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Abstract.: The objective of this paper is to consider new generalized sys-
tems of nonlinear mixed variational inequalities including3k-distinct nonlin-
ear relaxed cocoercive operators. We proposedk-steps explicit iterative meth-
ods including projection operators for this considered system and present the
equivalent fixed point problem of this new generalized systems of variational
inequalities. This equivalent fixed point problem suggest to usk-steps explicit
iterative algorithms to obtain an approximate solution of the considered sys-
tem. Convergence results ofk-step explicit iterative algorithms are obtained.
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1 Introduction and Preliminaries

The field of variational inequalities has appealed a lot of consideration. Since a number of
real-world problems in optimal control, decision theory, game theory, physics, economics,
management sciences, engineering problems can be formulated as nonlinear variational
inequalities, see for example [1]. In this paper, we consider and study the generalized
system of nonlinear mixed variational inequalities.

There are several techniques to solved variation inequality problems. The projection
technique is one of the iterative methods to solve variational inequalities. Many heuristics
widely used projection techniques to solve variational inequalities and systems of varia-
tional inequalities. Recently Noor et. al [8, 13], Verma [15, 16, 17], Hao et. al [5], Kim [6]
and Zhang [19] obtained the approximate solution of the system of nonlinear variational
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inequalitiesby using two or three steps iterative methods involving projection operator. For
further details, please see [2, 3, 4, 5, 6, 8, 12, 13, 15, 16, 17, 19].

This present work is impelled by the research going on this field. The aim is to perusal
the new generalized system of nonlinear variational inequalities connecting with3k-distinct
nonlinear relaxed(r, s)-cocoercive operators. First, we give the fixed point problem equiv-
alent to the variational considered system. By this equivalent formulations, we propose
k-steps explicit algorithms with projection operators. Utilization of projection approach,
we attempt to obtain an approximate solution of the generalized system of nonlinear vari-
ational inequalities. The consider conditions guaranteed the convergence of iterative se-
quences dstobtained by thek-steps explicit algorithms. This work extends and improves
the well-known results in the literature [5, 8, 9, 15, 16, 17, 19].

Throughout the manuscript,H is a real Hilbert space endowed with a norm‖.‖ and an
inner product〈., .〉. LetD ⊂ H be a closed and convex set inH.

Let us given that nonlinear operatorsA : D → H, f, g : D → D, then generalized
mixed variational inequality problem (GMVIP) is to findp∗ ∈ D such that

〈λA(p∗) + g(p∗)− f(p∗), p− g(p∗)〉 ≥ 0, ∀ p ∈ D, λ > 0. (1. 1)

Lemma 1.1 [7] For givenq∗ ∈ H, p∗ ∈ D satisfies the inequality

〈p∗ − q∗, p− p∗〉 ≥ 0, p ∈ D

if and only ifp∗ = PD(q∗) wherePD is the projection fromH ontoD.

By Lemma (1.1), it can be showed thatp∗ is a solution of GMVIP (1.1) if and only ifp∗ is
a fixed point ofI − g + PD[f − λA], whereI is identity mapping.
If f = g, then the GMVIP (1.1) is equivalent to findp∗ ∈ D such that

〈A(p∗), p− g(p∗)〉 ≥ 0, ∀ p ∈ D. (1. 2)

If f = g = I, then the GMVIP (1.1) is equivalent to findp∗ ∈ D such that

〈A(p∗), p− p∗〉 ≥ 0, ∀ p ∈ D, (1. 3)

known as classical variational inequality, proposed by Stampacchia [14].
If D∗ = {p ∈ H : 〈p, q〉 ≥ 0, ∀ q ∈ D} is a polar cone of convex coneD in H. Then
Problem (1.2) is equivalent to general nonlinear complementarity problem to findp∗ ∈ D
such that

A(p∗) ∈ D∗ and 〈A(p∗), g(p∗)〉 = 0. (1. 4)

.

Definition 1.2 [16] A mappingA : D → H
(i) is monotone if

〈A(p1)−A(p1∗), p1 − p1∗〉 ≥ 0, ∀p1, p1∗ ∈ D;
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(ii) is µ-strongly monotone if∃ a constantµ > 0 such that

〈A(p1)−A(p1∗), p1 − p1∗〉 ≥ µ‖p1 − p1∗‖2, ∀p1, p1∗ ∈ D;

(iii) is relaxed r̄-cocoercive if∃ a constant̄r > 0 such that

〈A(p1)−A(p1∗), p1 − p1∗〉 ≥ −r̄‖A(p1)−A(p1∗)‖2, ∀p1, p1∗ ∈ D;

(iv) is relaxed(r̄, s̄)-cocoercive if∃ constants̄r, s̄ > 0 such that

〈A(p1)−A(p1∗), p1 − p1∗〉 ≥ −r̄‖A(p1)−A(p1∗)‖2 + s̄‖p1 − p1∗‖2, ∀p1, p1∗ ∈ D;

(v) is t̄-Lipschitz continuous if∃ a constant̄t > 0 such that

‖A(p1)−A(p1∗)‖ ≤ t̄‖p1 − p1∗‖, ∀p1, p1∗ ∈ D.

(vi) is nonexpansive

‖A(p1)−A(p1∗)‖ ≤ ‖p1 − p1∗‖, ∀p1, p1∗ ∈ D.

Here,K(A) represent the set of all fixed point of mappingA.

