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Abstract. . In this paper, liquid layer flow considering surface tension
effect, encountering a convex corner has been discussed. The flow profile
far upstream is fully developed. Half-Poiseuille gives exact solution far
upstream. Due to small disturbancegb), matched asymptotic tech-
nigue has been opted to get the linearized solutions far downstream. The
obtained equations have been solved numerically using Chebyshev Col-
location method in collaboration with finite difference scheme. These
results have been verified via computational work. The aforementioned
method is beneficial, as we have successfully plotted graphs for the cases
s = 0.1 and0.2. Eventually, we have compared obtained results with the
Gajjar’s results [3]
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we will discuss the liquid layer flow over a convex corner with the effect
of surface tension. Free surface flows are related to various practical problems for instance;
river flows, flow through part filled pipes etc. Previously a lot of work has been carried out
by J. S Gajjar [3] about the behavior of liquid layer flow over a convex corner facing ob-
stacles in free surface flow without taking into account surface tension effects. Gajjar has
calculated analytic and numerical solutions for this problem, but for small corner angles
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by using matched asymptotic technique. He got the central idea of his work from the triple
deck type structure to solve the problem which was first formulated by Stewartson [14].
Ludwig Prandtl (1875-1953) , German mathematician for the first time presented his pa-
per in 1904 on boundary layer concept. Triple deck theory is an extension of the classical
boundary layer theory proposed by Prandtl [10]. Prandtl, and his many students proceeded
his work to formulate the essential principles of airfoil and propeller operation [11] . Re-
cently, attention has been focused on the behavior of liquid layer flows under the effect of
an electric field, as discussed in Tseluiko and Papageorgiou and also in Sadia farid and Gaj-
jar's paper [18] [2]. Also, the work has been carried out on the behavior of boundary layers
in external and internal flows by Stewartson [14] [15] and Smith [13].Moreover, transonic
bi-convex corner flows have been discussed by Kung Ming-Chung, Po-Hsiung. Chang,
Keh-Chin Chang, Frank K. Lu [1]. The asymptotic technique converts the corresponding
equations into boundary layer equations along with no slip and matching conditions and
also with interaction law i.ep = —sA — (1 — 1/C)A”, including surface tension effects.
Here,” s” represents the scaled measure of the angle of inclination of initial plarigZ@nd

is capillary number. An extensive amount of work on asymptotic theory has also been done
by Sychev [16]. With the passage of time, it became evident that his results were insuffi-
cientif corner angles are to be increased. In this particular situation, we need to smooth the
corner angles so, that we could obtain fine results. We will solve this problem using numer-
ical techniques such as, Chebyshev Collocation method and Finite difference method [9].
Primitive variables have been used instead of stream functions such as in [5] [8]. Use of
primitive variables makes it possible to apply the adopted method for 3-D problems. The
problem on undeveloped profile has been done by Gajjar [3].

1.1. Development of the problem. In this problem we will consider a 2D steady laminar

flow of a liquid layer passing through a convex corner.. The Reynolds number is assumed
to be large (i.e.R >> 1) and the flow profile is fully developed. The crucial part is to
consider surface tension effects. To be precise, we focus on the flow of liquid layer down
an inclined plane having anglgs, 5* + «o* to the horizontal, upstream and downstream
respectively.(See Figure 1). We note that far upstream the simple solution given by the
half-Poiseuille form satisfies the Navier-Stokes equations exactly and that it is reasonable
to expect that the flow sufficiently far downstream is also given by a similar half-Poiseuille
profile. Global arguments e.g. mass flux considerations, can then be used to deduce useful
relations between the upstream and downstream velocities and depths. However, we are
primarily interested in how the boundary layer and the free surface first anticipate the pres-
ence of an obstacle such as a corner when the oncoming profile is fully developed, and our
interest therefore will be centered more on the linearized solution of the problem. Before
discussions of scalings it is necessary to throw some light on few important assumptions. If
we say that distortion of bed is locally small@f) say(é << 1), then obviously the fluid

is displaced by the same amounig6), since the oncoming profile is fully developed and

the viscous effects extend up to the free surface. It means that the displacement of the free
surface is of the same order as that of the bed, i.e. that the basic flow has not been modified
by an0(1) amount due to the presence of an infinitesimally small obstacle, and this as-
sumption is crucial to the analysis and scalings given below. We consider how fluid tackles
the corner. It is useful to note the upstream behavior in channel flow theory [12], there
a displacement of the core induces a pressure gradient across the channel which in turn
drives the viscous wall layers and provides a self-sustaining mechanism for the upstream
response. Here the fully developed profile can be considered as half a channel profile and
essentially the same ideas as those in channel flow theory are applied further in this section
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FIGURE 1. Problem Model.

below. The basic equations in Region | are incompressible Navier-Stokes equations.

