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Abstract. In this article we give some characterizations of exponential
stability for a periodic discrete evolution family of bounded linear opera-
tors acting on a Banach space in terms of discrete evolution semigroups,
acting on a special space of almost periodic sequences. As a result, a
spectral mapping theorem is stated.
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1. INTRODUCTION

In the recent times Y. Wang et al. in [7] has proved that the discrete sysiem=
Ay is uniformly exponentially stable if and only if the unique solution of the initial
value problem

{AM4¢%Au+du+1% weZy, 4.0)

Ao =0,

is bounded for any natural numbeand any almosi-periodic sequence(u) with z(0) =
0. Here, A, is a sequence of bounded linear operators on Banach spadeis well
known, see e.g. [1, 4, 6, 8] that if the initial value problem
dA »
= =AM ey, 120, A0) =0,
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has a bounded solution dR, for every3 € R and anyy € X then the homogenous
system% = AM\(¢), is uniformly exponentially stable.

In case of discrete semigroups recently Zada et al. [10] proved that the sysigm-
D(1)\, is uniformly exponentially stable if and only if for eaehperiodic bounded se-
guencef(u) with f(0) = 0 the solution of the initial value problem
- D(1 iB(u+1) 1
{ Autt = DAy + e 0H f (1), D). 1.0)

A0)=0

is bounded, wher®(1) is the algebraic generator of the discrete semigfbup), v € Z, .
In this article we extended the result of last quoted paper to space of almost periodic
sequences denoted B\’ (Z, , X), for such spaces we recommend [5].

2. NOTATIONS AND PRELIMINARIES

We denote byj| - || the norms of operators and vectors. DenoteRhythe set of real
numbers and b¥, the set of all non-negative integers.

Let B(Z4, X) be the space aX-valued bounded sequences with the supremum norm,
andP?(Z, , X) be the space af-periodic (withd > 2) sequences(n). ThenP4(Z, , X)
is a closed subspace Bf{Z, X).

Throughout this papetd € B(X), o(.A) denotes the spectrum of, andr(A) :=
sup{|A| : A € o(A)} denotes the spectral radius df It is well known thatr(.A)
7}13010 | A”||=. The resolvent set ofl is defined ag(.A) := C\c(A), i.e., the set of all

A € C for which A — A\ is an invertible operator iBB(X).

We give some results in the framework of general Banach space and spaces of sequences
as defined above.

Recall thatA is power bounded if there exists a positive consfansuch that|.A™|| <
M foralln € Z.

The family Q := {£{(u,v) : w,v € Z4,u > v} of bounded linear operators is called
d-periodic discrete evolution family, for a fixed integére {2,3,...}, if it satisfies the
following properties:

o S(uyu)=1I,Vu€eZ;.
o &(u,v)é(v,r) =&u,r), Vu>v>ruv,r e Zy.
o f(ut+dv+d) =E&(u,v), Vu>v,u,v € Z;.

It is well known that anyi-periodic evolution family(? is exponentially bounded, that
is, there exisp € R andM,, > 0 such that

1€ (u, v)]| < Mpep(“f"), Yu>veZy. (2. 1)

When familyQ is exponentially bounded its growth boung,(£2), is the infimum of all
p € R for which there existg/, > 1 such that the relation ( 2. 1) is fulfilled. It is known
that

Inf|€(u, 0)]]

po() = lim ——=—— (2.2)
= 1ln(r(g(d,O))). (2. 3)

d
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In fact
o 60,0

U 0O u

L I g(ud,0)]

U 00 ud

1 N
= - lim In [|€¥(d, 0)|| =

po(€2) :

1
u

1. u
_ %mw@wﬁ»»

A family € is uniformly exponentially stable if($2) is negative, or equivalently, there
existsM > 1 andp > 0 such that|&(u, v)|| < Me P forallu > v € Z,.
The following lemma is a consequence(dfl).

Lemma 2.1. [9] The discrete evolution fami is uniformly exponentially stable if and
only ifr(£(d,0)) < 1.

The mapt(d, 0) is also called the Poincare map or monodromy operator of the evolution
family Q.

