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Abstract. The aim of this paper is to establish similar results to that of G.
Bennett[2] and C. P. Niculescu[4] in the context of functions which are
3-convex/concave at a point.
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1. INTRODUCTION

A vast theory developed in the study of convex functions, may be readily applied to most
significant topics in real analysis and economics. In past recent years, a rapid development
has experienced in the theory of convex functions. This can be accredited to several causes,
two of which are as follows: First, so many areas in modern analysis directly or indirectly
involves application of convex functions. Second, convex functions have huge impact on
the theory of inequalities and several important inequalities are out-turn of the application
of convex functions (see [6]).

In [2], G. Bennett presented some consequences of an inequality describing the behavior
of convex functions with respect to a mass distribution. Later, C. P. Niculescu proved an
abstract version of this result([4]), which is shown in the next theorem.

Theorem 1.1. [4] LetZ is an interval carrying a positive Borel measut@and A ; B; C
are three disjoint compact subintervals®bf positive measure. Then

LB)=1¢(A)+¢(C) (1.1)
and
/Badﬁ(a) = /Aadé(a) + /c adl(a); 1. 2)
give a necessary and sufficient condition under which the inequality
| reaete) < /A flade(e) + [ flaie(o). 13)

is valid for every convex functioh: 7 — R.
65
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Definition 1.2. (see[5], p. 179). Any real Borel measufeon an intervalZ such that
¢(Z) > 0and

/ f(a)dé(a) > 0 for every nonnegative convex function f : 7 — R.
T

is called a Steffensen-Popoviciu measure.

A brief description of this concept is given in the following result, independently due to
T. Popoviciu [6] and A. M. Fink [3]:

Lemma 1.3. Suppose that be a real Borel measure on an intené@lwith £(Z) > 0. Then
{ is a Steffensen-Popoviciu measure iff the following condition of endpoints positivity,

/ (t —a)dl(a) 20 and / (a —t)dl(a) > 0
IN(—o0,t]

IN[t,00)

holds for every € [a, b].

Theorem 1.4. (see[5], p. 184-185, for details) Let is a Steffensen- Popoviciu measure
on an intervalZ. Then the inequality

1 .
100 < 55 /I f(a)de(a)

holds for every continuous convex functipron Z, hereb, = ﬁ fI adl(a) represents
the barycenter of.

Definition 1.5. [4] Any real Borel measuréon an intervalZ such that/(Z) > 0 and
/ f(a)dl(a) > 0 for every nonnegative concave function f : 7 — R.
T

is called a dual Steffensen-Popoviciu measure.

Theorem 1.6. Theorem 1.1 even works dfis a real Borel measure off and A, 5, C
are three disjoint subintervals @f such that the restriction of to each of the intervalst
and( is a Steffensen-Popoviciu measure and the restrictightof3 is a dual Steffensen-
Popoviciu measure.

Now, we consider the inequality of G. Bennett for new class of functions in following
section.

2. MAIN RESULTS

In [1], I. A. Baloch, J. Pecaric, M. Praljak defined a new class of functions which is
defined as follow:

Definition 2.1. LetZ be a non-degenerate interval I and ¢ an interior point of it. A
functionf : Z — R is called3-convex function at point (respectivel\3-concave function
at pointc) if there exists a constan such that the functiod’ (o) = f(a) — 5a? is

concave (resp. convex) @m (—oo, ¢| and convex (resp. concave) 8m [c, o).

A property that explains the name of the class is the fact that a functi®Brasivex on
an interval if and only if it is3-convex at every point of the interval (see [1]).
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Theorem 2.2. LetZ is an interval carrying a positive Borel measutand A ; B; C; P ;
Q; R are six disjoint compact subintervals Bfof positive measure such that

UB) = 6(A) + £(C) ; £(Q) = £(P) + £(R) @. 4)

and

/Bozdﬂ(a):/Aadﬁ(a) /ad€ /ﬂdf :‘/Pﬁdf /ﬁdﬁ . (2. 5)

and alsoc € I° is such that

max{right end points of interval A,B,C}
<c<
min {left end points of interval P,Q,R} (2. 6)
Now, if

A&M@+L&m® /2& /ﬁwz>ﬁ4WMmL@M@

2.7
then following inequality

/f Ydl( /f )dl(a /f Ydb(
SLfﬂM6+Aﬂ@M@—LﬂMMM(Z®

holds for every-convex functiory : Z — R at a pointc.

