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1. INTRODUCTION

The theory of dynamic equations with impulses are utilized for modeling the mathemat-
ical problems. These problems are subjected to sudden changes of state at certain instant.
These dynamic equations have got appreciable consideration from the researchers due to
their various applications in different fields, including population dynamics, electrodynam-
ics, viscoelasticity, blood flows, mathematical economy, pharmacokinetics etc. [5,6,17,32].
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In mathematical analysis, stability analysis is grown to be one of the most signifi-
cant areas. In the literature, different types of stability can be found including expo-
nential stability but the interesting and important type of stability is Ulam—Hyers stabil-
ity. This stability problem was identified by Ulam [30, 31] 1940 at Wisconsin univer-
sity and it was solved by Hyers [12] partially for the case of Banach spaces which was
generalized for the case of linear mapping by Rassias [21Pi8. For more details,
see [2,13-15,18,19,22-29,32-37,40-42,44].

The idea of time scale was given by Hilgerlioigs [11]. The importance of time scales
theory is due to the fact that it is utilized not only in differential equations but also in
difference equations. For details, see [1, 3, 4, 7-10, 16, 20, 22, 23, 26—-29, 38-40, 42, 43].
Nowadays, many researchers are working on the existence, uniqueness and stability results
of non-linear impulsive integro—delay dynamic systems on time scales. Recently, Zada
et al. [43] studied the existence, uniqueness and stability results of non—linear impulsive
Volterra integro—delay dynamic systems on time scales by using fixed point theory.

As we studied, the Bielecki-Ulam—Hyers stability and Bielecki-Ulam—Hyers—Rassias
stability of non-linear Volterra impulsive integro—delay dynamic systems on time scales
are not yet investigated. So getting motivation from the results proved in [43], in this
paper, we obtain existence, uniqueness, Bielecki-Ulam—Hyers and Bielecki—-Ulam—-Hyers—
Rassias stability of solution of the following non—linear impulsive Volterra integro—delay
dynamic system,

0% (v) = M(1)O(v) +/ K(v, v, 0(v), O(h(1)))Av,

veTs =Tes"\{v1,v2,...,0m},

AB(vg) = O(vf) —O(v,) = T(O(vy)), k=1,2,...,m,
O(v) = a(v), v € [vg — T, Vo],

O(vg) = a(vg) = Oy,

wherer > 0, M(v) is piecewise continuous and a regressive square matrix of oraer
Tg? = [vo, vf]T s vf > vo = 0 andK(v,v,©(v),O(h(r))) is piecewise continuous
operator onl’ = {(v,»,0) : v9 < v < v < vy, © € R}, AlsoY;, : R — R,
a: [vg—T,v9] — Rare continuous function®(v;") = lim, ¢+ O(vy+7) andO (v, ) =
lim,_,o- ©(v, — 7) are respectively the right and left side limits®fv) at vy, whereuv,
are not isolated points and satisfigs < v1 < v2 < -+ < Uy < Uppg1 = Up < +00.
Moreover : Te” — TeUJug—T, o] is a continuous delay function such thdt) < v.

It should be noted that throughout this paper, we assume that the timélggadenot the
subset of integers and the impulge&;") — ©(v;, ) are considered to be zero on isolated
points.

1. 1)

2. PRELIMINARIES

The time scale, denoted hys, is defined to be an arbitrary closed subset of real num-
bers. The forward jump operatoer: Ts — Tg, backward jump operatgr: Tg — Tg
and graininess functionp : Ts — [0, 0o) are respectively defined as:

w)=inf{v € Tg : v > s}, p(v) =sup{v € Tg : v < s}, pv) =w) — 1.
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An arbitraryv € Tg is called left scattered (respectively left dense) when- p(v)
(respectivelyy = p(v)). While, in case ob < w(v) (respectivelyw(v) = v), we callv as
right scattered (respectively right dense (rd)). Thelggt known as derived form df'g
is:

T Ts\(p(sup Tg),sup T, if supTe < oo,

s _{T@;, if supTg = cc.

