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1. INTRODUCTION

Simpson’s inequality states as: Iff : [a, b] → R be a four times continuously differen-
tiable mapping on(a, b) and

∥∥f (4)
∥∥
∞ = sup x∈(a,b)

∣∣f (4) (x)
∣∣ < ∞. Then:

∣∣∣∣∣∣
1
3

[
f(a) + f(b)

2
+ 2f

(
a + b

2

)]
− 1

b− a

b∫

a

f(x)dx

∣∣∣∣∣∣
≤ 1

2880

∥∥∥f (4)
∥∥∥
∞

(b− a)4 .

In [1-2], [4-5], [7], [10], [16] and [18], authors refined and generalized Simpson’s type
inequality.

For the definition of invex set, reader is refer to [20].K is invex set with respect toη, if
it is invex for allx ∈ K. The invex setK is η-connected set as well.
Every convex set is invex set with respect toη(y, x) = y − x [3], but not conversely.
The functionf on the invex setK is called preinvex [20] with respect to functionη, if

f (x + tη (y, x)) ≤ (1− t) f (x) + tf (y) ,∀x, y ∈ K, t ∈ [0, 1] .
1
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The functionf is called preconcave if and only if−f is preinvex.
In [20-21], authors showed that every convex function is preinvex but not conversely (see
for instance [21]).
The functionf on the invex setK is said to be prequasiinvex [11] with respect toη, if

f (x + tη (y, x)) ≤ max {f (x) , f (y)} , ∀x, y ∈ K, t ∈ [0, 1] .

In [22], author showed that prequasiinvex function is the generalization of quasi-convex
function.
Recently, many mathematicians generalized the classical convexity. One can refer to [20]
and [6], [8], [13-15], [21] and [23]. Hanson [8] significantly generalized the convex func-
tion by introducing invex functions. As a special case of invexity, Ben-Israel and Mond
[6] presented preinvex function. As a generalization of invex function, Pini[15], presented
prequasiinvex functions.

The purpose of this manuscript is to establish some new simpson’s type inequalities for
the class of functions whose third derivatives in absolute values are preinvex and prequasi-
invex.

2. MAIN RESULTS

We begin with the following Lemma.

Lemma 1. Let K ⊆ [0,∞) be an open invex subset with respect toη : K × K → R
with a, b ∈ K anda < a + η (b, a). Supposef : K → R be an absolutely continuous
mapping onKsuch thatf ′′′ ∈ L ([a, a + η (b, a)]) . If |f ′′′| is preinvex onK, then for every
a, b ∈ K with η (b, a) 6= 0, we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η (b, a))4
1∫
0

p(λ)f ′′′ (a + λη (b, a)) dλ,

wherep(λ) =
{

1
6λ2

(
λ− 1

2

)
, λ ∈ [

0, 1
2

]
1
6 (λ− 1)2

(
λ− 1

2

)
, λ ∈ [

1
2 , 1

] .

Proof. Using definition ofp(λ), we get,

I =
1∫
0

p(λ)f ′′′ (a + λη (b, a))dλ

= 1
6

∫ 1/2

0

∣∣λ2
(
λ− 1

2

)∣∣f ′′′ (a + λη (b, a)) dλ

+ 1
6

∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣f ′′′ (a + λη (b, a)) dλ.

Integrating by parts, we get
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I = 1
6λ2

(
λ− 1

2

) f ′′(a+λη(b,a))
η(b,a)

∣∣∣
1/2

0
− 1

6λ (3λ− 1) f ′(a+λη(b,a))

(η(b,a))2

∣∣∣
1/2

0

+
(
λ− 1

6

) f(a+λη(b,a))

(η(b,a))3

∣∣∣
1

1/2
− ∫ 1/2

0
f(a+λη(b,a))

(η(b,a))3
dλ+

1
6 (λ− 1)2

(
λ− 1

2

) f ′′(a+λη(b,a))
(η(b,a))

∣∣∣
1

1/2
− 1

6 (3λ− 2) (λ− 1) f ′(a+λη(b,a))

(η(b,a))2

∣∣∣
1

1/2

+
(
λ− 5

6

) f(a+λη(b,a))

(η(b,a))3

∣∣∣
1

1/2
− ∫ 1

1/2
f(a+λη(b,a))

(η(b,a)))3 dλ

= − 1
24

f ′( 2a+η(b,a)
2 )

(η(b,a))2
+ 2

6

f( 2a+η(b,a)
2 )

(η(b,a))3
+ 2

6
f(a+η(b,a))

(η(b,a))3
− ∫ 1

2
0

f(a+λη(b,a))

(η(b,a))3
dλ

= 1
24

f ′( 2a+η(b,a)
2 )

(η(b,a))2
+ 2

6

f( 2a+η(b,a)
2 )

(η(b,a))3
+ 1

6
f(a)

(η(b,a))3
− ∫ 1

1/2
f(a+λη(b,a))

(η(b,a))3
dλ

Change of variablex = (a + λη (b, a)) anddx = (a + η (b, a)) dλ, gives
I (η (b, a))4 =∫ a+η(b,a)

a
f (x) dx− η(b,a)

6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]
.