Proposition 2.2. LetQ = {£(u,v) : u,v > 0} be ad-periodic discrete evolution family
acting on the Banach spaceé. The following four statements are equivalent:

(1) &£(u, v) is uniformly exponentially stable.

(2) There exists two positive constaftsandw such that

1€(u, v)|| < Me™*™=) Y, v >0,

(3) The spectral radius df(u, 0) is less than one; i.e.,
r(§(u,0)) = sup{|A| : X € o(§(u,0)} = lim fle(w)*|[* <1.

(4) For eachy € R, one has

u

sup || Y e (u, k)| = M(p) < oc.
wzl

The proof of the implicationél) = (2) = (3) = (4) is obvious from the definitions. The
implication of(4) = (1) can be found in Lemma (1) {8].

We recall the following result from [7] which is very helpful in the proof of our main
result.

Theorem 2.3. [7] LetQ := {{(u,v) : u,v € Z4,u > v} be a discrete evolution family
on X. If the sequence

Cu =) e €(u, k)= (k)
k=0

is bounded for each real numbérand eachd-periodic sequence(u) € W, thenQ is
uniformly exponentially stable.
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3. DISCRETEEVOLUTION SEMIGROUP

Here we consider a space &fvalued sequences and define a discrete evolution semi-
group acting on it. For this purpose, we need the following spaces:
B(Z, X) which is the space of al-valued bounded and uniformly convergent sequences
defined oriZ, endowed with the normif||oc = sup,cz || f(w)].
P%(Z, X)) which is the subspace ##(Z, X) consisting of all sequencéssuch thaf (u +
d) =F(u) forallu € Z.
AP,(Z,X) which is the space of alk-valued sequences defined Brrepresentable in
k=00
the formf(u) = > e ucy(f) for all u € Z, whereuy, € Z, ¢ (f) € X and

k=—o0

k=00
Il = llew(®)] < oo

k=—o00

For almost periodic sequences, see [2, 5].

For an arbitraryu > 0, we denote by, the set of allX-valued sequences defined on
Z such that there exists a sequeitén P4(Z, X)(AP1(Z,X) with F(u) = 0, f =
Fl{uut1,. 1 andf(v) = 0forallv < u. Setl = {e# ®f: y € Randf € U,>ol, } and let
E(Z, X) = span(l). Consider the spad®(Z, X) = span(i) which is a closed subspace
of B(Z, X)) endowed with sup norm. The discrete evolution semigrpug {T(u)}u>0
associated to a g-periodic discrete fanfily= {¢(u, v) }.,>0 ONE(Z, X) is defined as:

(T()E) (w) = { S(uu—v)f(u—wv), it uzv, (3.4)

0, if u<w,
for f € E(Z, X).

Proposition 3.1. The spachJ(Z, X) is invariant under the discrete evolution semigroup
T, defined in(3.4).

Proof. Letf(u) = e f(u), with . € R andf € U,>ol,. Then there exists > 0 and a
sequencd (u) € P4(Z,X)N AP1(Z,X) such thatF(r) = 0, f(u) = F(u) foru > r
andf(u) = 0 for u < r. Thus, for eachu > 0 andv € Z, we have

(3. 5)

- e (u —v)F(u —v), if u>v+r,
0, if 0<u<v+r.

The sequenc€ (u) = e~ (= )¢(y—v)F (u—v) is d-periodic and belongs td P; (Z, X).
Moreover
k=00 .
IGO < €@ =v)ll D e ey (F)|| < Me*[[F()]1 < oo

k=—o00

for someM > 1 andw € R. ThusT(u)f €.

As an operator fronE(Z, X) to B(Z, X), T(u) is linear. Whenf = ag + fh €
E(Z,X), withg, h € [ anda, 3 are complex scalars, one h@uﬁ =aT(u)g+ ﬁ]’(u)ﬁ.
But T(u)g, T(u)h € I and thereforeJ (u)f belongs toE(Z, X). ThusE(Z, X) is invariant
under the discrete evolution semigrolip
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4. RESULTS

