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Abstract. In this paper, we study the family of grap@n forn > 2,
defined by removing the alternate spokes of a wheel graph2amithm
vertices. We then determine the abstract structure of the critical group of
the graphwgn and show that the critical group of this whole family of
graphswgn is the product of two cyclic groups.
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1. INTRODUCTION AND MAIN RESULTS
2. INTRODUCTION

Let G be graph of order. and multiple edges may be allowed. L&{G) be the adja-
cency matrix ofG and D(G) = diag(d;, ds, . . ., d,) the degree matrix. Then the Lapla-
cianis given ad.(G) = D(G) — A(G). The critical group of7 is closely connected with
L(G) as follows: thinking ofL(G) as a linear ma@g™ — Z", its cokernelhas the form
cokel (G) = L(éfT)LZ" >~ 7 & S(G), whereS(G) is called thecritical group of G. [2], [9].

Let v, be a vertex (called root) of a gragh and consider\; = d,z; — > a;;z; and
whereq;; is the number of edges between vertieeandv,;, andz; = (0,...,0,1,0,

..,0) € Z™ whose unique non-zero entry is in the positiovii = 1,2,...,n. Then
S(G) = SpamAl,....,A,,.le,xrmAy-H,...,An)' The critical groupS(G) is independent of the

choice ofv,; for more details see [5].

The explicit structure of (G) for a given family of graphs is not always easy. In the last
ten years, a series of papers has been written in this regards: wheel graphs [Zbihe M
ladder graphs [4], the Cayley grafh, of dihedral group [6], the squared cyd# [7],
the graphK; x C,, [8], complete graphs [9], the grapls,, x P, [10], the graphs x n
twisted bracelets [12] and for the cone of the hypercube [1].

It is interesting to note that almost all such families of graphs studied are regular. There
is very little known about the critical group of families of irregular graphs. In this paper,
we consider one such family of irregular graphs and calculate its critical group.
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Consider the following sequeneg of integers with initial conditions; = 0,as =
]_70,3 = 2,@4 = 57
a; =4a; 2 —a; 4.

The aim of this paper is to compute the abstract structu&ﬁzn). We constrchQn by

considering a cycl€s,, : v1,v2,v3,...,v2,,v; and a new vertex, adjacent tou vertices

V1, V3, Us, U7, . .., V2,1 Of Co, . This graph has ordén + 1 and size3n. Equivalently,

it can be obtained from wheé&V,, . ; by adding a vertex on each edge of the cycle.
The main result of this paper is given as:

= /Yo if n is odd;
_ n+1 n417
§(Wan) = { Za,, ®Lsa,,,, ifniseven.
In section 1, we state the main result of this paper and give the reader a road map to its
proof in sections 2 and 3. It suffices to analyze the Smith normal form(SNF) of a certain
2 x 2 matrix. We do this by looking at gcd’s of certain auxiliary sequences of integers and
prove certain facts about their modular residues.

3. SYSTEM OF RELATIONS FOR THE COKERNEL OF THE APLACIAN OF W,

In this section, we shall first show that there are at most two generators for the critical
groupS(ﬁ/\gn) of the graph/Wgn and reduce the relation matrix to the special mattiy,.
Then, we shall give some properties of the entries of the matjx

Lete; = (0,...,0,1,0,...,0) € Z*", whose unique non-zero entry is in the position
corresponding to vertex. Letz; be the image oé; in S(Wgn). The vertexvy is chosen
to be the root vertex, henag = 0 in S(Wgn). The relations of cokefr(Wgn) give rise to
the following system of equations:

31 —x;—Ti_0 = 0 1 = even (3 1)
20; 1 —x; —xi_o = 0 7 = odd. (3 2)

LEMMA 3.1 There are two sequencés;) and (b;) of integers such that
T, = a;xe — bjxy, 3 <1< 2n. 3.3)

Moreover, the sequences have the following recurrence relations with initial conditions
aj :O,bl = —1,(12 = 1,[)2 = O,a3 = 2,b3 = 1,&4 = 5,b4 = 2,

a; = 4a;—2 — a;_4,
by = 4b;_o — b;_4,
b; = a;_1 i=odd.

