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Abstract. In this article, we use modified RiemannLiouville derivative
and two transformations for converting the (2+1)-dimensional fractional
Schiddinger equation into corresponding ordinary differential equation.
Then we apply the modified extended direct algebraic method to study the
exact complex solutions of the (2+1)-dimensional fractional &dimger
equation.
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1. INTRODUCTION

Recently, The investigation of exact solutions to nonlinear fractional differential equa-
tions plays an important role in various applications in physics, fluid flow, engineering,
control theory, systems identification, biology, finance, signal processing and fractional
dynamics [9]-[12].

The nonlinear fractional Sctdinger equation is one of the most important complex frac-
tional partial differential equations. It is a fundamental equation of fractional quantum
mechanics that was discovered by Nick Laskin [10]. Some numerical method have been
proposed to obtain approximate solutions for fractional 8dimger equation, such as Ho-
motopy analysis method [6, 21], Adomian decomposition method [7, 21], and so on.
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Jumarie [8] proposed a modified Riemann-Liouville derivative and some important prop-
erties for the modified Riemann- Liouville derivative. By using this properties and de-
fine two transformations, we can convert nonlinear fractional derivative partial differential
equations into its nonlinear integer-order ordinary differential equations.

The modified extended direct algebraic method [14]-[18] is a powerful and efficient method
for finding exact solutions of nonlinear differential equations.

In the present work, we would like to apply the modified extended direct algebraic method
to establish exact complex solutions for the nonlinear (2+1)-dimensional fractionéldBuiper
equation. Some conclusions are presented at the end of the paper.

2. THE MODIFIED RIEMANN-LIOUVILLE DERIVATIVE

In this section, we list some important properties for the modified Riemann- Liouville
derivative of ordekx as follows [16]-[13]:

Ty fy (= O (F(§) — £(0))de O<a<l,
Dy f(t) =
(fr@))e—" n<a<n+1 n>1.
D(f(g(t) = g(t)DFf(t) + f(t)D{g(t), 2. 1)
oogr _ F(l + T) r—o
DM = mt , (2.2
D flg(t)] = filg)]Dg(t) = D2 flg(®)(g'(£))°. 2. 3)

3. THE MODIFIED EXTENDED DIRECT ALGEBRAIC METHOD

Suppose that a nonlinear fractional differential equation, in general form, is given by
F(uy Dty Uy s gy gy - -+ 3 DFU Uy s Uiy s Ui s - - ) = 0. (3. 4)

Based on the properties of the modified Riemann- Liouville derivative, consider the fol-
lowing the variable transformation

Ate
INa+1)
wherel; and\ are constants to be determined later, the fractional differential equation ( 3.
4) is reduced to nonlinear ordinary differential equationl

w(zy, oy .. xp,t) =u(f), &=har+las+...+lyz, +

F(u(€), M (€), 110/ (€), ..., 1o (&), N2 (€),...) =0 (3.5)
where”” = &
We assume that equation ( 3. 5) has a solution in the form
u(€) = aid' (&) + Y bip (6 (3.6)
1=0 i=1

wherea; andb; (i = 1,2,...,m) are real constants to be determined latét,) expresses
the solution of the auxiliary ordinary differential equation

¢'(€) = k + ¢*(6). B.7)

Equation ( 3. 7)) admits the following solution:

If £ < 0then
¢(&) = —V=k tanh(vV/—kg),
(&) = —V—k coth(v/—k€).
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If £ =0 then

1
9(§) = e
If £ > 0then

¢(&) = Vk tan(VkE),

¢(&) = —Vk cot(VEg).

Integerm in ( 3. 6), in most cases, will be determined by balancing the highest-order
nonlinear terms and the highest order partial derivativeg(6j in equation in ( 3. 5).
Substituting ( 3. 6 ) into ( 3. 5) with ( 3. 7 ) then the left hand side of equation ( 3.
5) is converted into a polynomial in(¢) equating each coefficient of the polynomial to
zero yields a system of algebraic equationsdgw;, k, a1, as, . .., a,, A\. By solving this
system and obtaining the unknown constants and substituting the results into ( 3. 6 ) then
we obtain the exact solutions of equation ( 3. 4).