Uy + WU, = f&Jrl/(ueruzz)Jrgsinﬁ*, 1.1)
p

ww, + ww, = —% + v(Way + ws2) — gos B, (1. 2)
Uy +w, = 0. (1. 3)

The boundary conditions are;

e No slip condition holds at the wally| ,—o = 0, w|,—¢ = 0.
e The kinematic condition i&» = uh,.
At the interfacez = h(z) we must satisfy the kinematic condition and balance of normal

and tangential stresses. The outward norfnaland unit tangen(t) vectors at any point
onz = h(x) are;

- (—1’11}1%% (1. 4)
And,
i (Lhe) (1. 5)

V1+h2

respectively. An exact solution of the problem exists and is given by [4] [5] [6],
_gsin 8*

Uy = 5 (2hoz — 2%), 1. 6)
W} =0, 1.7
PEZPatmfpg(ZihO)Cosﬂ* (1 8)

Ug and W5 represents velocities im and z direction respectively. Wher#’;; is the
pressure and’,;,, shows atmospheric pressufe;’ is kinematic viscosity of the fluid,
”p” represents the density arig” is acceleration due to the gravity. We observe that
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velocity profile is parabolic in nature. We non-dimensionalize with respect to the length
scale”h” using the following dimensionless quantities,
_x o,z _w g ho o wo
xr= — Zz = — U= — = — w = — =
R T A T A
Here U, represents characteristic velocity atid = 2U} (hg). Substituting these into
Navier-Stokes equations leads to:

(1. 9)

2
Uy + WUy = —Py + E(uM + Uyy) + oL 1. 10)
ww, + ww, = — +l(w +w )fzcot/ﬁ’* (1. 11)
x z pZ R TrxT zz R 9 .

Along with the boundary conditions of no slip, kinematic condition and the stress of normal
and tangent balance that is

u=0, w=0, atz=0 (112)
w = uwhy,
(1- hi)(uz + wg) + 4hyw, =0,
]_—|—h2 1 Uhmx
IV w, + = R(Patm —p) = ——————— 1.13
(1_h%)w+2 (ot = 9) = o (. 13)

Since,
h2
U.= 9™ in G*
2v
So, the other dimensionless parameters are Reynolds nufhfmeasuring the ratio of

viscous forces to inertial forces), Capillary numigemeasuring the ratio of viscous to
capillary forces) and are given by

. Ucho . gh%sinﬂ*

R v V2
O Uep _ pghsin3*
g g
Similarly, in non-dimensional form the upstream profile become,
1
Up==z2— 522, (1. 14)
Wpg =0, (1. 15)
(1-2)

Pg = 1.16
B Rtang3* ( )

Consider a perturbation 6f¢) to the oncoming flow. Gajjar postulates that the interaction
here occurs because of two factors , (a) the displacement of the free surface which induces
a pressure dd(d/Rtan/3*) to counteract the change in the hydrostatic pressure and (b) the
displacement of the free surface which sets up a transverse pressure gradiéntas in
channel flow Smith [3] [12]. We consider the case where (a) and (b) are comparable. From
the z momentum equation the pressuré(igg), where” L” is the unknown stream wise
length scale and assumed to be large. Hence;

4] 4]

X\ -0 1.17
RtanB* L2’ ( )
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The rest of the argument is same as given by Smith [12] and further details may be found
there. Viscous-inertial and pressure balances imply;

2 A )
AN (1.18)
These equations (1. 17 ) and ( 1. 18) give the crucial scalings:
S§~RL~R7 A~R7 . tanf* ~R7, (1. 19)

With regard to (a) and (b) above,if << R then the hydrostatic pressure is important
and if g* >> R= then the transverse pressure is dominanis of order” R”. It is
convenientto set = R, tan3* = R sandz = ae2F(ex) whereF(z) is the reduced
wall shape, and’(z) — x for  >> 1. Hence, far downstream the angleis ofO(R%g).

1.2. Solution Of the problem. Let X = ex be the scaled stream-wise co-ordinate and
z =1+ €%n + ... be the free surface. Then the flow in layer | wher&(1) is

u~ Up + ®uy + o(e?), (1. 20)
w ~ 3wy + o(e”), (1. 21)
p~ €251 —y) + e*py + o). (1. 22)

Hereup = z — 22 /2 is the basic flow.Substituting into dimensionless NS equations
(1.1)(1.3),) gives the simple displacement solution i.e.