Definition 1.3 [10, 11]LetD ⊂ H be a convex subset inH andA : D → H, then
(i): D is l-convex if∃ a functionl : D → D such that

l(p) + λ(q − l(p)) ∈ D, ∀ p, q ∈ D, where λ ∈ (0, 1);

.
(ii) A is l-convex if∃ a functionl : D → D such that

A(l(p) + λ(q − l(p))) ≤ (1− λ)A(l(p)) + λA(q), ∀ p, q ∈ D, where λ ∈ (0, 1).

.

LetAi : D ×D × ...×D︸ ︷︷ ︸
(k times)

→ H andfi, gi : D → D be3k-distinct nonlinear operators for

eachi ∈ {1, 2, ..., k}. Then generalized system of nonlinear mixed variational inequalities
problem (GSNMVIP) is to find(p1, p2, ...pk) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

suchthat





〈λ1A1(p2, p3, ...pk, p1) + g1(p1)− f1(p2), p− g1(p1)〉 ≥ 0, ∀p ∈ D,
〈λ2A2(p3, p4, ...p1, p2) + g2(p2)− f2(p3), p− g2(p2)〉 ≥ 0, ∀p ∈ D,
:
:
〈λk−1Ak−1(pk, p1, ...pk−2, pk−1) + gk−1(pk−1)− fk−1(pk), p− gk−1(pk−1)〉 ≥ 0, ∀p ∈ D,
〈λkAk(p1, p2, ...pk−1, pk) + gk(pk)− fk(p1), p− gk(pk)〉 ≥ 0, ∀p ∈ D,
for each λi > 0, i ∈ {1, 2, ..., k}

(1. 5)
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Let D1 (6= ∅) is the solutionset of GSNMVIP (1.5). Lemma (1.1) permits us to write
GSNMVIP (1.5) equivalently to fixed point problem as follows:





g1(p1) = PD[f1(p2)− λ1A1(p2, p3, ...pk, p1)],
g2(p2) = PD[f2(p3)− λ2A2(p3, p4, ...p1, p2)],
:
:
gk−1(pk−1) = PD[fk−1(pk)− λk−1Ak−1(pk, p1, ...pk−2, pk−1)],
gk(pk) = PD[fk(p1)− λkAk(p1, p2, ...pk−1, pk)],
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 6)

The parametersλi, i ∈ {1, 2, ..., k} have very important role in the convergence analysis of
k-steps explicit iterative methods. Here, we given some special cases of GSNMVIP (1.5).

(I) If fi = I for each i ∈ {1, 2, ..., k} then GSNMVIP (1.5) reduces to finding(p1, p2, ...pk) ∈
D ×D × ...×D︸ ︷︷ ︸

(k times)

suchthat





〈λ1A1(p2, p3, ...pk, p1) + g1(p1)− p2, p− g1(p1)〉 ≥ 0, ∀p ∈ D,
〈λ2A2(p3, p4, ...p1, p2) + g2(p2)− p3, p− g2(p2)〉 ≥ 0, ∀p ∈ D,
:
:
〈λk−1Ak−1(pk, p1, ...pk−2, pk−1) + gk−1(pk−1)− pk, p− gk−1(pk−1)〉 ≥ 0, ∀p ∈ D,
〈λkAk(p1, p2, ...pk−1, pk) + gk(pk)− p1, p− gk(pk)〉 ≥ 0, ∀p ∈ D,
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 7)

Let D2 ( 6= ∅) is the solution set of GSNMVIP (1.7). Problem (1.7) is equivalent to fixed
point problem as follows:





g1(p1) = PD[p2 − λ1A1(p2, p3, ...pk, p1)],
g2(p2) = PD[p3 − λ2A2(p3, p4, ...p1, p2)],
:
:
gk−1(pk−1) = PD[pk − λk−1Ak−1(pk, p1, ...pk−2, pk−1)],
gk(pk) = PD[p1 − λkAk(p1, p2, ...pk−1, pk)],
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 8)

(II) If gi = I for each i ∈ {1, 2, ..., k} then GSNMVIP (1.5) reduces to finding(p1, p2, ...pk) ∈
D ×D × ...×D︸ ︷︷ ︸

(k times)

suchthat





〈λ1A1(p2, p3, ...pk, p1) + p1 − f1(p2), p− p1〉 ≥ 0, ∀p ∈ D,
〈λ2A2(p3, p4, ...p1, p2) + p2 − f2(p3), p− p2〉 ≥, 0 ∀p ∈ D,
:
:
〈λk−1Ak−1(pk, p1, ...pk−2, pk−1) + pk−1 − fk−1(pk), p− pk−1〉 ≥ 0, ∀p ∈ D,
〈λkAk(p1, p2, ...pk−1, pk) + pk − fk(p1), p− pk〉 ≥ 0 ∀p ∈ D,
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 9)
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Let D3 ( 6= ∅) is the solution set of GSNMVIP (1.9). Problem (1.9) is equivalent to fixed
point problem as follows:





p1 = PD[f1(p2)− λ1A1(p2, p3, ...pk, p1)],
p2 = PD[f2(p3)− λ2A2(p3, p4, ...p1, p2)],
:
:
pk−1 = PD[fk−1(pk)− λk−1Ak−1(pk, p1, ...pk−2, pk−1)],
pk = PD[fk(p1)− λkAk(p1, p2, ...pk−1, pk)],
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 10)

