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Abstract. The aim of this paper is to construct a topology on a soft set.
Also the concepts of soft base, soft subbase are introduced and some im-
portant theorems are established.
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1. INTRODUCTION AND PRELIMINARIES

D. A. Molodtsov[3] introduced the notion of soft set in 1999 as a mathematical tool to
deal with uncertainties. He also defined some important operations on soft set such as soft
union, soft intersection etc. Later on these definitions have been modified in the paper [2]
to define a topology on a soft set and depending upon these modified definitions, in this
paper we have established a few theorems relative to base and subbase.
Throughout the work,U refers to an initial universe,E is the set of parameters,P (U) is
the power set ofU andA ⊆ E.

Definition 1. [2] A soft setFA on the universeU is defined by the set of ordered pairs
FA = {(x, FA(x)) : x ∈ E, FA(x) ∈ P (U)} whereFA : E → P (U) such thatFA(x) =
φ if x is not an element ofA.
The set of all soft sets overU is denoted byS(U).

Definition 2. [2] Let FA ∈ S(U). If FA(x) = φ, for all x ∈ E, thenFA is called a
empty soft set, denoted byΦ. FA(x) = φ means that there is no element in U related to
the parameterx ∈ E.

Definition 3. [2] Let FA, GB ∈ S(U). We say thatFA is a soft subsets ofGB and we
write FA v GB if and only if
(i) A ⊆ B
(ii) FA(x) ⊆ GB(x) for all x ∈ E.
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Definition 4. [2] Let FA, GB ∈ S(U). ThenFA andGB are said to be soft equal, denoted
by FA = GB if FA(x) = GB(x) for all x ∈ E.

Definition 5. [2] Let FA, GB ∈ S(U). Then the soft union ofFA andGB is also a soft
setFA tGB = HA∪B ∈ S(U), defined by
HA∪B(x) = (FA tGB)(x) = FA(x) ∪GB(x) for all x ∈ E.

Definition 6. [2] Let FA, GB ∈ S(U). Then the soft intersection ofFA andGB is also a
soft setFA uGB = HA∩B ∈ S(U), defined by
HA∩B(x) = (FA uGB)(x) = FA(x) ∩GB(x) for all x ∈ E.

In 2011, N. Cagman has defined a topology on soft set as follows:

Definition 7. [1] Let FA ∈ S(U). A soft topology onFA, denoted byτ , is a collection of
soft subsets ofFA having the following properties:
(i) Φ, FA ∈ τ
(ii) {FAi

v FA : i ∈ I ⊆ N} ⊆ τ⇒ ti∈IFAi
∈τ

(iii) {FAi v FA : 1 ≤ i ≤ n, n ∈ N} ⊆ τ⇒ un
i=1FAi

∈τ
In the definition 7, N. Cagman has considered thatτ is closed under countable union.

But in the definition of a topologyτ , it is usually considered thatτ is closed under arbi-
trary union, which has not been considered in the definition 7. In fact, the symbol, used in
the definition 7 to represent the members ofτ , does not bear the meaning properly. It is
clarified in the following example:
Let E = {e1, e2, e3, e4}, A = {e1, e2, e3} andU = {u1, u2, u3, u4, u5}
Let FA ∈ S(U) such thatFA(x) = U for all x ∈ A. Then the collection
τ= { Φ, FA,
{ (e1, {u1}), (e2, {u2}) },
{ (e1, {u1, u3}), (e2, {u2, u3}) },
{ (e1, {u1, u2, u4, u5}), (e2, {u1, u2, u4, u5}), (e3, U), (e4, U) } }
of some soft subsets ofFA is a soft topology onFA. Now if we like to denote the members
of τ according to the above definition, then it is not possible to represent the third and
fourth members ofτ simultaneously.

To avoid this difficulties, we first redefine the soft topology in section 2 and thereafter
we establish the soft base, soft subbase and a few important theorems related to these
concepts.

2. SOFT TOPOLOGICAL SPACE

In this section we introduce some basic definitions and theorems of soft topological
spaces.