4. NONLINEAR (2+1)-DIMENSIONAL FRACTIONAL SCHRODINGER EQUATION

Now we consider the non-linear (2+1)-dimensional fractional 8dimger equation:

[e3

U
ZW +pum—quyy+'yu|u\2:0, >0, 0<a<, (4. 8)

wherep andg are non-zero constants.
We use transformation

ct®

u(z,y,t) =u(§), &=ar+by+ ot 1)

(4. 9)

wherea, b andc are arbitrary constants. substituting ( 4. 9) into equation (4. 8) and by
using (2. 1)-(2. 3), we get

D{u = Dfu(€) = o/ (§) D€ = cug, Upw = aPuge, Uyy = bPuge,
then equation (4. 8) is reduced into an ordinary differential equation:
icug + pauge — qbuge + yulul|® = 0. (4. 10)
Functionu is a complex function so we can write
u(€) = T w(€) (4. 11)
wherew(§) is a real function. then equation ( 4. 10) is reduced to:
w + 4y(pa® — gb*)w? + 4(pa® — gb*)*wee = 0. 4.12)

Balancingwes andw?® (the highest-order nonlinear terms and the highest order partial
derivatives ofu(¢)) in Eq.(4. 12 ), we computer = 1 so the modified extended direct
algebraic method in the form admits the use of the finite expansion

w(€) = A1+ Ag + B1gp™ . (4.13)
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Substituting (4. 13) into Eq.( 4. 12 ) and using ( 3. 7 ), collecting the coefficients of
and equal to zero, we have:

#* : 4(pa® — qb*)yA3 + 8(pa® — qb*)*A; = 0,
¢* o 12(pa® — gb*)yAp AT = 0,
o' 12(pa? — @b*)yAZ AL 4 12(pa® — qb*)yB1 A3 4 8(pa® — qb*)* Ak + C*A; =0,
¢ o C*Ag + 4(pa® — qb*)yA + 24(pa® — qb*)yAAB = 0,
¢~ : CB+12(pa® — qb*)yALB + 12(pa® — qb*)yA, B? + 8(pa® — qb*)*B1k = 0,
o2 12(pa® — qb*)AgB? =0,
»~2 . A(pa* — qb*)yB} + 8(pa® — qb*)*B1k* = 0.

By solving this system with Maple, we obtain:
Casdl:

2(gb* — pa?) —C?
1 v ) 0 07 1 07 8(pa2 — qbg)ga

and

2 gb? — pa? _c?

Ay = Ay = B, = k=
1=0 =0 h=pa e\ 0 P spe e

Then, we get the following exact complex solution:

ic ct C 1
wi(z. y.t) = —e2@?-—pa?) (eztbytrorn)C [ -
1( ' Ys ) 2 ’y(qb2 _pag)

c ct®

X tanh(——— (ax + b + = )
Ve = T )
or
——i (ax+by+ i) C 1
t = —e2( b2 — a2) Tlat1)/ — T 19 o\
u(z,y,1) estar e 2\/ v(qb? — pa?)
c ct®
X coth(—————(ar + by + ——)),
(2\/§(pa2 —qb?) ( R
wherek = ﬁ <0.
Casdl :
2(qb? — pa?) —C?
1 ~ ) 0 ) 1 ) 8(pa2 _ qb2)2a
and
—c? gb? — pa? —C?
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Then, we get the following exact complex solution:

T E— _ct® ¢ 1
uz(z,y,t) = ex@?pay (@t . b
{@3:%) 2\ v(gb? — pa?

)
Xtanh(;(ax_’_b + L))
2v/2(pa? — qb?) YT e+
or
——e _(az4by+ =) C 1
t = 2(qb2 —pa?) Tayp) % [+
u2(x7ya ) e 5 v(qb2 _pa2)
& ct®
x coth(—————(ax + by + ———)),
(2\/5(1%2 - qb2)( YT T(a+ 1)))
wherek = ﬁ <0.
Casdll :
A= |20 g g = |2 R
¥ ’ ’ ~
Then, we get the following exact complex solution:
Whenk < 0
ug(z,y,t) = —eRatpan (W) 2(pa® — gb*)k
Y
° ct®
tanh(v—k(az + by + ————) + coth(v'—k(az + by + ———))].
x [tanh(v/—k(az + y+r(a+1))+co (V—=k(az + y+F(a+1)))]
Whenk > 0
ic = ct® 2 2
ug(z,y,t) = Xy WG 2(gb? — pa?)k
Y
“ ct®
tan(v'k by + =—— t(Vk by + —
Xltan(Vi(az +by + ey + cotl(Vi(az by + eyl
or
us(z,y,t) = T ey (b et 2(gb? — pa?)k
Y
ct® ct®
tan(vk by + t(vVk by + ———))].
x [tan(VE(az + Yt Far ) T (VE(az + Yt T s D))
Whenk =0
—te __(azx et 2(qb? — 2 1+ B
us(@,y, t) = —e 2@ pa?) W TPVTrGED) 2(gb? — pa?) (az + by + —— )L,