(III) fi = gi = I for each i ∈ {1, 2, ..., k} then GSNMVIP (1.5) reduces to finding
(p1, p2, ...pk) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

such that





〈λ1A1(p2, p3, ...pk, p1) + p1 − p2, p− p1〉 ≥ 0, ∀p ∈ D,
〈λ2A2(p3, p4, ...p1, p2) + p2 − p3, p− p2〉 ≥ 0, ∀p ∈ D,
:
:
〈λk−1Ak−1(pk, p1, ...pk−2, pk−1) + pk−1 − pk, p− pk−1〉 ≥ 0, ∀p ∈ D,
〈λkAk(p1, p2, ...pk−1, pk) + pk − p1, p− pk〉 ≥ 0, ∀p ∈ D,
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 11)

LetD4 ( 6= ∅) is the solution set of GSNMVIP (1.11). Problem (1.11) is equivalent to fixed
point problem as follows:





p1 = PD[p2 − λ1A1(p2, p3, ...pk, p1)],
p2 = PD[p3 − λ2A2(p3, p4, ...p1, p2)],
:
:
pk−1 = PD[pk − λk−1Ak−1(pk, p1, ...pk−2, pk−1)],
pk = PD[p1 − λkAk(p1, p2, ...pk−1, pk)],
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 12)

(IV) If Ai, for each i ∈ {1, 2, ..., k} is univariate mappings, then GSNMVIP (1.5) reduces
to finding(p1, p2, ...pk) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

such that





〈λ1A1(p2) + g1(p1)− f1(p2), p− g1(p1)〉 ≥ 0, ∀p ∈ D,
〈λ2A2(p3) + g2(p2)− f2(p3), p− g(p

2)〉 ≥ 0, ∀p ∈ D,
:
:
〈λk−1Ak−1(pk) + gk−1(pk−1)− fk−1(pk), p− gk−1(pk−1)〉 ≥ 0, ∀p ∈ D,
〈λkAk(p1) + gk(pk)− fk(p1), p− gk(pk)〉 ≥ 0, ∀p ∈ D,
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 13)
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LetD5 ( 6= ∅) is thesolution set of GSNMVIP (1.13). Problem (1.13) is equivalent to fixed
point problem as follows:





g1(p1) = PD[f1(p2)− λ1A1(p2)],
g2(p2) = PD[f2(p3)− λ2A2(p3)],
:
:
gk−1(pk−1) = PD[fk−1(pk)− λk−1Ak−1(pk)],
gk(pk) = PD[fp(p1)− λkAk(p1)],
for each λi > 0, i ∈ {1, 2, ..., k}.

(1. 14)

(V): If D is closed convex cone ofH, then GSNMVIP (1.5) reduces to complementarity
problem (1.14) to finding(p1, p2, ...pk) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

suchthat





A1(p2, p3, ...pk, p1) ∈ D∗
A2(p3, p4, ...p1, p2) ∈ D∗
:
:
Ak−1(pk, p1, ...pk−2, pk−1) ∈ D∗
Ak(p1, p2, ...pk−1, pk) ∈ D∗
and
〈λ1A1(p2, p3, ...pk, p1) + g1(p1)− f1(p2), g1(p1)〉 = 0,
〈λ2A2(p3, p4, ...p1, p2) + g2(p2)− f2(p3), g2(p2)〉 = 0,
:
:
〈λk−1Ak−1(pk, p1, ...pk−2, pk−1) + gk−1(pk−1)− fk−1(pk), gk−1(pk−1)〉 = 0,
〈λkAk(p1, p2, ...pk−1, pk) + gk(pk)− fk(p1), gk(pk)〉 = 0,
for each λi > 0, i ∈ {1, 2, ..., k},

(1. 15)

whereD∗ = {g ∈ H : 〈g, q〉 ≥ 0, ∀ q ∈ D} is polar cone toD. LetD6 is the solution set
of GSNMVIP (1.15).

Remark 1.4 If k = 1 andgi = I, then problem (1.5) reduces to variational inequalities
problem discussed by Noor in [9]. Ifk = 1, 2, Ai = A andfi = gi = I, then problem
(1.5) reduces to system of variational inequalities problem discussed by Verma in [16].
In addition,Ai is univariate mapping then problem (1.5) reduces to system of variational
inequalities problem discussed by Verma in [15, 17]. Ifk = 1, 2, andfi = I, then problem
(1.5) reduces to system of variational inequalities problem discussed by Noor in [8]. If
k = 1, 2, andfi = gi, then problem (1.5) reduces to system of variational inequalities
problem discussed by Hao in [5]. Ifk = 1, 2, 3, then problem (1.5) reduces to system of
variational inequalities problem discussed by Zhangs in [19].

2 Explicit k-Steps Iterative Algorithms

Here, we put forward the k-steps explicit iterative algorithms to find the approximate solu-
tion of GSNMVIP (1.5) by using its alternative equivalent fixed point formulations (1.6).
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LetD1 ( 6= ∅) is the solution set of GSNMVIP (1.5) andLi : D → D, i ∈ {1, 2, ..., k}
be nonexpansive mapping. LetK(Li) 6= ∅ be the set of all fixed points ofLi. Let pi ∈
K(Li) and(p1, p2, ...pk−1, pk) ∈ D1. The fixed point problem (1.6) can be written as




p1 = L1

[
p1 − g1(p1) + PD[f1(p2)− λ1A1(p2, p3, ...pk, p1)]

]
,

p2 = L2

[
p2 − g2(p2) + PD[f2(p3)− λ2A2(p3, p4, ...p1, p2)]

]
,

:
:
pk−1 = Lk−1

[
pk−1 − gk−1(pk−1) + PD[fk−1(pk)− λk−1Ak−1(pk, p1, ...pk−2, pk−1)]

]
,

pk = Lk

[
pk − gk(pk) + PD[fk(p1)− λkAk(p1, p2, ...pk−1, pk)]

]
,

for each λi > 0, i ∈ {1, 2, ..., k}.