LetG = T(1) — I, whereT(1) is called the algebraic generator of the discrete evolution
semigroupl . Thus, for discrete semigroups, the Taylor formula of order one is:

u—1
Tw)f—f=> Tk)Gf, forallueZ,withu > 1, (4. 6)
k=0
for all fe X.
Lemma 4.1. Letf, ES E(Z, X). The following two statements are equivalent:
o Gy = —f.
o J(u) =3 &(u, k)(k) forall n € Z,.
k=0

Proof. (1 =- 2): Using the Taylor formuld4.6), we have
u—1 u—1
Twy—5=> TW)Gy==> Tk,
k=0 k=0

Hence, for every, € Z .,
u—1

g = (T () + Y (Tk)f)(u)
k=0

= O)FO) + 3w — k) )
k=0

> &(u, k) F ().
k=0

(2 = 1): For the converse implication @& = T(1) — I, thus
Gy(u) = (T(1) = DNy(u)
= TW)y(u) = y(u)
= Suu—1)yu—1) —y(u)

u—1

— Cwu—1) Y €lu—1k)F(k) - lu)

k=0
— i{(u, k) f(k) = &(u, k) f(k)
k=0 k=0
= —f(u)

The proof is complete.
In the next theorem we give our main result.

Theorem 4.2. Let!{ be a g-periodic discrete evolution family acting on a Banach space
X and letT be its associated discrete evolution semigroupfmZ,X). Denote byG

the operator T1) — I, where T1) is the algebraic generator of . The following are
equivalent.

(1) © is uniformly exponentially stable.

(2) T is uniformly exponentially stable.
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(3) G is invertible.

(4) For eachf € E(Z, X), the senesz &(u — k, 0)f(k) belongs toE(Z, X).
k—O

(5) For eachf € P4(Z, X), the seriesz &(u — k,0)f(k) is bounded orZ., .

Proof. (1) = (2). Let N and v be two posmve constants such tidt, v)|| < Ne— (=)
for all w > v. Then, for allu > 0 and anyf belonging to E(Z X), one has
||T(U)f||g(z,x) = sup € — v, 0)f(u — )|

lt v

< Ne ") gup [[f(u— )|

u>v
_ Ne—u(u—v)||f||E(Z7X).
(2) = (3). Itis well known that the evolution semigrodpis uniformly exponentially
stable if and only ifr(T(1)) < 1. It means thafl is not an eigenvalue of (1) i.e. 1 €
p(T(1)) and soG = T(1) — I is invertible.
(3) = (4). As G is invertible. Thus for evefyc E(Z X) there existg/ € E(Z, X) such

that Gjj = —f. Thus by Lemma 4.1 we o) = Z &(u — k,0)f(k) and by Lemma 3.1
S ¢(u — k, 0)F(k) belongs taB(Z, X).

k=0

(4) = (5). The senesZ U(u — k,0)f(k) is bounded because it belongsB4Z, X)

which is a subset d8(Z, X)
(5) = (1). It can be seen as a direct consequence of Theorem 2.3.

In terms of initial value problems, the result contained in Theorem 4.2 may be read as
follows.

Corollary 4.3. Q is uniformly exponentially stable if and only if for eathe E(Z, X),
the solution of the problem
Aut1 = AW, +fu+1), ueZ,
Ao =0,
is bounded ofZ, .

5. APPLICATIONS

An immediate consequence of Theorem 4.2 is the spectral mapping theorem for the
discrete evolution semigrouponE(Z, X).

Theorem 5.1. Let(2 be ad-periodic discreie evolution family acting ox and letT be its
associated discrete evolution semigroupk(Z, X ). Denote byG the operator T1) —
where T1) is the algebraic generator ¢f. Then

o(G)={z€T: Re(z) <r(G)}.

Proof. It is well-known thapp(G) D {z € T : Re(z) > r(G)}. To establish the converse
inclusion, leta € p(G) andp € T with Re(p) > Re(c). We prove tha € p(G). Con-
sider the discrete evolution family,, (u, v) = e~ U(u, v), whereu > v > 0, whose
associated discrete evolution semigrouffjgu) = e~ *“T(n). Obviouslyal — G is the
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infinitesimal generator of,,. Becausex! — G is invertible and applying Theorem 4.2,
C,(and thenT ) is uniformly exponentially stable. Therefore, by applying again Theorem
4.2, € p(G).
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