Definition 8. A soft topologyτ on soft setFA is a family of soft subsets ofFA satisfying
the following properties
(i) Φ, FA ∈ τ
(ii) If GB ,HC ∈ τ , thenGB uHC ∈τ
(iii) If Fα

Aα
∈ τ for all α ∈ Λ, an index set, thentα∈ΛFα

Aα
∈τ

If τ is a soft topology on a soft setFA, the pair(FA, τ ) is called the soft topological space.

Example 9. LetE = {e1, e2, e3, e4, e5}, A = {e1, e2, e3, e4} andU = {1, 2, 3, 4, 5, 6, 7,
8, 9, 10}
Let FA ∈ S(U) whereFA(e1) = {1, 5, 8}, FA(e2) = {2, 6, 9}, FA(e3) = {3, 7, 9},
FA(e4) = {4, 7, 10}. Now let us consider the collection
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τ={ Φ, FA,
{ (e2, {2}) },
{ (e4, {4}) },
{ (e1, {1}), (e3, {3}) },
{ (e2, {2}), (e4, {4}) },
{ (e2, {2, 9}), (e4, {4, 7}) },
{ (e1, {1}), (e2, {2}), (e3, {3}) },
{ (e1, {1}), (e3, {3}), (e4, {4}) },
{ (e1, {1, 5}), (e2, {2, 6}), (e3, {3, 7}) },
{ (e1, {1, 8}), (e3, {3, 9}), (e4, {4, 10}) },
{ (e1, {1}), (e2, {2}), (e3, {3}), (e4, {4}) },
{ (e1, {1}), (e2, {2, 9}), (e3, {3}), (e4, {4, 7}) },
{ (e1, {1, 8}), (e2, {2}), (e3, {3, 9}), (e4, {4, 10}) },
{ (e1, {1, 5}), (e2, {2, 6}), (e3, {3, 7}), (e4, {4}) },
{ (e1, {1, 8}), (e2, {2, 9}), (e3, {3, 9}), (e4, {4, 7, 10}) },
{ (e1, {1, 5}), (e2, {2, 6, 9}), (e3, {3, 7}), (e4, {4, 7}) },
{ (e1, {1, 5, 8}), (e2, {2, 6}), (e3, {3, 7, 9}), (e4, {4, 10}) } }
of some soft subsets ofFA. Then obviously,τ forms a soft topology on a soft setFA.

Definition 10. If τ is a soft topology onFA, then the member ofτ is called soft open sets
in (FA, τ ).

Definition 11. A collection β of some soft subsets ofFA is called a soft open base or
simply a base for some soft topology onFA if the following conditions hold:
(i) Φ ∈β.
(ii) tβ= FA i.e., for eache ∈ A andx ∈ FA(e), there existsGB ∈β such thatx ∈
GB(e), whereB ⊆ A.
(iii) If GB ,HC ∈β then for eache ∈ B ∩ C andx ∈ (GB uHC)(e) = GB(e) ∩HC(e)
there existsID ∈β such thatID v GB uHC andx ∈ ID(e), whereD ⊆ B ∩ C.

Example 12. Let us consider the previous example 9 and we take
β={ Φ,
{ (e2, {2}) },
{ (e4, {4}) },
{ (e1, {1}), (e3, {3}) },
{ (e2, {2, 9}), (e4, {4, 7}) },
{ (e1, {1, 5}), (e2, {2, 6}), (e3, {3, 7}) },
{ (e1, {1, 8}), (e3, {3, 9}), (e4, {4, 10}) } }
Then obviously,β forms a soft base for the topologyτ onFA.

Theorem 13. Letβ be a soft base for a soft topology onFA. Supposeτβ consists of those
soft subsetGB of FA for which corresponding to eache ∈ B andx ∈ GB(e), there exists
HC ∈β such thatHC v GB andx ∈ HC(e), whereC ⊆ B. Thenτβ is a soft topology
onFA.