(2. 16)

Algorithm 2.1 For any(p1
0, p

2
0, ...p

k
0) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

, compute the sequences{p1
n}, {p2

n}, ...

{pk
n} by





p1
n+1 = (1− εn)p1

n + εnL1[p1
n − g1(p1

n) + PD[f1(p2
n)− λ1A1(p2

n, p3
n, ...pk

n, p1
n)]],

p2
n+1 = L2

[
p2

n+1 − g2(p2
n+1) + PD[f2(p3

n+1)− λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)]

]
,

:
:
pk−1

n+1 = Lk−1

[
pk−1

n+1 − gk−1(pk−1
n+1) + PD[fk−1(pk

n+1)− λk−1Ak−1(pk
n+1, p

1
n, ...pk−2

n , pk−1
n )]

]
,

pk
n+1 = Lk

[
pk

n+1 − gk(pk
n+1) + PD[fk(p1

n+1)− λkAk(p1
n+1, p

2
n, ...pk−1

n , pk
n)]

]
,

(2. 17)

whereλi, i ∈ {1, 2, ..., k} and sequenceεn ∈ [0, 1] for all n ≥ 0.

If fi = I, i ∈ {1, 2, ..., k} then Algorithm (2.1) reduces to Algorithm (2.2) as follows:

Algorithm 2.2 For any(p1
0, p

2
0, ...p

k
0) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

, compute the sequences{p1
n}, {p2

n}, ...

{pk
n} by





p1
n+1 = (1− εn)p1

n + εnL1[p1
n − g1(p1

n) + PD[p2
n − λ1A1(p2

n, p3
n, ...pk

n, p1
n)]],

p2
n+1 = L2

[
p2

n+1 − g2(p2
n+1) + PD[p3

n+1 − λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)]

]
,

:
:
pk−1

n+1 = Lk−1

[
pk−1

n+1 − gk−1(pk−1
n+1) + PD[pk

n+1 − λk−1Ak−1(pk
n+1, p

1
n, ...pk−2

n , pk−1
n )]

]
,

pk
n+1 = Lk

[
pk

n+1 − gk(pk
n+1) + PD[p1

n+1 − λkAk(p1
n+1, p

2
n, ...pk−1

n , pk
n)]

]
,

(2. 18)

whereλi, i ∈ {1, 2, ..., k} and sequenceεn ∈ [0, 1] for all n ≥ 0.

If gi = I, i ∈ {1, 2, ..., k} then Algorithm (2.1) reduces to Algorithm (2.3) as follows:

Algorithm 2.3 For any(p1
0, p

2
0, ...p

k
0) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

, compute the sequences{p1
n}, {p2

n}, ...
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{pk
n} by





p1
n+1 = (1− εn)p1

n + εnL1PD[f1(p2
n)− λ1A1(p2

n, p3
n, ...pk

n, p1
n)],

p2
n+1 = L2PD[f2(p3

n+1)− λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)],

:
:
pk−1

n+1 = Lk−1PD[fk−1(pk
n+1)− λk−1Ak−1(pk

n+1, p
1
n, ...pk−2

n , pk−1
n )],

pk
n+1 = LkPD[fk(p1

n+1)− λkAk(p1
n+1, p

2
n+1, ...p

k−1
n , pk

n)],

(2. 19)

whereλi, i ∈ {1, 2, ..., k} and sequenceεn ∈ [0, 1] for all n ≥ 0.

If fi = gi = I, i ∈ {1, 2, ..., k} then Algorithm (2.1) reduces to Algorithm (2.4) as
follows:

Algorithm 2.4 For any(p1
0, p

2
0, ...p

k
0) ∈ D ×D × ...×D︸ ︷︷ ︸

(k times)

, compute the sequences{p1
n}, {p2

n}, ...

{pk
n} by





p1
n+1 = (1− εn)p1

n + εnL1PD[p2
n − λ1A1(p2

n, p3
n, ...pk

n, p1
n)],

p2
n+1 = L2PD[p3

n+1 − λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)],

:
:
pk−1

n+1 = Lk−1PD[pk
n+1 − λk−1Ak−1(pk

n+1, p
1
n, ...pk−2

n , pk−1
n )],

pk
n+1 = LkPD[p1

n+1 − λkAk(p1
n+1, p

2
n, ...pk−1

n , pk
n)],

(2. 20)

whereλi, i ∈ {1, 2, ..., k} and sequenceεn ∈ [0, 1] for all n ≥ 0.

If Ai, i ∈ {1, 2, ..., k}, is univariate, then Algorithm (2.1) reduces to Algorithm (2.5) as
follows:

Algorithm 2.5 For any(p1
0, p

2
0, ...p

k
0) ∈ D ×D × ...×D︸ ︷︷ ︸

k times

, compute the sequences{p1
n}, {p2

n}, ...

