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Abstract. We define a particular case of hereditary rings called weak
hereditary rings. A sufficient condition for a weak hereditary be heredi-
tary is given. We investigate the transfer of this notion in homomorphic
image of rings, amalgamated duplication of a ring along a proper ideal,
subring retracts, direct product of rings, and in trivial ring extensions. For
the pullback constructions, we give an example showing that the transfer
does not hold.
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1. INTRODUCTION

If every ideal (resp., finitely generated ideal) of a rindgs projective, therd is called
hereditary (resp., semi hereditary) [3]. A hereditary integral domain is called a Dedekind
ring. In [1] the ring A is said weak semi hereditary if, for every two proper idealgl af;
and I, satisfyingl; C I, with I projective ideal and; is finitely generated, ther, is
projective. So, we present a particular case of hereditary, called weak hereditary.

Definition 1. If I C J for every two ideald and.J of a ring A with .J projective proper
ideal implies thatl is also projective, ther is called weak hereditary.

Remark2. Every hereditary ring is a weak hereditary.
Itis easy to see that the following diagram holds true:

weak hereditary

_— T~

Dedekind domain—=- hereditary weak semi hereditary

T~

semi hereditary
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Firstly in Proposition 3, a sufficient condition is given to have the converse. Secondly, it
has been proven that is weak hereditary provided is local total of quotients.
Suppose thatl is aring andV is A-module, aringd « N whose underling group id x N
with pairwise addition and multiplication given Wy, b1)(az, b2) = (aias, a1be + a2b;)
is said to be trivial ring extension of by N [12, 10, 11].
Two Corollaries (5 and 6) and Theorem 7 have been used to show the transfer of a weak
hereditary ring into trivial ring extensions.
The amalgamated duplication of a ridgalong an ideall was introduced by D’Anna and
Fontana [8] as a subring of x A with (14,14) unit element. Itis defined by:

At J ={(a,a+j)|re A, jeJ}.
However, in Proposition 8, we give condition so that the descent of the weak hereditary ring
holds in extensions of ring. Namely, 4f be a subring retract of a faithfully flat-module
R, then R is weak hereditary implies that is weak hereditary. However, in Example
9, we show that the homomorphic image of weak hereditary is not necessarily in general
weak hereditary.
And, in Proposition 10, we illustrate the transfer of weak hereditary from afit@a ring
A J.
In Example 12, we show that, in general, the transfer of weak hereditary notion does not
hold in pullback constructions. In Theorem 13, we investigate the weak hereditary rings
in direct product of rings. In Example 15 we show that, in general, the direct product of a
weak hereditary ring is not weak hereditary.

2. MAIN RESULTS

We start this section by the following proposition which gives a sufficient condition so
that the converse of Remark 1.2 holds true.

Proposition 3. Let A be aring, then :

(1) If A contains a regular element, thes is weak hereditary if and only il is
hereditary.
(2) If Aisalocal total ring of quotients, thed is weak hereditary.

Proof. (i) The "if part” of the assertion is evident. Conversely, suppose fhitproper
ideal of A. Leta be a regular element of, thenaJ C aA. On the other hand,A proper
ideal andz A = A, thena A is free implies projective. ThemJ is projective ideal, sincel
is weak hereditary. Butl (2 J), soJ is projective.

(ii) Let A be a local and total ring of quotients. We shall to display thas weak hered-
itary. Deny. Suppose that there existC I, C M, with M is a maximal ideal of4, I;
is a non-projective ideal oft and/; is a proper projective ideal. Sinckis local, thenls
is free, sol, = aA, with a is a regular element from. A contradiction, saA is weak
hereditary. O

Exampled4. Suppose thatT', N) is a local ring withN? = 0, whereN is a maximal ideal
of T. SinceT = Q(T), thenT is weak hereditary by Proposition 3(ii).

The transfer of the weak hereditary rings from a ritagp a ring A o« R will be studied
in the following corollary.
Corollary 5. Suppose thatl is a domain and? := Q(A), and letS := A « R. Then:

(1) Sis not hereditary.
(2) If Aisnot afield, therb is not weak hereditary.
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(3) If Ais afield, then:
(a) S is weak hereditary.
(b) S'is not hereditary.

Proof. (i) From [13, Theorem 2.8].

(73) Assume thatd is not a field and) # a € A whereq is not invertible. Ther{a,0) is a
regular element of, from Proposition 8;) S is not weak hereditary.