Proof. We haveΦ ∈τβ by default.
Again by definition of soft base, we have for eache ∈ A andx ∈ FA(e), there exists
GB ∈β such thatx ∈ GB(e), B ⊆ A. SoFA ∈τβ .
Now let GB ,HC ∈τβ . Then for eache ∈ B ∩ C andx ∈ GB(e) ∩ HC(e), there exists
G
′

B′ ,H
′

C′ ∈β, whereB
′ ⊆ B andC

′ ⊆ C such thatG
′

B′ v GB , H
′

C′ v HC and also

x ∈ G
′

B′ (e), x ∈ H
′

C′ (e).
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Let ID = G
′

B′ uH
′

C′ ∈β, whereD = B
′ ∩ C

′
. Then obviouslyx ∈ ID(e).

Thus fore ∈ B∩C andx ∈ (GB uHC)(e), there existsID ∈β such thatID v GB uHC

andx ∈ ID(e). SoGB uHC ∈ τβ .
Again letFα

Aα
∈τβ , for all α ∈ Λ, an index set.

Let GB = tα∈ΛFα
Aα

, e ∈ B andx ∈ GB(e), whereB = ∪α∈ΛAα.
Then there existsα ∈ Λ such thatx ∈ Fα

Aα
(e).

SinceFα
Aα

∈ τβ and x ∈ Fα
Aα

(e), there existsHC ∈ β such thatHC v Fα
Aα

and
x ∈ HC(e) i.e.,HC v GB andx ∈ HC(e).
ThereforeGB ∈τβ i.e.,tα∈ΛFα

Aα
∈τβ

Henceτβ is a soft topology onFA. ¤

Definition 14. Supposeβ is a soft base for a soft topology onFA. Thenτβ , described in
above theorem, is called the soft topology generated byβ andβ is called the soft base for
τβ .

Example 15. LetE = {e1, e2, e3, e4}, A = {e1, e2, e3} andU = {1, 2, 3, 4}.
LetFA ∈ S(U) whereFA(ei) = U for i = 1, 2, 3. Now let us consider the collection
β={ Φ, { (e1, {1, 2}), (e2, {2, 3}) }, {(e1, {3, 4}), (e2, {1})}, {(e2, {4}), (e3, U) } }
of some soft subsets ofFA. Then Obviously,β is a soft base for some soft topology onFA.
Then the soft topology generated byβ is
τβ={ Φ, FA,
{ (e1, {1, 2}), (e2, {2, 3}) },
{(e1, {3, 4}), (e2, {1})},
{(e2, {4}), (e3, U) },
{ (e1, U), (e2, {1, 2, 3}) },
{ (e1, {1, 2}), (e2, {2, 3, 4}), (e3, U) },
{ (e1, {3, 4}), (e2, {1, 4}), (e3, U) } }

Theorem 16. Letβ be a soft base for a soft topology onFA. ThenGB ∈τβ if and only if
GB = tα∈ΛGα

Bα
, whereGα

Bα
∈β for eachα ∈ Λ, Λ an index set.

Proof. Since every member ofβ is also a member ofτβ , we have any union of members
of β is a member ofτβ .
Conversely, letGB ∈τβ .
If GB = Φ, the proof of the theorem is obvious.
If GB is not equal toΦ, for eache ∈ B andx ∈ GB(e), there existsXe

Bx
e
∈β with

Bx
e ⊆ B Such thatXe

Bx
e
v GB andx ∈ Xe

Bx
e
(e) [ here we shall chooseX corresponding

to x].
Since eachBx

e ⊆ B, ∪e∈B{∪x∈GB(e)B
x
e } ⊆ B.

Again for eache ∈ B, there existsBx
e such thate ∈ Bx

e . SoB ⊆ ∪e∈B{∪x∈GB(e)B
x
e }.

ThereforeB = ∪e∈B{∪x∈GB(e)B
x
e }.

Let HB = te∈B{tx∈GB(e)X
e
Bx

e
}

Now it is enough to show thatHB = GB .
Obviously,HB v GB as eachXe

Bx
e
v GB .

Let a ∈ B andy ∈ GB(a). Then we haveY a
By

a
∈β such thatY a

By
a
v GB andy ∈ Y a

By
a
(a).