Proof. Sincef is 3-convex function at point € Z°, then we have a constaft such that
F(a) = f(a) — £a?is concave o N (—oo, ¢]. Therefore, ford ; B; C, three disjoint
compact subintervals af N [c, oo) of positive measure, so by reverse of the inequality

(1. 3), we have
/F@M@+/F@MU / Fa)dt(o)

/f Jde(o /f )dt(a /f )l
- 5 (/A o2dl(a) + /Ca2d€(a)—/3a2df(a))

Also, by using the fact thak'(3) = f(3) — 52 is convex ort N [c, o0). Therefore, for
P ; Q; R, three disjoint compact subintervals b [c, oo) of positive measure, so by use
of the inequality (1. 3), we have

0 < Aﬂmmm+LF@#m—LFwﬂm

/fmwm+/fwﬂm—/fmﬂw
P R o

K 2 2 -~ 2

([ aro)+ | e - [ aes))

0

Y
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From above, we have

/f Jdt(a /f )dl(a /f )dl(a
5 (/A a’db(a) + /Coﬂdf(a)/gazdﬂ(a))

<0<

/f@ﬂ@+/f@ﬂ@—/f@ﬂ@
P R Q
K 2 2 2
—ﬂAﬁM@+Aﬂﬂ@—Lﬁwm

/f )dt(a /f )dl(a /f )dl(a
ff(/ o2dl(a) + /a2d€(a)f/5a2d£(a))
< [ 1@ae)+ [ s@ae - [ s
S Fa + [ g - | Fa). @9

Byusing (2. 7),weqget(2.8)1

Remark 2.3. From the proof of the Theorem 2.2, we have

/f )dl(ox /f )de( /f )dl(ox

< (/ o?dl(a) + /canf(a)—/BQQdﬁ(a)) (2. 10)

and
[ 1@+ [ 1@aus - [ o)
P R o)
K
zgpéﬁwm+AWMmL@M@)ain

So under assumption ( 2. 7)), we can get a improvement of ( 2. 8 ) as follow

/f )dl( /f )dl(« /f )dl(
< 5( / o2di(a) + / o2dl(a) — /B o2dl(a))
=f%ﬁwm+ﬁﬁﬂm—LWMM}
< [ 10+ [ 10aup) - [ 1o @ 12)
P R Q

(@) =
K
2
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Now, we give next result which weakens the assumption ( 2. 7 ) such that inequality
(2. 8) holds under this new condition.

Theorem 2.4. Suppose thdl is an interval carrying a positive Borel measut@and A ;
B; C; P ; Q; R are six disjoint compact subintervals Bfof positive measure such that
(2.4)and (2.5) hold with

a = max{right end points of interval A,B,C}
< min{left end points of interval P,Q, R} =b (2.13)
and f — Ris 3-convex at a point for somec € [a, b]. Then if

(@)
fa) >0
and

/A oa?dl(a) + /C o?dl(a) — /B o2dl(a)
<Aﬁmm+4ﬁmm—é@mm

or

(b)
Y(b) <0

and

/,4 2di(a) + /C o2di(a) — /B a2dé()
zﬁmmm+ﬁﬁmm—éﬁwm

or

(©)
f(a) < 0 < f(b) and fis3— convex,
then ( 2. 8) holds.

Proof. The idea of proof is similar to proof of Theorem 2.2. Hence, by proceeding as in
the proof of Theorem 2.2. From the inequality 2. 9, we have

K
U s+ [ i) [ an)
_ o2dl(a a2dl(a) — | oPdl(a
([ atatte) + [ atarte) ~ [ aarta)]
é/f@ﬂ@+ f@ﬂ@—/f@ﬂ@
P R Q
—pAﬂ@M@+Lﬂ@M@—Aﬂ@M@)

Now, due to the concavity af' onZ N (—oo, ¢] and convexity ofF’ onZ N [¢, c0), so for
every distinct pointsy; € Z N (—oo,al andf; € ZnN[b,00), j = 1,2, 3, we have
[1, ag, 3] f < K < [B1, Ba, B3] f
Lettingay; " a andf; \, b, we get (if exists)
f(a) < K < f1L(b)
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Therefore, if assumptions (a) or (b) holds, then

5 ([ iy [ i) [ gae)( [ ottt [ otieto)- [ o?ara)]

is positive and we conclude the result. If the assumption (c) holdg;the left contin-
uous, f! is right continuous, they are both non-decreasing glhe< f. Therefore, there

existsé € [a, b] such thatf with associated constaif = 0 and again, we can deduce the
result. i

