-
tion. In (1968), ”Miura transformation” was intruduced by Miura, in ([7],[8])

u = v2 + vx, (1. 1)

to determine an infinite number of conservation law. If we putv = 1/2ε−1 + εw
whereε is an arbitrary real parameter, then Miura transformation becomes:

u = 1/4ε−2 + w + εwx + ε2w2 (1. 2)
25
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However, since any arbitrary constant is a trivial solution of KdV equation, it may
be removed by a Galilean transformation, so we just consider ?Gardner transfos-
mation?, means,

u = w + εwx + ε2w2, (1. 3)

whereε is an arbitrary real parameter. Substituting the above transformation in
KdV equation shows thatw satisfies in ”Gardner equation”,wt−6(w+ε2w2)wx+
wxxx = 0, for all ε. (see [2]):

0 = ut − 6uux + uxxx (1. 4)

= wt + εwxt + 2ε2wwt − 6(w + εwx + ε2w2)(wx + εwxx + 2ε2wwx)
+wxxx + εwxxxx + 2ε2(wwx)xx

= (1 + ε
∂

∂x
+ 2ε2w){wt − 6(w + ε2w2)wx + wxxx}.

In other words, if we consider

(1 + ε
∂

∂x
+ ε2w2)F (x, t, ε, w) = 0, (1. 5)

we haveF = h(t, ε, w)e−2εxw− x
ε , whereh is an arbitrary function. As a special

case, forh ≡ 0, we have a Gardner equation.

If we put ε = ε2 for small real parameterε, it becomes:

wt − 6(w + εw2)wx + wxxx = 0, (1. 6)

for all ε. Approximate symmetries of Eq.( 1. 6 ) are analysed with a method
introduced by Baikov, Gazizov and Ibragimov, in [1].

The method of nonlinear self-adjointness and new conservation law theorem
was introduced by Ibragimov in [3]. Consequently, conservation laws which can-
not be obtained by Noether theorem, are constructed using this method. This
method can be extendend to differential equation with small parameter.

In this paper, we calculate approximately adjoint equation to ”Gardner equa-
tion” and then we construct approximate conservation laws using approximate
symmetries and carry out all computations to first order of approximation with
respect toε.

2. PRELIMINARIES

In this section, we recall the procedure in [3],[4],[5]. We consider a system of
m (linear or nonlinear) differential equations,

Fα(x, u, u(1), .., u(s)) = 0 α = 1, .., m, (2. 7)

wherex = (x1, .., xn) andu = (u1, .., um) are independent and dependent vari-
ables, andu(1) = ∂uα/∂xi, u(2) = ∂2uα/∂xi∂xj . The equation adjoint to ( 2. 7
) are written in the form:

F ∗α(x, u, v, u(1), v(1), .., u(s), v(s)) =
δL

δuα
= 0 α = 1, ..,m, (2. 8)
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where,v = (v1, .., vm) are new dependent variables. HereL is called formal La-
grangian for equation ( 2. 7 ), and given byL =

∑m
B=1 vβFβ(x, u, u(1), .., u(s)),

andδ/δuα = ∂/∂uα +
∑∞

s=1(−1)sDi1 · · ·Dis∂/∂uα
i1..is

, is the variational de-
rivative whereDi is the operator of total differentiation. The system ( 2. 7 ) is
said to be nonlinearly self-adjoint if the adjoint system ( 2. 8 ) is satisfied for all
the solutions of ( 2. 7 ) after a substitution,

vα = φα(x, u) α = 1, .., n, (2. 9)

under the condition that not allφα vanish identically. This definition is equvalent
to the condition,

F ∗α(x, u, φ(x, u), .., u(s), φ(s)) = λβ
αFβ(x, u, .., u(s)) α = 1, .., m, (2. 10)

whereλβ
α are indeterminate variable coefficients (λβ

α don‘t become infinite on
solutions of the equation ( 2. 7 )). When our system is perturbed system (system
with small parameter) and if we use,

vα = φα(x, u) + εψα(x, u) α = 1, .., n, (2. 11)

such that not allφα andψα are identically equal to zero instead of condition ( 2.
9 ), the perturbed system is called approximate nonlinear self-adjointness, and we
can find approximate conservation laws associated with approximate symmetry
with the following theorem. We have a main theorem [5]:

Theorem 2.1. Any infinitesimal symmetry

X = ξ?(x, u, u(1), · · · )
∂

∂xi
+ ηα(x, u, u(1), · · · )