Proof. We know that there aren rim vertices of the grapWQn. So we have@n equations
in 2n variables. We keep two equations,, = 3z — o, andz; = 2x9, — Zop_1,
corresponding to the vertices andv,,,. Each of the remainingn — 2 equations, represent
x; variable in terms of; andx- as follows:

x3 = 2w9 — x; andxy = 3x3 — o are the equations corresponding to the vertices
andvz. One can easily express in terms ofx; andz, by substitutinges in the equation
T4 = 3x3 — T9 aSxT4 = Dxo — 3x1. IN a similar manner one can writg = 8x> — 51,
rg = 1929 — 1221, x7 = 3029 — 1921, g = Tlxy — 4521, x9 = 11225 — Tlxq,
x19 = 26529 — 16821, and so on. It is easy to see that eagltan be written in terms of
x1 andzs such that

T, = a;xo — bz, 3<1<2n,
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where the two sequencesandb; have the following recurrence relations;

a; = 3a;_1—a;—2; 1=even (3. 4)
a; = 2a;_1—a;_o; 1=o0dd (38.5)
b; = 3b;_1—b;_2; i=-even (3. 6)
a;_1=b; = 2bj_1—0b;_s; i=o0dd 3.7
From the above equations, it is easy to get the required recurrent relations between the two
sequences; andb;, which completes the proof. 0.

We know from lemma 3.1 and the system of equations (2.1 & 2.2) that the group
S(Wgn) has at mos? generators. So, there are at least- 2 diagonal entries of the Smith
normal form on(Wgn) equal 1. However, the remaining invariant factoriow%) hide
inside the relation matrix induced s andx,. From the structure of the grapfﬁgn, we

havexs, = 3z — x9, andz; = 225, — 22,1, COrresponding to the vertices andv,,,.
Then by equation ( 3. 3), we have following system of two equations:

A2nTo — bop®1 = Tap = 3T1 — To, ANAzy = 222, — Top_1 = 2[a2,T2 — bap] —
[aon—122 — bop—121] = agpt1@2 — bapr121. Thus, we have the required form of the
matrix As,,.

a2n11 agn +1
Ay = ) 3.8
2n (b2n+1+1 b2n+3) (3.8)

From the above argument, one can redﬁ@ﬁ/\gn) up to equivalence td,,, > @ (Aszy,)
by performing some row and column operations. Now, we only need to evaluate the SNF
of the matrixAs,,.

4. ANALYSIS OF THE COEFFICIENTS OF THESMITH NORMAL FORM OF A,

In this section, we shall try to find the SNF df,, by calculating its diagonal entries.
Let us define the following sequences of positive integers with initial conditiggs= 1
andK; =2

K, = 4Kp,_1— Km727
L, = Kj,+Kn.

Some useful properties of the above sequences are given in the following proposition:

PrROPOSITION4.1L Letm be any positive integer. Then
3t K,

2t K, if m=0(mod2),

2| K, if m=1(mod2),

2 T Km + Km—h

3 ‘ Lmy

2¢ Ly,

LEMMA 4.1

® azy =K, — Ky if m= O(mod2),
® Uomi1 = %(Km+1 — Km—l) if m= 1(m0d2)

Proof. It is easy to prove by induction.

PROPOSITION4.2. The sequencek,,, and L,, are relatively prime for eachn.
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Proof. To the contrary, suppose that there exists a prirsach thap | K,, andp | L,,,
thenp # 2. SinceK,, = 4K,,_1 — K,,—» this implies thap | K,,,_2, hence, we get
p | Km—1 andp | K,,—o. But we know that,K,,—1 = 4K,,_o — K,,_3 this implies
thatp | Kz = ---p | Km—j---p | K1 = 2thusp = 2, a contradiction to our
supposition. O

LEMMA 4.2, If n = 2m + 1, then the following relation between the entries of the matrix
A,,, which is defined in equation ( 3. 8) holds,

2
A2p41 = Q4my3 = ng+1an+17
aon +1=asmi2+1 = 2K, an+1,
bont1 +1=bamiz+1 = 2Kanq1,
bon +3=bymi2+3 = Lpans.
If n = 2m, then the following relations holds,
A2n+1 = G4m+1 = 2Kpanyi,
aop +1=asm+1 = Lpanys,
bont1 +1=bsms1+1 = Lpant,
bon +3=byn+3 = 3K,-16n+1-

Proof. We prove the first equation in each case; the remaining equations can be provedin a
similar fashion. The proof is done by simultaneously taking induction.ofhe equations

are true fom = 2, 3.