Remark 2.5. Again from the proof of Theorem 2.4, we obtain the inequalities ( 2. 10 ) and
(2. 11). Now, under assumption (a), (b) or (c) of Theorem R’4s positive or negative

or zero respectively due to argument discussed in the proof. Therefore, we get a better
improvement of (2. 8) then (2. 12) in this case as follow

Aﬂmmm+Lﬂmwm—Aﬂwmm
K

< 2(/Aa2d€(a)+/ca2d€(a)—/Bazdé(a))
K 2 2 _ 2
SﬂAﬁM@+AﬁM@ )

sAﬂ@M@+Aﬂ@M@—Lﬂ@M@(ZM)

Under the assumption of Theorem 2.2 wjth Z — R is 3-concave at point € Z°, the
reverse of inequality ( 2. 8 ) holds. Now, we give only the statement of the theorem with
weaker condition which can be proved in similar way under which the reverse of inequality
(2. 8) holds forf : T — R is 3-concave at point € Z°.

Theorem 2.6. Suppose thal is an interval carrying a positive Borel measutand A ;
B; C; P; Q; R are six disjoint compact subintervals Bfof positive measure such that
(2.4)and (2.5) hold with
a = max{right end points of interval A,B,C}

< min{left end points of interval P,Q,R} =b (2.15)
and f : Z — R is 3-concave at a point for somec € [a, b]. Then if
(a)

) <0

and

/A o?dl(a) + /C o?db(a) — /B odl(a)
zﬁﬁmm+ﬁﬁmm—éﬁmm

or
(b)
Y(b) >0
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and

Aazdﬁ(a)+/ca2d€(a)—/Ba2dé(a)
< /p 82de(@) + /R B2de(8) - /Q B2d(3)

f(a) < 0 < fI(b) and fis 3 — concave,
then reverse of ( 2. 8 ) holds.

or

(©

Remark 2.7. Similarly as in Remark 2.5, we obtain the reverse of inequalities ( 2. 10)
and
(2. 11) from the proof of Theorem 2.6. Now, due the convexiy oh Z N (—oo, (|
and concavity off' onZ N [¢, 00), so for every distinct points;; € Z N (—oco,a] and
B; €ZTN,00),j=1,2,3., wehave

[dlv d27073]f > K > [31a6~27ﬂ~3}f
Lettinga; " a andBj \\ b, we get (if exists)

f'(a) > K > f(b)

Now, under assumption (a) or (b) or (c) of Theorem Z®is negative or positive or zero
respectively due to argument discussed above. Therefore, we get a better improvement in
this case as follow

/ Fla)dl(a / Fla)dl(a / Fla)dl(a
> 5(/ o?dl(a) + /anE(a)—/Ba2d€(a))
> 2 /P Fde(p) + /R 82ae(B) - /Q 2de(p)
> /P F(3)de(B) + /R F(3)de(s) - /Q F(B)dB) (2. 16)

Theorem 2.8. Suppose thdf is an interval carrying a Borel measuteand A ; B; C; P

; Q; R are six disjoint subintervals df with the restriction o’ to each of the intervals
A,C,P andR is a Steffensen-Popoviciu measure and the restrictiohtofs and Q is a
dual Steffensen-Popoviciu measure such that

LB)=L(A)+£4(C) ; £L(Q)=LP)+LR) (2.17)
and

/B adl(o) = /A adl(o)+ / adl(o / Bde(B) = /P Bde(3 / Bde(B). (2. 18)

and alsoc € Z° is such that

max{right end points of interval A,B,C}
<c<
min{left end points of interval P,Q,R} (2. 19)
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Nowy, if

/,4 a?dl(a) + /C ?dl(a) — / oa?dl(a / B2de(B) + /R B2de(3) — /Q B2de(B),

(2. 20)
then following inequality

/ Fla)dl(a / Fla)dl(a / Fla)dl(a
< /P F(B)de(B) + /R F(B)des) - /Q FB)dep) @ 20)

holds for everyf : Z — R 3-convex function at a point

Remark 2.9. The statement of Theorem 2.8 can be weakened under the similar setting as
given in Theorem 2.4 such that the inequality ( 2. 21 ) holds.

3. CONCLUSION

In this paper, we have studied the class of 3-convex/concave functions at a point which
is larger then that of 3-convex/concave functions and have developed some interesting
techniques for this new class. Using these technigues, we have established similar results
to G. Bennett’ inequality for this class. Methods developed and results proved in this paper
may stimulate further research in this field.

The interested researchers are encouraged to find the particular examples of the results
presented in this paper.
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