IMNa+1)
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CasdV:

2(qb? — pa? 2(ab2 — pa2)k2
A= A mpe?) g = [P pat)R

v Y
Then, we get the following exact complex solution:

Whenk < 0
ug(z,y,t) = ez (az+by+ 35y \/W
ct®
x [tanh k b — coth(v—Fk by + ——
fanh(vF(ar + by + ) — coth(V oz + by + )]
or
ug(@,y,t) = e 22 —pa?) (a”+by+F<a+1>)\/W
ct®
x [tanh(v/ —k b — coth(v—k by + ——))]-
x [tanh (v —k(ax + y+F(a+1) coth(v —k(az + y+I‘(a+1)))]
Whenk > 0
ug(w,y,t) = T pa2>(“+by+r<a+1>)\/w
ct®
t k b - t by+ —— ).
x [tan(Vk(az + y+F(a+1) cot(Vk(ax + y+F(a+1)))]
Whenk =0
s (aatby+ ity [2(gb? — pa?) -1
t) = —e2(ab?2—pa?) T(a+1) N\t AT b )
ug(z,y,t) e ﬁ(aw+ y+F(a+1))
CaseV:
Ay =— 2gb* = pa?) Ay =0, By = 2(gb? — pa®)k?
gl ’ ’ %
Then, we get the following exact complex solution:
Whenk < 0
us(z,y,t) = e pa2>(‘“”J“by*r<a+1>)\/W
ct®
x [tanh(v/ —k b — coth(vV—k by + ———
x [tanh(vV —k(ax + y+F(a+1) coth(v—k(az + y+F(a+1)))]’
or
U5($ay7t) = 762(4172;1)@2 az+by+1"(a+l) \/W
ct®
X [tanh k b th(v—k by + ——=))]-
x [tanh(vV —k(az + y+F(a+1) — coth(v—k(ax + y+I‘(a+1)))]
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Whenk > 0
'u,5(x’y,t) = _ez(qbZiEpaZ)(a$+by+l"(cr~til)) M
Y
t ct®
t k b —cot(Vk b —))].
x [tan(VE(az + by + Mot 1)) cot(VE(azx + by + Mo+ 1)))]
Whenk =0
R TS (aw+by+7“ta ) 2((]b2 — paQ) ct® 1
2y, t) = e —pe® TEFD Ty [ —————= (ax + by + :
us(@,9,) = e 5 (@ +by + 77y
CaseVI:
2 2 _ 2 2 2 _ 2 2
A= (qbwpa)7 Ag=0, B —-— (gb 7pa)/lf

Then, we get the following exact complex solution:

Whenk < 0
ug(w,y,t) = e?<qb2icm2>(“r+by+r<c<fil>)\/m
~y
x [tanh(v/—k(az + by + L) + coth(v/—k(az + by + L))]
I(a+1) I'(a+1)
Whenk > 0

ic ct™ 2 b27 a2
dg(zay,t) = —eTa by (20— p

)k
Y
x[tan(\/E(ax—f—by—l— ct” ) +cot(\/E(ax—|—by+ L))L

e (aztbyt ) 2(qb2 — paQ) ct™ 4
,t) = e2(av?—pa?) TlatD) —r - 7 b .
us(z,9,) = T VS w4 )

e In all casesg, b andc are arbitrary constants.

T(a+1) Ila+1)
or
ug(z,y,t) em(am+by+”g:”)\/m
~
x [tan(VE(az + by + et ) + cot(Vk(az + by + L))]
T(a+1) Ila+1)
Whenk =0

5. CONCLUSION

In this paper, based on the modified Riemann-Liouville derivative and by using two
transformations, the nonlinear (2+1)-dimensional fractional &tihger equation turned
into a nonlinear ordinary differential equation of integer orders. Then, the modified ex-
tended direct algebraic method has been successfully applied to find the exact solutions for
the nonlinear (2+1)-dimensional fractional Satlinger equation.
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The method is powerful and is applicable to many nonlinear fractional partial differential
equations.
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