(7i7) Assume thatd is a field, then :

(a) Obvious from Proposition(3:).
(b) from (i) S is not a hereditary ring.
t

This corollary gives an example of a ring which is weak hereditary but not hereditary.

Corollary 6. Suppose thatR, N) is a local ring, with NV is maximal ideal ofR and £ an
R-module such thaVv E' = 0.Then:

(1) R x E is always weak hereditary.
(2) R x E is never hereditary.

Proof. (i) Obvious from Proposition(3:) and [13, Theorem 2.8].
(#4) From [13, Theorem 2.6]. O

Herein our aim is to show the stability of the transfer of weak hereditary from afiting
toaringR « N.

Theorem 7. Suppose thatR, N) is a local total ring of quotients wittV is its maximal
ideal. Suppose alos that the module retraction miegstablisheser(¢) C Nil(T') and
MkEer(¢) :== 0. ThenT := R « N is a weak hereditary ring.

Proof. Let (R, N) be a local and total ring of quotients, the magstablishe&er(¢) C

Nil(T) and Nker(¢) = 0. We putY = Ker(¢). We have to show that every element

n + y of T'is zero-divisor or invertible element to prove thats a total ring of quotients.

Indeed:

If n € N, son is a non invertible element d?. BecauseR is total of quotients, henceis

zero-divisor inR. So there exist§0 # b € N) such thatb = 0. Then,b(n + y) = 0 as

NY =0, son + y is a zero-divisor element if.

If n ¢ N, sonisinvertible inR and inT as well, thenn + y is invertible in7T" as sum of a

nilpotent and an invertible. As a result of thatjs weak hereditary from Proposition3(ii).
O

For two ringsB; C Bs. The ring B; is a subring retract of the ringp; if there exists
a homomorphisn® : Bs — B; such thatp|p, = id|p,. If the map¢ exists, thenp is
called a module retraction map. Suitable background ([5, 11, 5, 13, 17]).

Proposition 8. Let A be a subring retract of a faithfully flat-moduleR, for each ideall
of A, IR # R. Then ifR is weak hereditary, ther is weak hereditary.

Proof. Let R be a weak hereditary ring and C I, two ideals ofA wherel, is proper
projective. SinceR is faithfully flat over A, thusl, Q , R = 2R is a proper projective
ideal of R. Hence, we havé, R C I, R, thenI;T is projective, sinceR is weak hereditary
ring. We claim thatl; is a projective ideal ofd. Indeed, for anydA-moduleM, and from
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6, p.118],

Exta <11,M®R> ™~ FErtp <11®R,M®R> =0.
A A A

On the other hand\/ is a direct summand d¥/ &) , R sinceA is a direct summand ak.
Therefore Ext 4 (11, M) = 0 for every A-moduleM . Then thatl; is a projective ideal of
A. O

In general, the homomorphic image of weak hereditary is not necessarily weak heredi-
tary, as it is shown in the following examples

Example9. Suppose thatR, N) is a non-Dedekind domain ring and loc@l# L is an
R — module, such thatVL = 0 and letT’ = R « E. Then:

(1) T is weak hereditary.
(2) R(2T/0 x E) is not weak hereditary.

Proof. (i) Obvious from Corollary 6(i).

(7i) We haveR = T/0 o« E with 0 « E is an ideal ofl’. We shall prove thaf is not a
weak hereditary ring. Deny. Suppose tliais hereditary, therR is Dedekind, since? is
a domain. A contradiction, thefi/(0 o< E) is not weak hereditary. O

Now, the transfer of weak hereditary properties from a tihtp a ring A i J will be
discussed.

Proposition 10. Suppose thatl is a ring andJ is a proper ideal ofR. If (A, M) is local
total of quotients, then :

(1) A J is weak hereditary.
(2) A< Jis not hereditary.

Proof. (i) A > J is a local ring, sinced is a local ring. For show thatl < J is a total
ring of quotients, we must show that every elementa + j) of A > J is invertible or
zero-divisor element. There are two possible cases:

Case l.a ¢ M, ais invertible in A and then(a,a + j) ¢ M 1 J. SinceA < J is a
local ring, whereM < J is a maximal ideal of the local rind > J, then,(a,a + j) is
invertible in A < J.