The proof is completed.
¤

Theorem 2. Let the assumption of Lemma 2.1 be satisfied. Then
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣
≤ (η(b,a))4

1152 [|f ′′′ (a)|+ |f ′′′ (b)|]
Proof. Using Lemma 2.1, we get∣∣∣∣∣

a+η(b,a)∫
a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣ ≤
(η(b,a))4

6

{ 1
2∫
0

∣∣λ2
(
λ− 1

2

)∣∣ |f ′′′ (a + λη (b, a))| dλ +
1∫
1
2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣ |f ′′′ (a + λη (b, a))| dλ

}

Using preinvexity of|f ′′′|, we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6





1
2∫
0

λ2
(

1
2 − λ

)
[(1− λ) |f ′′′ (a)|+ λ |f ′′′ (b)|] dλ

+
1∫
1
2

(λ− 1)2
(
λ− 1

2

)
[(1− λ) |f ′′′ (a)|+ λ |f ′′′ (b)|] dλ





.

By simple calculations of integrals, we get as required. The proof is completed. ¤

Let the assumption of Theorem 2.2 be satisfied withq > 1, such thatp = q
q−1 . If |f ′′′|q

is preinvex, then we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣ ≤
(η(b,a))4

48

(
1
2

) 1
p

[
Γ(2p+1)Γ(p+1)

Γ(3p+2)

] 1
p {(

3
8 |f ′′′ (a)|q + 1

8 |f ′′′ (b)|q
)q +

(
1
8 |f ′′′ (a)|q + 3

8 |f ′′′ (b)|q
)q} 1

q .
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Theorem 3. By using Lemma 2.1 and Holder’s inequality, we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ

)1/p (∫ 1/2

0
|f ′′′ (a + λη (b, a))|qdλ

)1/q

+ (η(b,a))4

6

(∫ 1

1/2

(
|λ− 1|2 (

λ− 1
2

))p

dλ
)1/p (∫ 1

1/2
|f ′′′ (a + λη (b, a))|qdλ

)1/q

.

Here

1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ =
∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ = Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2) .

Using preinvexity of|f ′′′|q, we get∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ

)1/p (∫ 1/2

0

[
(1− λ) |f ′′′ (a)|q + λ |f ′′′ (b)|q]dλ

)1/q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ
)1/p

(∫ 1

1/2

[
(1− λ) |f ′′′ (a)|q + λ |f ′′′ (b)|q]dλ

)1/q

= (η(b,a))4

48

(
1
2

) 1
p

[
Γ(2p+1)Γ(p+1)

Γ(3p+2)

] 1
p

{(
3
8 |f ′′′ (a)|q + 1

8 |f ′′′ (b)|q
)q +

(
1
8 |f ′′′ (a)|q + 3

8 |f ′′′ (b)|q
)q} 1

q .
This completes the proof.

Theorem 4. Let the assumption of Theorem 2.1 be satisfied withq > 1, such thatp = q
q−1 .

Then

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

[
Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2)

] 1
p

[
(|f ′′′(a)|q+|f ′′′(b)|q)q

2

] 1
q

.

Proof. By Lemma 2.1 and Holder’s inequality, we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η (b, a))4
1∫
0

p(λ)f ′′′ (a + λη (b, a)) dλ

≤ (η (b, a))4
(

1∫
0

|p(λ)|pdλ

) 1
p

(
1∫
0

|f ′′′ (a + λη (b, a))|qdλ

) 1
q



Generalizations Of Simpson’s Type Inequalities Through Preinvexity and Prequasiinvexity 5

Using preinvexity of|f ′′′|, we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ +
∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ

)1/p

(∫ 1

0

[
(1− λ) |f ′′′ (a)|q + λ |f ′′′ (b)|q]dλ

)1/q

= (η(b,a))4

6

[
Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2)

] 1
p

[
(|f ′′′(a)|q+|f ′′′(b)|q)q

2

] 1
q

.

By simple calculations, we have

1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ =
∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ = Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2) .

This completes the proof.
¤

Theorem 5. Let the assumption of Theorem 2.4 be satisfied withq ≥ 1, such thatp = q
q−1 .

If the function|f ′′′|q is preinvex, then we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1

192

)1−1/q
( |f ′′′(a)|q+|f ′′′(b)|q

192

) 1
q

.

Proof. Using Lemma 2.1 and power mean inequality, we get∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η (b, a))4
1∫
0

p(λ)f ′′′ (a + λη (b, a)) dλ

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣dλ

)1−1/q (∫ 1/2

0

∣∣λ2
(

1
2 − λ

)∣∣ |f ′′′ (a + λη (b, a))|qdλ
)1/q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣dλ
)1−1/q

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣ |f ′′′ (a + λη (b, a))|qdλ
)1/q

.