The inductive hypothesis states that the equations are true for all integers less than or equal
ton, .. a4m+3 = 2 Lims1an+1 @Ndagm 41 = 2Knan41. We have to show that

Agmi7 = %Lm+2a2(m+2) and A4m+5 = 2Km+1a2m+3. Sincea4m+7 = 1b5a4m+3 —
4a4m+1, DY the inductive step we havey,,+7 = 10L,,+169m+2 — 8K maam+1. Using
equation (2.5) we getiy,+7 = (10K,,,41 — 6K,,)aom 12 + 8K nasm+3. Using equation

(2.4) and lemma 3.2 we hava,,+7 = 10a2,,+3(3Km+1 — Kim) — a2m4a(10K 41 —

6K,) = 2Lpi2a2(m42)- Now we shall prove that, 5 = 2K, 11a2m+3. Since

Gamas = 4aamys — aama1, then by inductive hypothesis, we get the identity, .5 =
4(%Lm+1a2m+2)_2Kma2m+1y by equation (25) we gehnL-i-S = [%L77L+1_4K7n]a2m+2+

2K ,a2m+3 and applying lemma 3.2 leads to the desired identity. O

PROPOSITION4.3.

gcd(a2n+1, a2y + 1, b2n+1 + 1, an + 3) = An+1 vV n Z 2. (4 9)
Proof. By lemma 4.2 and proposition 4.2, we have the desired result. O
PROPOSITION4.4. If nis odd, then
det Agn = 20,3,1_,'_1,

whereA,,, is defined in (3. 8).
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Proof. Sincen = 2m + 1, then by lemma 4.2, we have

det Asp, = aum+3(bam2 +3) — (Aam2 + 1)°

2 -
= _gai_H _(Km - Km—1)2 - 2K7nKm—1]
2 -
= 7§ai+1 _(Km—l - Km—2)2 - 2Km—1K7rL—2:|

2 -
= _gai+l (KQ—K1)2—2K2K1:|

= 2ai+1.

O

THEOREM 4.1 If n is odd, then the critical group ﬁgn is the direct product of two
cyclic groups. In particular

S(WQTL) = Zan+1 52 ZQan+1'

Proof. Since the matrix4,,, has Smith normal form as diag 1, s22) andsy; is equal to
the gcd of all the entries oy, by proposition 4.3, we have

$11 = Gpt1- (4. 10)
Also s11892 is equal to the determinant of the matels,, and by proposition 4.4, we have
511892 = QaELH. (4. 12)
Combining (4. 10 ) and (4. 11), we obtain
S92 = 2an 41, 4. 12)
which competes the proof. O

PROPOSITION4.5. If nis even, then
det As,, = 3al .,
whereA,,, is defined in ( 3. 8).
Proof. Sincen = 2m, then by lemma 4.2, we have
det Aoy, = gy (bam +3) — (Ggm +1)?
= a2, [(Km — Kp1)? - 2K,,LKm_1}

= —a’y |:(Km—1 — Kp0)? = 2K, 1 K —2}

= —a2,, [(K2 CK)? - 2K2K1}
= 3ai+1.
0

THEOREM4.2. If n is even, then the critical group 5&72” is the direct product of two
cyclic groups. In particular

S(WQH) == Zan+1 EB Z3an+1 .
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Proof. Sinces; is equal to the gcd of all the entries df,,, by proposition 4.2, we have
511 = Gpt1- (4. 13)
Also s11892 = det Ag,, and by proposition 4.5, we have
$11822 = 32 4. (4.14)
Combining (4. 13) and ( 4. 14 ), we obtain
S92 = 3ant1, (4. 15)
which competes the proof. O

THEOREMA4.3. If ny | ne, then the critical group OWQM is isomorphic to a subgroup of
the critical group ofiVa,,, .