Uy = A(X)UBZ, (1 23)

w=—A(X)Ug,, (1. 24)

p1=P(X)+ A" (X) / ’ UZdt. (1. 25)
0

Here”t” is taken as variable of integratiof( X ), P(X) are unknown and both approaches
to zero asX — —oo. Implementing the conditions at the free surface 1 + <24, gives

n(X) = A(X), (1. 26)
P(X) = —si(X) + é;uz _ Ay, (1. 27)
y= /01 Ukdz, (1. 28)

Now we need a viscous layer of thickn_e@§62) to reduce the slip velocity in equation ( 1.
20 - 1. 22) to zero, and therefote= 27, Z ~ 0(1)

un~ U + ..., (1. 29)
w e~ W+ ..., (1. 30)
p~els et (—sz+P)+ ... (1. 31)

Sol/;, W1, P, satisfy the boundary layer equations:
Uiz + Wiz =0, (1.32)
U,U x + Wi,z = —Pix +Uyy, (1. 33)
Py =0. (1. 34)
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along with the boundary conditions

U =W;=0 at Z = —aF(X), (1. 35)
Up—Z+AX) as Z— —o0, (1. 36)

U —-Y as X — oo, (1. 37)

P = P(X). (1. 38)

To match with I, and for no slip at the wall. We can set the fagtaqual to unity in
equation ( 1. 27 ) with the normalization [3] [4]:
[Uv Wa XaYaA7naPa$aF(X)} :[7_710177%‘7[/177%3)237%1}77
YT ANT AT PLyT s T F(X)] (139)
After applying Prandtl transformatiori = Z + oF (X),V = W + oF’(U) to the set of
equations (1. 35} (1. 38), we obtain

Ux +Vy =0, (1. 40)

UUx +VUy = —Px +Uyy ,P=P(X) (1. 42)
U=V=0, on Y=0, (1. 42)
U—-Y+A—-aF(X) as Y — o0, (1.43)
U—-Y as X — —oo, (1. 44)
P=—-sA-(1- l)A” as ,n=—A. (1. 45)

C
Our aim is to obtain the linearized solutions of the system (1. 40) to ( 1. 45) numerically.
In this paper, we have obtained the results for pres&ie displacemen{A) and skin
friction (1 = (Uy)y=o.

2. NUMERICAL METHOD

The equations under consideration have been briefed earlier. The method adopted in
this paper is shaped in the form of primitive variables in which finite difference method
is applied in X-direction and Chebyshev collocation method in Y-direction. In Chebyshev
collocation method” domain is mapped into Chebyshev domaig [—1, 1].Using stan-
dard differentiation matrix we deal with derivatives ¥fin discrete form. Then to tackle
with continuity equation it will be converted first into discrete form via inverse standard
differentiation matrix B and then the obtained result is substituted into momentum equa-
tion. This method is based on iterative method known as Newton linearization. Sum of
an initial guess and small correction is provided to each unknown parameter. Products of
correction can be neglected. And the iteration continues in the same fashion until we get
small correction. It depicts that the initial guess has converged to final equation of the
solution [5] [9].

The X domain is discretized into a uniform grid defined o\&f,;, Tma.] given as,

X¢=Xmin+ (f-1DAX ,f=1,2,3,...,n (2. 46)
And to apply Chebyshev methdd domain is first mapped inte 1 < Z < 1 via,
Y:%MMAZ+Q (2. 47)

After discretization we get,

Y = Vinaalar +1) (2. 48)
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Wherez, is set of Chebychev points given as,
Zp = —COS(%), r=0,1,.,M (2. 49)
By the construction of mesh, we define
U(Xy, Y (2)) = Upr, V(X5, Y (20)) = Vi, P(Xy) = Py, A(Xy) = Ay, F(Xf)(: Ff)
2.50
For the numerical calculations we have considered the wall shaped functi®(as =
S(X + (Va2 +r2), with ”r” as smoothing convex corner co-efficient.We will use the
following matrix operation.
¢ =Buo (2.51)

Whereg = (61,62, .., m) " & = (61, b2, -, 6py)” @Nd By is (M + 1) x (M + 1)
matrix [17]. To explain the construction @t,,, the cases\/ = 1 and M = 2 are now

evaluated.ForM/ = 1, the chebychev points are given by = —1 andz; = 1.The
polynomialp(z) is formed using Lagrangian interpolation and is given by,
1 1
p(z) = 5(1 —2)¢o + 5(1 +2)1 (2. 52)