Using preinvexity of|f ′′′|q, we have
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∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣dλ

)1−1/q

(∫ 1/2

0

∣∣λ2
(

1
2 − λ

)∣∣ [
(1− λ) |f ′′′ (a)|q + λ |f ′′′ (b)|q] dλ

) 1
q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣dλ
)1−1/q

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
[
(1− λ) |f ′′′ (a)|q + λ |f ′′′ (b)|q] dλ

) 1
q

≤ (η(b,a))4

6

(
1

192

)1−1/q
(
|f ′′′(a)|q+|f ′′′(b)|q

192

) 1
q

.

.

The proof is completed. ¤

3. SIMPSON TYPE INEQUALITIES FOR PREQUASIINVEX FUNCTION

Theorem 6. Let the assumption of Theorem 2.5 be satisfied withq ≥ 1. If |f ′′′| is prequa-
siinvex, for some fixedq ≥ 1 with η (b, a) 6= 0, then we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣
≤ (η(b,a))4

576

[{
max |f ′′′ (a)|q , |f ′′′ (b)|q}] 1

q .

Proof. Using Lemma 2.1 and power mean inequality, we get∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣dλ

)1−1/q

(∫ 1/2

0

∣∣λ2
(

1
2 − λ

)∣∣ |f ′′′ (a + λη (b, a))|qdλ
)1/q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣dλ
)1−1/q

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣ |f ′′′ (a + λη (b, a))|qdλ
)1/q

.

Using the prequasiinvexity of|f ′′′|q, we have
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣dλ

)1−1/q

(∫ 1/2

0

∣∣λ2
(

1
2 − λ

)∣∣ [{
max |f ′′′ (a)|q , |f ′′′ (b)|q}]

dλ
) 1

q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣dλ
)1−1/q

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
[{

max |f ′′′ (a)|q , |f ′′′ (b)|q}]
dλ

) 1
q

≤ (η(b,a))4

576

[{
max |f ′′′ (a)|q , |f ′′′ (b)|q}] 1

q .
The proof is completed.

¤
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Corollary 7. By puttingq = 1 in Theorem 3.1, we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣
≤ (η(b,a))4

576 {max |f ′′′ (a)| , |f ′′′ (b)|} .

Theorem 8. Let the assumption of Theorem 3.1 be satisfied withq ≥ 1. If |f ′′′| is prequa-
siinvex for some fixedq ≥ 1 with η (b, a) 6= 0, then we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

24

(
1
2

) 1
p

[
Γ(2p+1)Γ(p+1)

Γ(3p+2)

] 1
p

[
max{|f ′′′(a)|q,|f ′′′(b)|q}

2

] 1
q

.

Proof. By Lemma 2.1 and Holder’s inequality, we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣p dλ

)1/p (∫ 1/2

0
|f ′′′ (a + λη (b, a))|qdλ

)1/q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ
)1/p (∫ 1

1/2
|f ′′′ (a + λη (b, a))|qdλ

)1/q

.

By using the fact

1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ =
∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ = Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2) ,

and prequasiinvexity of|f ′′′|q, we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ

)1/p (∫ 1/2

0
max

{|f ′′′ (a)|q , |f ′′′ (b)|q} dλ
)1/q

+ (η(b,a))4

6

(∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ
)1/p (∫ 1

1/2
max

{|f ′′′ (a)|q , |f ′′′ (b)|q}dλ
)1/q

= (η(b,a))4

24

(
1
2

) 1
p

[
Γ(2p+1)Γ(p+1)

Γ(3p+2)

] 1
p

[
max{|f ′′′(a)|q,|f ′′′(b)|q}

2

] 1
q

.

The proof is completed.
¤

Theorem 9. Let the assumption of Theorem 3.3 be satisfied withq ≥ 1. If |f ′′′| is prequa-
siinvex for some fixedq ≥ 1 with η (b, a) 6= 0, then we have

∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η(b,a))4

6

[
Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2)

] 1
p

[
max{|f ′′′(a)|q,|f ′′′(b)|q}

2

] 1
q

.



8 Sabir Hussain and Shahid Qaisar

Proof. Using Lemma 2.1, Holder’s inequality and prequasiinvexity of|f ′′′|, we get
∣∣∣∣∣
a+η(b,a)∫

a

f(x)dx− η(b,a)
6

[
f (a) + 4f

(
2a+η(b,a)

2

)
+ f (a + η (b, a))

]∣∣∣∣∣

≤ (η (b, a))4
(

1∫
0

|p(λ)|pdλ

) 1
p

(
1∫
0

max
{|f ′′′ (a)|q , |f ′′′ (b)|q}dλ

) 1
q

≤ (η(b,a))4

6

(
1/2∫
0

∣∣λ2
(

1
2 − λ

)∣∣pdλ +
∫ 1

1/2

∣∣∣(λ− 1)2
(
λ− 1

2

)∣∣∣
p

dλ

)1/p

(∫ 1

0
max

{|f ′′′ (a)|q , |f ′′′ (b)|q}dλ
)1/q

= (η(b,a))4

6

[
Γ(2p+1)Γ(p+1)
23p+12Γ(3p+2)

] 1
p

[
max{|f ′′′(a)|q,|f ′′′(b)|q}

2

] 1
q

.

The proof is completed. ¤
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