∂

∂uα
, (2. 12)

of a nonlinearly self-adjoint system leads to a conservation lawDi(Ci) = 0
constructed by the formula,

Ci = ξiL + Wα

[
∂L

∂uα
i

−Dj

( ∂L

∂uα
ij

)
+ DjDk

( ∂L

∂uα
ijk

)
− · · ·

]
(2. 13)

+Dj(Wα)

[
∂L

∂uα
ij

−Dk

( ∂L

∂uα
ijk

)
+ · · ·

]
+ DjDk(Wα)

[
∂L

∂uα
ijk

− · · ·
]
,

whereWα = φα − ξjuα
j , andL is the formal Lagrangian.

3. APPROXIMATE SELF-ADJOINTNESS

We write Eq.( 2. 7 ) in the form:

F ≡ ut − 6(u + εu2)ux + uxxx = 0. (3. 14)

Formal Lagrangian for Eq.( 3. 14 ) is:

L ≡ v(ut − 6(u + εu2)ux + uxxx). (3. 15)

Then the following equation,

F ∗ ≡ vt − 6(u + εu2)vx + vxxx = 0, (3. 16)
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is approximately adjoint to Eq.( 3. 14 ) . We look for the substitution

v(t, x, u, ε) ' φ(t, x, u) + εψ(t, x, u), (3. 17)

that is satisfying in nonlinear self-adjointness condition

F ∗|v(t,x,u,ε)'φ(t,x,u)+εψ(t,x,u) ' λF (t, x, u, ε). (3. 18)

After substitutiong ( 3. 14 ) and ( 3. 16 ) into ( 3. 18 ), we conclude that:

λ = φu, (3. 19)

and we have,

3φxxuux + 3φxuuu2
x + 3φxuuxx + φxxx

+3φuuuxuxx + φuuuu3
x + φt + εψt + εψxxx

−6(u + εu2)φx − 6ε(u + εu2)ψx + εψuuuu3
x

+3εψuxxux + εψxuuu2
x + 3εψxuuxx + 3εψuuuxuxx = 0. (3. 20)

For calculatingφ, we consider the non containε terms in ( 3. 20 ) and for calculat-
ing ψ, we consider in ( 3. 20 ), only the linear terms inε. Thenφuu = 0, φux = 0
and6uφx − φt − φxuu = 0 lead to:

φ = A1(6tu + x) + A2u + A3. (3. 21)

Accordingly,ψuu = 0, ψux = 0 and6ψxu− ψt − ψxxx + 6A1u
2 = 0 lead to

φ = (H1t + +H2)u +
1
6
H1x + H3, (3. 22)

andA1 = 0.

Proposition 3.1. The approximate substitution is,

v = A2u + A3 + ε[(A4t + +A5)u +
1
6
A4x + A6], (3. 23)

whereAi, i = 2, .., 6 are arbitrary constant. That makes the Gardner equation (
3. 14 ) approximately self-adjoint.

4. APPROXIMATE CONSERVATION LAWS

Approximate symmetries of ( 3. 14 ) in [9] are:

v1 = ∂x, v2 = ∂t, v3 = 6t∂x + (2εu− 1)∂u, v4 = εv1,

v5 = εv2, v6 = ε
(
6t

∂

∂x
− ∂u

)
, v7 = ε

(
x∂x + 3t

∂

∂t
− 2u∂u

)
.(4. 24)

We can now construct approximate conservation laws

[Dt(C1) + Dx(C2)] |Eq.(3.14)≈ 0, (4. 25)

By applying the formula ( 2. 13 ). We perform all computations to first order of
approximation with respect toε. The conserved vector for ( 3. 14 ) is:

C1 = Wv,

C2 = W (−6(u + εu2)v + vxx)− vxDx(W ) + vD2
x(W ). (4. 26)
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We obtainWi = W for correspondingvi, i = 1..7 as showen in Table1. We can
calculate the conserved vectorC1 andC2 ( 4. 26 ) for the approximate symme-
tries vi, i = 1..7 in ( 4. 24 ) in Table2. We eliminateut with the help of ( 3.
14 ). We can consider the special cases for calculating approximate conservation
laws by substituting variety constants instead ofAi. For instance, by considering
A2 = 1 andA3 = A4 = A5 = A6 = 0, we have one approximate conserved
vector.