{pk
n} by





p1
n+1 = (1− εn)p1

n + εnL1[p1
n − g1(p1

n) + PD[f1(p2
n)− λ1A1(p2

n)]],
p2

n+1 = L2

[
p2

n+1 − g2(p2
n+1) + PD[f2(p3

n+1)− λ2A2(p3
n+1)]

]
,

:
:
pk−1

n+1 = Lk−1

[
pk−1

n+1 − gk−1(pk−1
n+1) + PD[fk−1(pk

n+1)− λk−1Ak−1(pk
n+1)]

]
,

pk
n+1 = Lk

[
pk

n+1 − gk(pk
n+1) + PD[fk(p1

n+1)− λkAk(p1
n+1)]

]
,

(2. 21)

whereλi, i ∈ {1, 2, ..., k} and sequenceεn ∈ [0, 1] for all n ≥ 0.

Definition 2.6 A mappingA : D ×D × ...D︸ ︷︷ ︸
k times

→ H

(i) is relaxed(α, β)-cocoercive in the first component if∃ constantsα, β > 0 such that

〈A1(p1, p2, ..., pk)−A1(p1∗, p2∗, ..., pk∗), p1 − p1∗〉
≥ −α‖A1(p1, p2, ..., pk)−A1(p1∗, p2∗, ..., pk∗)‖2 + β‖p1 − p1∗‖2, ∀p1, p1∗ ∈ D;
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(ii) is κ-Lipschitz continuous if∃ a constantκ > 0 such that

‖A1(p1, p2, ..., pk)−A1(p1∗, p2∗, ..., pk∗)‖ ≤ t̄‖p1 − p1∗‖, ∀p1, p1∗ ∈ D.

Lemma 2.7 [18] Let us consider nonnegative sequence{pn}, satisfy the following in-
equality:

pn+1 ≤ (1− εn) pn + qn, ∀ n ≥ 0, (2. 22)

with εn ∈ [0, 1],
∑∞

n=0 εn = ∞, andqn = o(εn). Then limn→∞pn = 0.

3 Convergence of k-Steps Iterative Algorithms

Theorem 3.1 Let i ∈ {1, 2, ..., k}. Assume thatD ⊂ H is a closed convex subset inH and
Ai : D ×D × ...D︸ ︷︷ ︸

k times

→ H be relaxed(αi, βi)-cocoercive andκi-Lipschitzian in the first

component. Letgi : D → D be relaxed(ri, si)-cocoercive andti-Lipschitzian, andfi :
D → D be relaxed(r̄i, s̄i)-cocoercive and̄ti-Lipschitzian. LetLi : D → D be nonexpan-
sive mapping andD1 6= ∅, K(Li) 6= ∅. Letp1∗ ∈ K(L1), p2∗ ∈ K(L2), ..., pk∗ ∈ K(Lk)
and(p1∗, p2∗, ..., pk∗) ∈ D1. If

k2 < 1, k3 < 1, ..., kk < 1 (3. 23)
k∏

i=1

(1− ki) ≥
k∏

i=1

(k′i + k′′i ), (3. 24)

where

ki = [1 + 2rit
2
i − 2si + t2i ]

1/2; (3. 25)

k′i = [1 + 2λiαiκ
2
i − 2λiβi + λ2

i κ
2
i ]

1/2; (3. 26)

k′′i = [1 + 2r̄it̄
2
i − 2s̄i + t̄2i ]

1/2; (3. 27)

andεn ∈ [0, 1],
∞∑

n=0
εn = ∞, then iterative sequences{p1

n}, {p2
n}, ..., {pk

n} generated by

Algorithm (2.1), strongly converges to the solution(p1∗, p2∗, ..., pk∗) of GSNMVIP (1.5).

Proof. Let (p1∗, p2∗, ..., pk∗) be the solution of GSNMVIP (1.5). By (2.1), we have




p1∗ = (1− εn)p1∗ + εnL1

[
p1∗ − g1(p1∗) + PD[f1(p2∗)− λ1A1(p2∗, p3∗, ...pk∗, p1∗)]

]
p2∗ = L2

[
p2∗ − g2(p2∗) + PD[f2(p3∗)− λ2A2(p3∗, p4∗, ...p1∗, p2∗)]

]
,

:
:
p(k−1)∗ = Lk−1[p(k−1)∗ − gk−1(p(k−1)∗)

+PD[fk−1(pk∗)− λk−1Ak−1(pk∗, p1∗, ...p(k−2)∗, p(k−1)∗)]],
pk∗ = Lk

[
pk∗ − gk(pk∗) + PD[fk(p1∗)− λkAk(p1∗, p2∗, ...p(k−1)∗, pk∗)]

]
,

for each λi > 0, i ∈ {1, 2, ..., k}, n ≥ 0.

(3. 28)
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UsingAlgorithm (2.1) and nonexpansive property ofLi for i = 1 to evaluate the following

‖p1
n+1 − p1∗‖ = ‖(1− εn)p1

n + εnL1

[
p1

n − g1(p1
n) + PD[f1(p2

n)− λ1A1(p2
n, p3

n, ..., pk
n, p1

n)]
]

−(1− εn)p1∗ − εnL1

[
p1∗ − g1(p1∗) + PD[f1(p2∗)− λ1A1(p2∗, p3∗, ..., pk∗, p1∗)]

] ‖
≤ (1− εn)‖p1

n − p1∗‖+ ‖εn[p1
n − g1(p1

n) + PD[f1(p2
n)− λ1A1(p2

n, p3
n, ..., pk

n, p1
n)]]