Again sinceY a
By

a
v HB . Thereforey ∈ HB(a)

ThusGB(a) ⊆ HB(a) for all a ∈ B. So,GB v HB

HenceHB = GB . This completes the proof. ¤
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Theorem 17. Let (FA, τ ) be a soft topological space andβ be a sub collection ofτ such
that every member ofτ is a union of some members ofβ. Thenβ is a soft base for the soft
topologyτ onFA.

Proof. SinceΦ ∈ τ , Φ ∈β.
Again sinceFA ∈τ and every member ofβ is a soft subset ofFA, FA =tβ.
Let GA1 ,HA2 ∈β. ThenGA1 ,HA2 ∈τ⇒ GA1 uHA2 ∈τ .
Then there existBα

Cα
∈β, α ∈ Λ such thatGA1 uHA2 = t{Bα

Cα
: α ∈ Λ}

obviously eachBα
Cα

v GA1 uHA2 .
Now lete ∈ A1 ∩A2 andx ∈ (GA1 uHA2)(e). Thenx ∈ t{Bα

Cα
(e) : α ∈ Λ}.

So there existsα ∈ Λ such thatx ∈ Bα
Cα

(e).
Therefore for eache ∈ A1 ∩A2 andx ∈ (GA1 uHA2)(e), there existsBα

Cα
∈β such that

Bα
Cα

v GA1 uHA2 andx ∈ Bα
Cα

(e).
Henceβ is a soft base for the soft topologyτ onFA. ¤

Definition 18. A collectionΩ of members of a soft topologyτ is said to be subbase forτ
if and only if the collection of all finite intersections of members ofΩ is a base forτ .

Example 19. Let us consider the previous example 12 and we take
Ω={ { (e2, {2, 9}), (e4, {4, 7}) },
{ (e1, {1, 5}), (e2, {2, 6}), (e3, {3, 7}) },
{ (e1, {1, 8}), (e3, {3, 9}), (e4, {4, 10}) } }

Then obviously,β can be obtain by the collection of all intersections of members ofΩ.
SoΩ is a subbase forτ .

Theorem 20. A collectionΩ of soft subsets ofFA is a subbase for a suitable soft topology
τ onFA if and only if
(i) Φ ∈ Ω or Φ is the intersection of a finite number of members ofΩ.
(ii) FA = tΩ.

Proof. First letΩ is a subbase forτ andβ be a base generated byΩ.
SinceΦ ∈β, eitherΦ ∈ Ω or Φ is expressible as an intersection of finitely many members
of Ω.
Let e ∈ A andx ∈ FA(e). Sincetβ= FA, there existsGB ∈β such thatx ∈ GB(e).
Again sinceGB ∈β, there existsSi

Bi
∈ Ω, i = 1, 2, · · · , n

such thatGB = un
i=1S

i
Bi

Thereforex ∈ ∩n
i=1S

i
Bi

(e) ⇒ x ∈ Si
Bi

(e), for eachi = 1, 2, · · · , n
HenceFA = tΩ.
Conversely letΩ be a collection of some soft subsets ofFA satisfying the conditions(i)
and(ii). Let β be the collection of all finite intersections of members ofΩ. Now it is
enough to show thatβ forms base for a suitable soft topology.
Sinceβ is the collection of all finite intersections of members ofΩ, by assumption(i) we
getΦ ∈β and by(ii) we gettβ= FA.
Again letGB ,HC ∈β
SinceGB ∈β, there existGi

Bi
∈ Ω, for i = 1, 2, · · · , n such thatGB = un

i=1G
i
Bi

, where
B = ∩n

i=1Bi

Again sinceHC ∈β, there existsHj
Cj
∈ Ω, for j = 1, 2, · · · ,m such that

HC = um
j=1H

j
Cj

, whereC = ∩m
j=1Cj

ThereforeGB uHC = (un
i=1G

i
Bi

) u (um
j=1H

j
Cj

) ∈β.

i.e.,GB uHC ∈β. This completes the proof. ¤
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