Table 1
approximate symmetry correpondingWi

v1 = ∂x W1 = −ux

v2 = ∂t W2 = −ut

v3 = 6t∂x + (2εu− 1)∂u W3 = (2uε− 1)− 6tux

v4 = εv1 W4 = −εux

v5 = εv2 W5 = −εut

v6 = ε(6t∂x − ∂u) W6 = −ε− 6tεux

v7 = ε(x∂x + 3t∂t − 2u∂u) W7 = −2εu− 3tεut − εxux

Table 2
case C1 C2

v1
−ux

�
A2u + A3 + ε((A4t + A5)u

+1/6A4x + A6)
�

−ux

�− 6A2u− 6A3 − 6ε((A4t + A5)u
+1/6A4x + A6) + A2uxx

+ε((A4t + A5)uxx)
�

+ uxx

�
A2ux

+ε((A4t + A5)ux + 1/6A4)
�

−uxxx

�
A2u + A3

+ε((A4t + A5)u + 1/6A4x + A6)
�

v2

�− 6εu2uxuxxx(A2u + A3)
�

+
�− 6uuxuxxx(A2u + A3

+ε((A4 + A5)u + 1/6A4x + A6)
�

�
ε
�
((A4t + A5)ux + 1/6A4)

(36uu3
x + 36u2uxuxx − 6uuxuxxxx

−6u2
xuxxx − 6uuxxuxxx

+uxxxuxxxx)
�

+
�
36A2u2u3

x

+36A2u3uxuxx − 6u2uxA2uxxxx

+72A2u2u4
x + 36A2u3u2

xuxx

−12A2uu3
xuxxx − 6A2uxu2uxxuxxx

��
�− 6A2u− 6A3 + A2uxx

�
+
�
36A2uu4

x + 36A2u2u2
xuxx

−6A2uu2
xuxxxx − 6A2u3

xuxxx

−6A2uuxuxxuxxx + A2uxuxxxuxxxx

�
�− 6A2u− 6A36ε((A4t + A5)u

+1/6A4x + A6) + A2uxx

+ε((A4t + A5)uxx)
�

+
�
ε((A4t + A5)u + 1/6A4x + A6)

�
�− 6uxxux − 12uxuxx

−6uuxxx + uxxxxx

�
+
�
A2u + A3

�
�
(−12εu2

x + (−12εu− 6)uxx)ux

+2(−12εu− 6)uxuxx

+(−6εu2 − 6u)uxxx + uxxxxx

�
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v3

�
2εu(A2u + A3)

�
+
�
(−6tux − 1)

×(A2u + A3 + ε((A4 + A5)u
+1/6A4x + A6))

�

ε
�− 2ux − 12tuuxx − 12tuxu2

�
�− 6A2u− 6A3 + A2uxx)
−(A2ux

�
+
�− 6A2u− 6A3

−6ε((A4t + A5)u + 1/6A4x + A6)
+A2uxx + ε((A4t + A5)uxx))

−(A2ux + ε((A4t + A5)ux + 1/6A4)
�

�
36t2u2uxx + 6tuxx

�
+
�
A2u + A3

��
εuxx

�
+
�
A2u + A3 + ε((A4t + A5)u

+1/6A4x + A6)
��− 6tuxxx

�

v4 −εux

�
A2u + A3

� −εux

�− 6A2u
−6A3 + A2uxx

�
+
�
A2ux

�
εuxx

−�A2u + A3
�
εuxxx

v5 −ε
�
6uux − uxxx

��
A2u + A3

�

−ε
�
6uux − uxxx

�
�− 6A2u− 6A3 + A2uxx

�− �A2ux

�
�− ε6u2

x − ε6uuxx + εuxxxx

�
+ε
�
A2u + A3

�
�− 6uxxux − 12uxuxx

−6uuxxx + uxxxxx

�

v6
�− 6tεux − ε

��
A2u + A3

�
�− 6tεux − ε

��− 6A2u− 6A3
+A2uxx

�
+ 6εtuxx

�
A2ux

�
−6εtuxxx

�
A2u + A3

�

v7

�
A2u + A3

��− 2εu− 3tε
(6uux − uxxx)− εxux

�

ε
�− 2u− 3t(6uux − uxxx)− xux

�
�− 6A2u− 6A3 + A2uxx

�
−ε
�
A2ux

��− ux

+(−2− 3t6ux)ux + (−3t(6u)− x)uxx

+3tuxxxx

�
+ ε
�
A2u + A3

�
�− uxx − 18tuxxux + (−3− 36tux)uxx

+(−18tu− x)uxxx + 3tuxxxxx

�
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