−εn[p1∗ − g1(p1∗) + PD[f1(p2∗)− λ1A1(p2∗, p3∗, ..., pk∗, p1∗)]]‖
≤ (1− εn)‖p1

n − p1∗
n ‖+ εn‖p1

n − p1∗ − (g1(p1
n)− g1(p1∗))‖

+εn‖f1(p2
n)− λA1(p2

n, p3
n, ..., pk

n, p1
n)− (f1(p2∗)− λ1A1(p2∗, p3∗, ..., pk∗, p1∗))‖

≤ (1− εn)‖p1
n − p1∗‖+ εn‖p1

n − p1∗ − (g1(p1
n)− g1(p1∗))‖

+εn‖f1(p2
n)− f1(p2∗)− λ1(A1(p2

n, p3
n, ..., pk

n, p1
n)−A1(p2∗, p3∗, ..., pk∗, p1∗))‖

≤ (1− εn)‖p1
n − p1∗‖+ εn‖p2

n − p2∗ − λ1(A1(p2
n, p3

n, ..., pk
n, p1

n)−A1(p2∗, p3∗, ..., pk∗, p1∗))‖
+εn‖p1

n − p1∗ − (g1(p1
n)− g1(p1∗))‖+ εn‖p2

n − p2∗ − (f1(p2
n)− f1(p2∗))‖.

(3. 29)

Using relaxed(αi, βi)-cocoercivity andκi-Lipschitz continuity onAi in the first compo-
nent fori = 1, we have

‖p2
n − p2∗ − λ1(A1(p2

n, p3
n, ..., pk

n, p1
n)−A1(p2∗, p3∗

n , ..., pk∗
n , p1∗))‖2

= ‖p2
n − p2∗‖2 − 2λ1〈A1(p2

n, p3
n, ..., pk

n, p1
n)−A1(p2∗, p3∗, ..., pk∗, p1∗), p2

n − p2∗〉
+ λ2

1 ‖A1(p2
n, p3

n, ..., pk
n, p1

n)−A1(p2∗, p3∗, ..., pk∗, p1∗)‖2
≤ ‖p2

n − p2∗‖2 − 2λ1 [−α1‖A1(p2
n, p3

n, ..., pk
n, p1

n)−A1(p2∗, p3∗, ..., pk∗, p1∗)‖2
+β1‖p2

n − p2∗‖2] + λ2
1 ‖A1(p2

n, p3
n, ..., pk

n, p1
n)−A1(p2∗, p3∗, ..., pk∗, p1∗)‖2

≤ ‖p2
n − p2∗‖2 + 2λ1α1κ

2
1‖p2

n − p2∗‖2 − 2λ1β1‖p2
n − p2∗‖2 + λ2

1κ
2
1‖p2

n − p2∗‖2
= [1 + 2λ1α1κ

2
1 − 2λ1β1 + λ2

1κ
2
1]‖p2

n − p2∗‖2

= k′1
2‖p2

n − p2∗‖2, where k′1 given by (3.4) for i = 1. (3. 30)

Similarly, by relaxed(ri, si)-cocoercivity andti-Lipschitz continuity ongi for i = 1, we
have,

‖p1
n − p1∗ − (g1(p1

n)− g1(p1∗))‖ ≤ k1‖p1
n − p1∗‖, where k1 given by (3.3) for i = 1.(3. 31)

Similarly, by relaxed(r̄i, s̄i)-cocoercivity and̄ti-Lipschitz continuity onfi for i = 1, we
have,

‖p2
n − p2∗ − (f1(p2

n)− f1(p2∗))‖ ≤ k′′1‖p2
n − p2∗‖, where k′′1 given by (3.5) for i = 1.(3. 32)

Using (3.8)-(3.10) in (3.7), we have

‖p1
n+1 − p1∗‖ ≤ [1− (1− k1)εn]‖p1

n − p1∗‖ + εn(k′1 + k′′1 )‖p2
n − p2∗‖. (3. 33)
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By relaxed(αi, βi)-cocoercivity andκi-Lipschitz continuity onAi in the first component
for i = 2, we obtain

‖p3
n+1 − p3∗ − λ2(A2(p3

n+1, p
4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗))‖2

= ‖p3
n+1 − p3∗‖2 − 2λ2〈A2(p3

n+1, p
4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗), p3

n+1 − p3∗〉
+λ2

2 ‖A2(p3
n+1, p

4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗)‖2

≤ ‖p3
n+1 − p3∗‖2 − 2λ2 [−α2‖A2(p3

n+1, p
4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗)‖2

+β2‖p3
n+1 − p3∗‖2] + λ2

2 ‖A2(p3
n+1, p

4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗)‖2

= ‖p3
n+1 − p3∗‖2 + 2λ2α2‖A2(p3

n+1, p
4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗))‖2

−2λ2β2‖p3
n+1 − p3∗‖2 + λ2

2 ‖A2(p3
n+1, p

4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗)‖2

≤ ‖p3
n+1 − p3∗‖2 + 2λ2α2κ

2
2‖p3

n+1 − p3∗‖2 − 2λ2β2‖p3
n+1 − p3∗‖2

+λ2
2κ

2
2‖p3

n+1 − p3∗‖2
= [1 + 2λ2α2κ

2
2 − 2λ2β2 + λ2

2κ
2
2]‖p3

n+1 − p3∗‖2

= k′2
2‖p3

n+1 − p3∗‖2, where k′2 given by (3.4) for i = 2. (3. 34)

Similarly, by relaxed(ri, si)-cocoercivity andti-Lipschitz continuity ongi for i = 2, we
have,

‖p2
n+1 − p2∗ − (g2(p2

n+1)− g2(p2∗))‖ ≤ k2‖p2
n+1 − p2∗‖, k2 given by (3.3) for i = 2.(3. 35)