Differentiating this gives,

/ 1 1
p(2) = 500 + 51 (2. 53)
Now it is obvious that above expression can be put into he form of equation (2. 51 ) with
the differentiation matrix taking the form

1
2

N[—=

M =
1

2
Same is the case with M=2. Now arranging from 0 to M,

N[—=

2M? +1 2M? + 1
(Bam)oo = —%, (Bm)mm = (76)’ (2. 54)
(Bap)er = _(=a) r=1,2,. M—1 (2. 55)
(2(1—=22))’ B
S (—1)(+)
(B )ir = G 0 M, (2. 56)
ci(zi — 2r)
2, 1=0,M
o =% =02 (2. 57)
1, otherwise
U is used as variable and” Y derivative is calculated in discretized manner via,
M
orvu 2 n
(aY") = (erax) > (B srUsr (2. 58)
(k=0)
This is going to be used such @8"U) ;. The Continuity equation can be reorganized as,
V=— fOY UxdY and inverse of3,, is here
Ymam —
Iy = (T)BMl (2. 59)
The continuity equation can be rewritten as
1
ﬁ = —MIM(UJL2 - 4Uf71 + 3&); (2. 60)
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Using second order backward difference scheme, momentum equation can be expressed in
the following form
1

oy rrUs—2r = 4Up—1r +3Upr) + Vi (BU) 1 =

1
P 4Pf_ 3P
—oax (Fr-2 —4Pp-1 +3Fp)+
(B*U)fr, 3<f<n—1 (2. 61)
Newton linearization is the foundation of this method. So, we will linearize the above
momentum equation by using following equations each of which is the sum of initial guess
and small correction.
Ufr ZUfr+JfT, Vfr :vfrJrKf,,, (2. 62)
Pf =pr + Dy, Afzaf+cff. (2. 63)
Substitute above equations ( 2. 62 )-( 2. 63) into ( 2. 61 ) and neglecting quadratically
small terms, we acquired,

1
r(Jp_or — 41 + 3T 41 Jtr r—Adup_1, + 3us, Ver(BJ)fr
oAy ur(Jr-2 f—1r +3Jpr) + QAXf(uf2 uf—1r + 3upr) + Vir(BJ) prt+
Kgr(Bu)gr + m(ﬁf_g —4ps_1 +3ps) — (B*J)g) = Rgr ,3< f<n—1
(2. 64)
1
Rpr = — g upr(ug—gr—dus—1r+3upr)—vpm— 2AX (Pr—2=4ps—1+3ps)+(BU) s,
(2. 65)
Similarly
1
vy = *mIM(EfQ —duy g+ 3uy), (2. 66)
K= 2AXIM(Jf o —4J 4 +3J)). (2. 67)
Combining relevant matrix equations, we get the matrix equation,
Ji¢; o+ Lsd, +Cro,+Esd, =Ry (2. 68)

The no slip conditionaZ = 0isU(X,0) = 0,Uyf o = 0,ufo+Jfo =0, Jro = —ugo. The
condition atZ = oo for (M +1)"" row is givenJsa—dy = Zy+ay—usa —aFy and for
(M +2)" row (BJ) s — 1 — (BU) ¢ respectively.Ultimately pressure displacement
law is implemented into the method through rod + 3)"¢ of (2. 68 ) is

1 "
Pf = —SAf — (1 — G)Af (2 69)
i _ c-1_._ - C-1
pftsay+ (7CAX2 Nag41 —2a5 —ap1] = —py—say — (7CAX2 Nagt1—2ap—ap1]

(2. 70)
This method is complete f& < f < n — 1. we will repeat the same process of discretiza-
tion and linearization fof = 2, but this time we are going to use second order difference
scheme instead of three point backward difference method. So, after doing linearization
we get,

ﬁ(uzr + u1,)(Gor — G1r) + SAX —— (Jor — G1p)(u2p — uiy) + v%((BJ)w + (BJ)1r)+
g (B + (Bun) + (2P~ LB 00 + (BP0 = R @70
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Where, Ry, = *%(UQT + Uh«)ﬁ(UQT — ulr) — U%%((BU)QT + (Bu)lr)% +
5 ((B?ug,) + (B%uy,)) i
This can be written in the form of (2. 68 ) and then we get matriceg foB, Cy, EyandRR;
same as above. Fgr= n, we linearize this problem on the same lines as before, but again,
we will imply different discretization scheme. Since, additional node is required outside
the domain so second order backward differencing scheme is useld fierm. So, after
linearization the obtained pressure displacement expression turns to be,
C-1 C-1
pif + Sdf + (m)[df—d - 467lf72 - 5df,1 - 2(lf] = —pf — Saf — (m)
[af,g —4day_o+5day_1 — 2af]