Case 2a € M, sinceA is a total ring of quotients in which every element is either a zero
divisor or an invertible, then is a zero-divisor element of, hence from [7, Proposition
2.2] we havga, a + j) is a zero-divisor element of < I. And soA i J is local total of
quotients. Thusi < J is weak hereditary from Proposition 3(ii).

(ii) It is obvious thatO; = {(0,4),j € J} andO2 = {(5,0),j € J} are ideals ofd > J.
We shall to show thaP is not projective. DenyO;, is projective. A < J is local (from
[9, Theorem 3.5]), sincd is local, so , therD, is free. A contradiction sinc®,05 = 0.
Therefore O, is not projective and sd i J cannot be a hereditary ring. d

Examplell Let R := Z/(2'Z), with i > 2 be an integer, and |1&f = R « R, and
suppose thaf (# 0) is a proper ideal of . Then:

(i) R is weak hereditary.

(i) T is weak hereditary.

(i) T > J is a weak hereditary ring.
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The following example generally proves that the transfer of a weak hereditary ring no-
tion does not hold in Pullback constructions. We adopt the following riding notatifns:
is a domain of the fornTy = Ky + M, with Ky is a field, Dy is a subring ofKy such
thatqf(Dg) = Ky, My is a non-zero maximal ideal @f; andRy = Dy + My. For more
details, see [9, 10, 11].

Examplel2. Suppose thab, is a Dedekind which is not a fields, = ¢f(Dy). Suppose
also the following Pullback:

A():D()O(KU — T():K()O(KU
1 1
Do = Ao/o (0.8 KO — KQ
Ay is not weak hereditary from Corollary 2.3(ii), however bép andT|, are weak hered-
itary rings.
We study now the transfer of weak hereditary in rings direct product.

..nisringsandA :=[]"_, A;. Then:
If Ais aweak hereditary ring, theA; foreachi = 1,...,n.

The proof of this theorem has been relies mainly on the following Lemma.

Lemma 14. ([15, Lemma 2.5]

Suppose thatA;);—1 2 is a family of rings andV/; is an A; — module for i = 1,2, then,
M, [] M- is a projectived; [[ A2 —module if and only if M; is a projectived; — module
fori=1, 2.

Proof of Theorem 13The result fori = 1, 2 will be verified. Then, it will be verified by
induction onn.

Suppose thalt"[f:1 A; is aweak hereditary ring. To prove that and A, are weak hered-
itary rings. Letl; andJ; two ideals of4; and suppose thd{ C J; whereJ; is projective
proper, ther/; x A is an ideal ofl‘[f:1 A; andJ; x A, is projective proper onzl A;.
Since,]; x Ay C J1 x As and]‘[f:1 A; is aweak hereditary ring, sé, x A, is a projective.
ThenlI, is a projective ideal. O

We know that the direct product of hereditary ring is hereditary. But the next example
has been proved that the direct product of weak hereditary is not in general weak hereditary.

Examplel5. Suppose thak, = Z and R, = R < I are two rings withR = K « K and
K is afield, thenR; x R, is not weak hereditary.

Proof. Ry = Z is a hereditary ring. The®; = R i I is a weak hereditary but not
hereditary ring from Theorem 10. On the other hailx O, = {(0,4),¢ € I} C pZXx Rs
with pZ x O is aideal ofR; x Ry andpZ x R, is projective proper ideal oR; x Rs
from Lemma 14, bupZ x O, is not projective ofR; x Ry sinceO; is not a projective
ideal of Ry ('sinceO;0-, = 0 andR is local ), thenR; x R, is not weak hereditary. (]

3. CONCLUSION
From this piece of work, it has been concluded that:

Proposition 16. Suppose thak is a ring. Then:

(1) If A contains a regular element, thes is weak hereditary if and only il is
hereditary.
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(2) Ais weak hereditary provided is local total of quotients.

Theorem 17. Suppose thatR, N) is a local total ring of quotients wittV is its maximal
ideal. Suppose alos that the module retraction megstablisheser(¢) C Nil(T) and
MkEer(¢) :== 0. ThenT := R « N is a weak hereditary ring.

Proposition 18. Suppose thatl is a ring andJ is a proper ideal ofR. If (A, M) is local
total of quotients, then:

(1) A J is weak hereditary.
(2) A< Jis not hereditary.

Examplel9. Let Ry = Z and letR; = R < [ be two rings withR = K « K andK is a
field, thenR; x R, is not weak hereditary.
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