Similarly, by relaxed(r̄i, s̄i)-cocoercivity and̄ti-Lipschitz continuity onfi for i = 2, we
have,

‖p3
n+1 − p3∗ − (f2(p3

n+1)− f2(p3∗))‖ ≤ k′′2‖p3
n+1 − p3∗‖, k′′2 given by (3.5) for i = 2(3. 36)

Using Algorithm (2.1) and nonexpansive property ofLi for i = 2 to evaluate the following

‖p2
n+1 − p2∗‖ = ‖L2

[
p2

n+1 − g2(p2
n+1) + PD[f2(p3

n+1)− λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)]

]

−L2

[
p2∗ − g2(p2∗) + PD[f2(p3∗)− λ2A2(p3∗, p4∗, ...p1∗, p2∗)]

] ‖
≤ ‖ [

p2
n+1 − g2(p2

n+1) + PD[f2(p3
n+1)− λ2A2(p3

n+1, p
4
n, ...p1

n, p2
n)]

]

−[p2∗ − g2(p2∗) + PD[f2(p3∗)− λ2A2(p3∗, p4∗, ..., p1∗, p2∗)]‖
≤ ‖p2

n+1 − p2∗ − (g2(p2
n+1)− g2(p2∗))‖+ ‖PD[f2(p3

n+1)− λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)]

−PD[f2(p3∗)− λ2A2(p3∗, p4∗, ..., p1∗, p2∗)]‖
≤ ‖p2

n+1 − p2∗ − (g2(p2
n+1)− g2(p2∗))‖+ ‖[f2(p3

n+1)− λ2A2(p3
n+1, p

4
n, ...p1

n, p2
n)]

−[f2(p3∗)− λ2A2(p3∗, p4∗, ..., p1∗, p2∗)]‖
≤ ‖p3

n+1 − p3∗ − λ2(A2(p3
n+1, p

4
n, ..., p1

n, p2
n)−A2(p3∗, p4∗, ..., p1∗, p2∗))‖

+‖p3
n+1 − p3∗ − (f2(p3

n+1)− f2(p3∗))‖+ ‖p2
n+1 − p2∗ − (g2(p2

n+1)− g2(p2∗))‖

(3. 37)
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Using(3.12)-(3.14)in (3.15), we have

‖p2
n+1 − p2∗‖ ≤ {k′2 + k′′2}‖p3

n+1 − p3∗‖+ k2‖p2
n+1 − p2∗‖

‖p2
n+1 − p2∗‖ ≤ (k′2 + k′′2 )

1− k2
‖p3

n+1 − p3∗‖, where k2 < 1 by (3.1),

that is

‖p2
n − p2∗‖ ≤ (k′2 + k′′2 )

1− k2
‖p3

n − p3∗‖, where k2 < 1 by (3.1). (3. 38)

Through this similar process, we can evaluate

‖p3
n − p3∗‖ ≤ (k′3 + k′′3 )

1− k3
‖p4

n − p4∗‖, where k3 < 1 by (3.1). (3. 39)

:

:

‖pk−1
n − p(k−1)∗‖ ≤ (k′k−1 + k′′k−1)

1− kk−1
‖pk

n − pk∗‖, where kk−1 < 1 by (3.1), (3. 40)

‖pk
n − pk∗‖ ≤ (k′k + k′′k )

1− kk
‖p1

n − p1∗‖, where kk < 1 by (3.1). (3. 41)

Using (3.11), (3.16)-(3.19), we get

‖p1
n+1 − p1∗‖ ≤

(
1− εn

(
1− k1 − (k′1 + k′′1 )

(k′2 + k′′2 )
1− k2

(k′3 + k′′3 )
1− k3

...
(k′k−1 + k′′k−1)

1− kk−1

(k′k + k′′k )
1− kk

))

×‖p1
n − p1∗‖.

‖p1
n+1 − p1∗‖ ≤

(
1− εn

(
1− k1 − (k′1 + k′′1 )

k∏

i=2

(k′i + k′′i )
1− ki

))
‖p1

n − p1∗‖. (3. 42)

Since (
1− k1 − (k′1 + k′′1 )

k∏

i=2

(k′i + k′′i )
1− ki

)
∈ [0, 1]

and
∞∑

n=0
εn = ∞, from Lemma 2.7, we have limn→∞‖p1

n − p1∗‖ = 0 . This completes

the proof.

Corollary 3.2 Let i ∈ {1, 2, ..., k}. Assume thatD ⊂ H is a closed convex subset inH
andAi : D ×D × ...D︸ ︷︷ ︸

k times

→ H be relaxed(αi, βi)-cocoercive andκi-Lipschitzian in the

first component, andgi : D → D be relaxed(ri, si)-cocoercive andti-Lipschitzian. Let
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Li : D → D be nonexpansive mapping andD2 6= ∅, K(Li) 6= ∅. Letp1∗ ∈ K(L1), p2∗ ∈
K(L2), ..., pk∗ ∈ K(Lk) and(p1∗, p2∗, ..., pk∗) ∈ D2. If

k2 < 1, k3 < 1, ..., kk < 1; (3. 43)
k∏

i=1

(1− ki) ≥
k∏

i=1

k′i, (3. 44)

where

ki = [1 + 2rit
2
i − 2si + t2i ]

1/2; (3. 45)

k′i = [1 + 2λiαiκ
2
i − 2λiβi + λ2

i κ
2
i ]

1/2; (3. 46)

andεn ∈ [0, 1],
∞∑

n=0
εn = ∞, then iterative sequences{p1

n}, {p2
n}, ..., {pk

n} generated by

Algorithm (2.2), strongly converges to the solution(p1∗, p2∗, ..., pk∗) of GSNMVIP (1.7).

