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Abstract. Scores of intricate problems are churned out in mam-
malian cell owing to the influence of lipophilic aromatic hydrocar-
bons. Diffusion and reaction of these noxious compounds obliterate
the cellular structure. Earlier, a mathematical model was developed
which gives rise to a system of PDEs. This system was treated
numerically. Homogenization technique was used for the numerical
treatment of cytoplasm which reduced the complexity of the model.
The disparity in the formation of tetrols guides us towards a new
model comprising nuclear envelope, enzymatic reactions and modi-
fying the nuclear size. The results of the model are compared with
previous model and experimental results of V79 cells, which show
a significant improvement in the model.
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3. Introduction

Cell is the essential structural and functional unit of living organisms. Eyokary-
otic cell consists of plasma membrane, cytoplasm, mitochondria, Golgi apparatus,
endoplasmic Reticulum, nuclear envelope and nucleus consisting of most impor-
tant DNA [2]. Modeling the intracellular dynamics is a very difficult task due to
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complex membranous structure. PAH [17], a ubiquitous environmental pollutant,
diffuses into the cell and reacts with different compounds which may cause toxic-
ity and cancer [1,13]. To study the chemical reactions and diffusion process in a
cell, a 2D-axisymmetric mathematical model was earlier developed in [10]. In this
model, extracellular medium along with four sub-domains namely cellular mem-
brane, cytoplasm, nuclear membrane and cytoplasm were considered. The reaction
and diffusion processes in the whole cell model gave rise to the system of partial dif-
ferential equations which was treated numerically. Geometry of cytoplasm is very
complex. It contains very dense structure of cellular organelles and membranes.
Numerically, it is almost impossible to model these organelles independently be-
cause the system becomes computationally very expensive. In order to treat the
model numerically and keeping in view the limitations of computational sources,
homogenization technique was used where the effective equations were derived. In
this paper, we will use the results of the effective equations which were derived
earlier in [10]. In the present study, a 2D axi-symmetric model is extended by
reducing the size of nucleus and introducing nuclear envelope. Nuclear envelope
encloses the heart of the cell called nucleus. The nuclear envelope consists of two
concentric membranes, i.e. outer and inner membranes. The two layers are sep-
arated by 30nm space known as perinuclear space. Outer membrane is composed
of protein endoplasmic reticulum. Inner and outer membranes fuse periodically to
form nuclear pore complexes. These nuclear pores work as a bridge for the access to
different diffusing materials. They also control the movement of molecules between
cytoplasm and nucleus. Nuclear envelope is not only a double layered membrane,
it is a highly structured organelle that works as an interface between cytoplasm
and nucleus region. It also maintains the nucleus shape and is helpful in DNA
replication, nuclear growth, protein synthesis and processing [5,18].

4. Material And Methods

The mathematical model describes the diffusion and reaction process of the toxic
compound BPDE which was earlier used in [10] named as P in this model.

Figure 4.1. Schematic diagram showing the different domains
and reaction-diffusion
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It is formed by incomplete incineration of hydrocarbons in oil refining and other
such activities [16]. The model geometry consists of sub domains; extracellular
medium, plasma membrane, cytoplasm, perinuclear space, nuclear membrane and
nucleus. No reaction occurs in membranous structure. In extracellular medium, P
endures hydrolysis process to form tetrol. Inside cytoplasm three types of reactions
take place; one is hydrolysis which yields tetrol, second is the reaction of P with
glutathione (GSH) in the presence of glutathione transferases (GSTs) which serve as
catalyst forming DE-GSH conjugate [9] and third is the reaction of P with proteins
which form protein adducts. P diffuses into the perinuclear space and reacts with
protein bindings to form protein adduct [11]. P also reaches in the nucleus; reacts
with water, DNA and protein to form tetrols, DNA adduct and protein adduct
respectively [14]. Reaction of P with DNAmay destroy its structure [20]. Schematic
diagram showing the different domains and reaction-diffusion process is shown in
Fig. 2.1. Formation of DNA adducts may result in mutation and a cause of tumor
or cancer. The main reactant BPDE is extremely lipophilic in nature and the
membranes have also lipophilic behavior so its major part is absorbed in membrane.
The rapid change in the concentration between adjacent lipid and water domain
can be explained by the partition coefficient Kp. The geometric constants used in
this model are given in Table-1.

Table 1. Fundamental geometric constants

The distribution of the material in each domain is defined by concentration.
The concentration in each domain is separated by using an index i. for example Pi
shows the concentration of P in particular subdomain i, D represents the diffusion
coefficient and KT represents the reaction rate constant.

Sub-domain 1(extracellular medium)

∂

∂t
P1 = ∇ · (D1∇P1)−KT P1,(4.1)

∂

∂t
T1 = ∇ · (D1∇T1) + KT P1.(4.2)

where P1 and T1 represent the BPDE and tetrols respectively in the sub-domain 1.
D1 stands for the diffusion process in this sub-domain. The subscript ’1’ denotes the
sub-domain number. KT represents the rate constant for the formation of tetrols.
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The first part of the equations represents the diffusion part whereas the second part
shows the reaction phenomenon.