Proof. It is sufficient to prove that every invariant factor StWQ»,“) is a divisor of the

corresponding one cﬁ(Wgnz) and ifny | ny thena,, +1 | an,+1. There are four cases to
be considered, depending on the parties0dndn,. Since the proofs are all very similar,
we verify only the case in which both are odd. We know that

a; =4a;_2 — a;_4
and its characteristic equation is
th—4t? +1=0. (4. 16)

= i% are the roots of this polynomial.

Putp, = agx andg, = asx_1, thent? — 4t + 1 is the characteristic polynomial fdpy, }
and{q}, hence

be = \/52_1(2+\/§)k_\/§2+1(2_\/§>k’

o = B30 vE) G )

Suppose that; andn, are odd integers such thaf | ns, thenns = snq, SO

Al - (577

ot = BN V2
VBEIym /B 1ym
o = [ - (25Y)")

we get

Apy+1

na = V34 1\ ik /3 — 1\ m(s—k=1)
= ()T )T

—\/%1 are the roots of the polynomial defined in (4. 16), heé@e}i is an algebraic
nq

integer. ButZ”—ﬁ € QQ and the only algebraic integers over the set of ratioaése the
"

set of integers, therefor?% € Z, this implies thatu,, +1 | an,+1. As noted above the
1
proofs of the other cases are similar and so omit them. |
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5. THE TREE NUMBER

Let G be a graph, then the tree numig6) is equal to the number of spanning trees of
the graphG. In this section, we shall give the closed formula for the number of spanning
trees for the grapﬁV}n, for details see [3].

A regular graphis a graph in which each vertex has the same number of neighbors; i.e.,
every vertex has the same degree. A regular graph with vertices of degrealled an
r-regular graph or a regular graph of degree

A nearly regular graphis a graph in which all the vertices except one have a fixed
degreer, while the vertex not of this degree is called exceptional vertexfor example
the wheel graph is a nearly regular graph of degree 3.

The characteristic polynomiabf a graph is the characteristic polynomial of its adja-
cency matrix.

PROPOSITIONS.L [3]
Let G be a nearly regular graph of degreeand H be its subgraph obtained by removing
the exceptional vertex, then

k(G) = Pu(r),
wherePy (t) is the characteristic polynomial of the gra.

REMARK 1. Since the wheel grapl,, is a nearly regular graph of degre® so by
proposition 5.1, we get
k(Wn) = Po, (3).
The characteristic polynomial of a cyd, is given as
t
Pe. (t) = 2T, (5) _9, (5. 17)

where

n—m
m=0

is the Chebyshev polynomial of the first kind. It is easy to see that, it gives the same number
of spanning trees of wheel graph given by N.Bigg]n

A very interesting application of the proposition 5.1 is given as; the inner dual planar
graphG™** is the subgraph of the usual du@t obtained by deleting the vertex correspond-
ing to the infinite region of the original planar graph.

Let G be a planar graph in which any finite region is bounded by a cycle of fixed length
r. ThenG* is a nearly regular graph, so we have the following result.

PROPOSITIONS.2. [3]
LetG be a planar graph in which any bounded region is a cycle of lemgthen
k(G) = P& (r),
wherePg*(t) is the characteristic polynomial of the graghi.
THEOREMb.1. The tree number for the gragfl’ﬁ72n is
k(Wan) = Pc, (4) = 2T,,(2) — 2, (5. 18)
whereT,,(t) is the Chebyshev polynomial of the first kind.
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Proof. The grapH[//V\gn is a planar graph in which bounded regions are bounded by a cycle
of length4 and the total number of bounded regionssarélence, the inner dual is a cycle

of lengthn and its characteristic polynomial is defined in (5. 17 ). The result follows
accordingly. O
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