Corollary 3.3 Let i ∈ {1, 2, ..., k}. Assume thatD ⊂ H is a closed convex subset inH
andAi : D ×D × ...D︸ ︷︷ ︸

k times

→ H be relaxed(αi, βi)-cocoercive andκi-Lipschitzian in the

first component, andfi : D → D be relaxed(r̄i, s̄i)-cocoercive and̄ti-Lipschitzian. Let
Li : D → D be nonexpansive mapping andD3 6= ∅, K(Li) 6= ∅. Letp1∗ ∈ K(L1), p2∗ ∈
K(L2), ..., pk∗ ∈ K(Lk) and(p1∗, p2∗, ..., pk∗) ∈ D3. If

k∏

i=1

(k′i + k′′i ) ≤ 1 (3. 47)

where

k′i = [1 + 2λiαiκ
2
i − 2λiβi + λ2

i κ
2
i ]

1/2; (3. 48)

k′′i = [1 + 2r̄it̄
2
i − 2s̄i + t̄2i ]

1/2; (3. 49)

andεn ∈ [0, 1],
∞∑

n=0
εn = ∞, then iterative sequences{p1

n}, {p2
n}, ..., {pk

n} generated by

Algorithm (2.3), strongly converges to the solution(p1∗, p2∗, ..., pk∗) of GSNMVIP (1.9).

Corollary 3.4 Let i ∈ {1, 2, ..., k}. Assume thatD ⊂ H is a closed convex subset inH
andAi : D ×D × ...D︸ ︷︷ ︸

k times

→ H be relaxed(αi, βi)-cocoercive andκi-Lipschitzian in the

first component. LetLi : D → D be nonexpansive mapping andD4 6= ∅, K(Li) 6= ∅. Let
p1∗ ∈ K(L1), p2∗ ∈ K(L2), ..., pk∗ ∈ K(Lk) and(p1∗, p2∗, ..., pk∗) ∈ D4. If

k∏

i=1

k′i ≤ 1, (3. 50)

where

k′i = [1 + 2λiαiκ
2
i − 2λiβi + λ2

i κ
2
i ]

1/2; (3. 51)
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andεn ∈ [0, 1],
∞∑

n=0
εn = ∞, then iterativesequences{p1

n}, {p2
n}, ..., {pk

n} generated by

Algorithm (2.4), strongly converges to the solution(p1∗, p2∗, ..., pk∗) of GSNMVIP (1.11).

Corollary 3.5 Let i ∈ {1, 2, ..., k}. Assume thatD ⊂ H is a closed convex subset inH
and univariate mappingsAi : D → H be relaxed(αi, βi)-cocoercive andκi-Lipschitzian.
Let gi : D → D be relaxed(ri, si)-cocoercive andti-Lipschitz, andfi : D → D be
relaxed(r̄i, s̄i)-cocoercive and̄ti-Lipschitz. LetLi : D → D be nonexpansive mapping
andD5 6= ∅, K(Li) 6= ∅. Let p1∗ ∈ K(L1), p2∗ ∈ K(L2), ..., pk∗ ∈ K(Lk) and
(p1∗, p2∗, ..., pk∗) ∈ D5. If

k2 < 1, k3 < 1, ..., kk < 1; (3. 52)
k∏

i=1

(1− ki) ≥
k∏

i=1

(k′i + k′′i ), (3. 53)

where

ki = [1 + 2rit
2
i − 2si + t2i ]

1/2; (3. 54)

k′i = [1 + 2λiαiκ
2
i − 2λiβi + λ2

i κ
2
i ]

1/2; (3. 55)

k′′i = [1 + 2r̄it̄
2
i − 2s̄i + t̄2i ]

1/2; (3. 56)

andεn ∈ [0, 1],
∞∑

n=0
εn = ∞, then iterative sequences{p1

n}, {p2
n}, ..., {pk

n} generated by

Algorithm (2.5), strongly converges to the solution(p1∗, p2∗, ..., pk∗) of GSNMVIP (1.13).

Remark 3.6 If k = 1 and gi = Li = Ii, then Theorem 3.1 reduces to Noor’s result
discussed in [9]. Ifk = 1, 2, Ai = A andfi = gi = Li = I, then Theorem 3.1 reduces
to Verma’s result discussed in [16]. In addition,Ai is univariate mapping then Theorem
3.1 reduces to Verma’s result discussed in in [15, 17]. Ifk = 1, 2, andfi = Li = I, then
Theorem 3.1 reduces to Noor’s result discussed in [8]. Ifk = 1, 2, fi = gi andLi = I,
then Theorem 3.1 reduces to Hao’s result discussed in [5]. Ifk = 1, 2, 3 andLi = I, then
Theorem 3.1 reduces to Zhang’s result discussed in [19].

4 Conclusion

In this paper, we suggest and analyzek-steps iterative method for finding the approximate
solution of generalized systems of nonlinear mixed variational inequalities including 3k-
distinct nonlinear relaxed cocoercive operators in real Hilbert space, which can be viewed
as a refinement and improvement of some existing results on solving many systems of vari-
ational inequality problems (e.g. [5, 8, 9, 15, 16, 17, 19]). Some of them existing results
can be viewed as special cases of Algorithm 2.1. Therefore, the new algorithm is expected
to be widely applicable.
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