Sub-domains 2, 4, 6 (cellular membrane, nuclear envelope, nuclear
membrane)

∂

∂t
Pi = ∇ · (Di∇Pi),(4.3)

∂

∂t
Ti = ∇ · (Di∇Ti), i = 2, 4, 6(4.4)

In this sub-domain, we have not considered any reaction in the membranous part
of the model, therefore only diffusion factor appeared in the equations.

Sub-domain 3 (cytoplasm)

The structure of cytoplasm is very complex. It consists of water and lipid mem-
branes. If we observe the diffusion and reaction mechanism in each sub domain
separately the model will become computationally very expensive. In order to
avoid this, effective equations are used which were derived earlier in [10] by using
homogenization technique, the details of which are given there. During the process
of homogenization, effective diffusion coefficients and chemical rate constants for
cytoplasm were calculated in [10] and are summarized in Table 2. The remaining
physical and chemical constants were used from [10,15,19,22] and are given in Ta-
ble 2. The reaction rate constants are given by KT,eff and KF,eff. The following
reactions take place in cytoplasm.

P
KT,eff−−−−→ T , P

KF,eff−−−−→ F , P
KE,eff−−−−→ E

The following equations are obtained from the set of above chemical reactions

σP
∂

∂t
P3 = ∇ · (D3,P,eff∇P3)− (KT,eff + KF,eff + KE,eff)P3,(4.5)

σT
∂

∂t
T3 = ∇ · (D3,T,eff∇P3) + KT,effP3,(4.6)

∂

∂t
F3 = KF,effP3,(4.7)

∂

∂t
E3 = KE,effP3,(4.8)

where D3,P,eff is the effective diffusion constant, σS is the time scaling factor and
S = P, T and it can be defined as

δS =

{
Vw + Vl

KP
, x ∈ water part of cytoplasm

1
KP

, x ∈ membrane part of cytoplasm

where Vw and Vl shows water and membrane parts of the cytoplasm respectively.

Sub-domain 5 (perinuclear space)

The perinuclear space consists of protein layers, P reacts with these proteins to
form protein adducts thus giving rise to the following partial differential equations.

∂

∂t
P5 = ∇ · (D5∇P5)− (kE + kT )P5,(4.9)

∂

∂t
E5 = (kE + kT )P5,(4.10)
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Sub-domain 7 (nucleus)

∂

∂t
P7 = ∇ · (D7∇P7)− (kT + kC + kE)P7,(4.11)

∂

∂t
T7 = ∇ · (D7∇T7) + kT P7,(4.12)

∂

∂t
C7 = kCP7,(4.13)

∂

∂t
E7 = kEP7,(4.14)

where C7 and E7 represent the DNA adducts and protein adducts respectively
in the sub-domain 7. KC and KE stand for the reaction rate coefficients for the
formation of DNA and protein adducts respectively.

Table 2. Chemical constants for the model

Interface Conditions

The diffusion of species P and T takes place through membrane and water part.
Due to the lipophilic nature of these species, these must be dissolved in membrane.
Therefore, interface conditions are needed at the boundary. Moreover outward
flux is equal to the inward flux because law of conservation of mass holds. To
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Figure 5.1. Degradation of Benzo(a)pyrene diol epoxide in ex-
tracellular region

describe the concentration at different boundaries between aqueous and lipid part
the partition coefficient is introduced.

X1 =KP,XX2 D1
∂

∂n1
X1 = −D2

∂

∂n2
X2

X5 =KP,XX4 D5
∂

∂n5
X5 = −D4

∂

∂n4
X4

X7 =KP,XX6 D7
∂

∂n7
X7 = −D6

∂

∂n6
X6

Boundary and Initial condition We suppose that the outer boundary of cell

is isolated i.e there is no outward flux so Neumann boundary condition holds
∂X1

∂n1
= 0.

At the initial stage only P is present whereas all other species T , E, F , and C are
set to zero. The concentration of P at initial stage is given by P = P0.

5. Results And Discussion

The model is implemented in Comsol Multiphysics using reaction engineering lab
[6-8]. This software works on the rules of finite element method [3]. UMFPACK
method is used to solve the system of linear PDEs. UMFPACK method works on
the principle of LU decomposition method [21].

The model was run for a time span of 600 sec, where the amount of molecules for
different species in different subdomains was calculated. The comparison between
the results of the previous and current extended model is shown in Figure (3.2-
3.4).Fig. 3.2 represents the degradation of the concentration of BPDE. From the
figure, it is shown that there was a minor difference in the results of old model and
invitro data, whereas it shows very nice agreement when the comparison between
the new model and the experimental data was made. The invitro data was obtained
from [10].
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Figure 5.2. represents difference in the formation of GSH conjugates

Figure 5.3. Formation of T (Tetrol)

As the volume of cytoplasm is increased BPDE will take more time to reach the
nucleus. Hence more reaction will take place and it results a small difference in
the formation of GSH conjugates. It shows that there is a slight increase in the
concentration of GSH conjugate, which shows the betterment in the new model.

Fig. 3.4 shows the concentration of tetrol in cell. The difference found in the
formation of tetrol inside the cell shows that the involvement of perinuclear space
and protein reaction affects the formation of tetrol. The comparison of the results
clearly shows that the results of the new model are much better than the results
of the old model when compared with the experimental data. All the above clearly
shows the significance of the new model. To find the optimal parameter for the
model using optimization approach is an important work to be done as discussed
by [4,12].
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