(2.72)
Since, it carries an extra matrix to incorporate the term at fhe 3) station. So forf = n
the matrix system takes the form

Ky¢r—s+Jrps—o+ Ly¢s1+Croy = Ry (2. 73)

We have calculated sparse matrices for the systemin ( 2. 68 ) fér=ath. The completed
reduced form of matrix is

Ch Ei Omis Omis Omys Omss -0 Onmgs) [ Ry
Ly Cs Ey  Om43 Opm4s Omgs -+ Oargs P2 Ry
J3 Ls Cs Es  Om+s Omgs -0 Omys | | U3 Rs
Orts  Ja Ly Cy Ey  Omgs -+ Omys | | ¥a R4
Orvts Omss  Js Ls Cs Es - Omis | |¥s|=|R8s
0M+3 O]\/IJrS e 0M+3 Kn Jn Ln Cn wn Rn

Where0,,3 x 05743 matrix of Zeroes.

2.1. Results and DscussionsLinearized solutions of numerical method have been ob-
tained by using Matlab solver. We have takes= 0.1,0.2andC = 5 in computational
work while considering grid size as 60 by 1001. So, graphs for linearized solutions of
pressure (p), displacement (a) and skin frictief have been plotted. An example of this
can be seen as in [7].

vspace*4pc

2.2. Comparison. To check the validity, the results obtained are compared with Gaj-
jar [31.WhenC' >> 1, the surface tension effects are very low and can be neglected. This
is also supported by the graphs (8- 9)in which our results are compared with Gajjar [3]
results and they show good agreement.

After comparing our results with the problem of Gajjar, it is clear from the obtained
graphs, that if we tak€' >> 1 then obtained graphs show good agreement with the
plotted graphs of Gajjar [3]. So, if' is very large then we can ignore surface tension
effects. Similarly, if we conside$ = 0, along withC' >> 1, then also it matches with the
smith’s results [8]. Also, rich set of new problems (e.g. stability, extensions to undeveloped
flow...) is being investigated.
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Pressure 5=0.1,0=5, alpha=0.01

25 I
=50
m=1001 2
2k sl
15 e
1k =
05 e
1 1 | | | ! !
20 15 ) 5 [ 5 0 15 Fol

FIGURE 2. Plot of Pressureg forC =5ands = 0.1, —a = 0.01.

Displacemert 5=0.1,6=5, alpha=001
0
T T T

2 =50 B
m=1001

08 B

FIGURE 3. Plot of Displacemen{;‘7 forC =5ands = 0.1, —a = 0.01.

Skin Friction s=0.1¢=5,alpha=0.01
02 . .

021 \ | % b

03

FIGURE 4. Plot of Skin Friction"=Y for C' = 5, s = 0.1 and—a = 0.01.
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Pressure 5=0.1 C=05

=80
w801

FIGURE 5. Plot of Pressur% forC =0.5,s=0.1, —a = 0.01.

Displacement S=0.1, C=0.5
T

=80
=501 i

FIGURE 6. Plot of Displacemen{;‘7 forC =0.5,s=0.1and—«

Skin Friction S=0.1, C=05

0.01.

FIGURE 7. Plot of Skin Friction "= for C' = 0.5, s = 0.1 and—a = 0.01.
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502, =10,

15~

FIGURE 8. Plot of Pressur€ = 10, s = 0.2 and—a = 0.01.

—Fresent
- = ~Gojor 3]
<

FIGURE 9. Plot of Skin FrictionC = 10, s = 0.2 and—« = 0.01.

3. CONCLUSION

In this paper we have studied the behavior of liquid layer flow when it passes through
a convex corner and surface tension effects are not negligible. Inclusion of surface tension
effects in the flow of liquid layer leads to the interaction law

]_ 12
P=-sA—(1—=)A
sA—(1-2)

The linearized solutions are obtained for the problem and it is observed that the high surface
tension effects cannot be ignored because it affects the behavior of flow. It can be seen from
the graphs of pressure, displacement and skin frictiolfer< 1 (surface tension effects

are high) that they are different from the results ¢br>> 1 (surface tension effects are
low).
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