The function?V : T¢ — R is said to be rd-continuous if its continuity and left—sided
limit existence hold at every rd and left—-dense poinflgn respectively. The functiolV :
Te — R is called regressive, denoted B (Ts), (respectively positively regressive,
denoted byRg(Tg)™) if 1 + u(v)W(v) # 0, (respectivelyl + u(v)W(v) > 0) Yov €
Ts”*. The delta derivative and —integral ofYW : Ts — R are respectively defined as

W(w(v)) = W(s)

s—v, s#w(v) w(v) — S

WA(’U): R U€T627

/b W(v)Av = w(b) —w(a), Va,b € Te,

wherew® = WonTg".
The generalized exponential functiefy (a, b) for W € Rg(Ts) onTg is

b
ew(a,b) = exp (/ @M(V)W(Z/)Al/> Va,beTgs,

where
LogQ+ )W) 1 4
@p(v)W(U) = M(U)
W(v), if p(v) =0.
The general solution 0B (v) = M(v)O(v), O(vy) = O, v € T is known as
fundamental matrix denoted lay, (v, vo).

3. SOME BAsIC CONCEPTS

Let Po(Ts" U [vg — 7, v0]Te , R™) be the Banach space of piecewise continuous func-
tions with
o] = SUPy, T 6 0Ufvo—7,v0]10 ||©(v)|| and Bielecki norm
181l = 8UPyere0Uwo—r,v0)re O(W)lle~0(v,v0)
= SUP,eT 6 OUfuo— 7 v0) I©(v)|le—g(w(v),vo), keep in mind that-0 is a positively re-
gressive constant function. Finally, we denote BY(Ts’, R™) = {6 € Po(Tg’ U
[vo — T,v0)Te, R™) 1 ©2 € Po(Te” U [ug — 7,v0]1e,R™)}, the Banach space with
©]]1 = max{||©]|,|/©4]/}. Consider the following inequalities,

HAxwk) - Tk<x<vk>>H Cek=12..m,

v

XA () — M(v)x() - / K(v, v, (), x(h())) Av

Vo

<¢ ’UGTG/,

3.2)
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XA (0) — M(w)x(v) - / K (v, v, x(v), x(h(1)))Ar|| < o(0); v € Te',

(3.3)
|axw - o) v k=120
wherey : T’ U [vo — T,v0]Ts — RT is continuous and increasing function.

(]
Definition 3.1. Eq. (1. 1)is stable in terms of Bielecki—Ulam—Hyers &g’ U [vg — 7, vg]
if for every®, € Po(TeU[vg—1, vo], R™) satisfying(3. 2 ), Ja solution® € Pe(TeU
[vo — 7,v0],R™) of (1. 1) with [[©(v) — Og(v)[e—g(v,v0) < Ce, C > 0, Vv €
TGO U [’Uo - T, UO]T@-

Definition 3.2. Eq. (1. 1)is stable in terms of Bielecki-Ulam—Hyers—Rassiaslgy! U
[vo — T, v if for every©y € Po(Te U [vg — 7,v0], R™) satisfying(3. 3), 3 a solution
O € Po(Ts" U lug — 7,10], R™) of (1. 1)with [|©(v) — Og(v)]|le_a(v,v0) < Cp(v),
C>0,Vve TGOU [U() —T,’L)()]TG.

Lemma 3.3. [16] Let 7 € Te™, y, b € Rg(Ts™T), p € Rg(Ts™)t ande, by, €
Rt, k=1,2,...,then

v

NOELE I NI SR)

T T<UE <V
implies

x(v) <c¢ H (14 br)ep(v,7), v >

TV <V

Remark 3.4. A functiony € Pé(Tgo,Rm) satisfies(3. 2) if and only if there exists
f € Po(Te’ U vy — 7,10], R™) and a sequencg, bounded by such that

v

YA () = M(v)x(v) + / K(v, v, x(0), (1)) A + F(v), x(v0) = x0, v € Te,

Vo

Ax(ve) = Tr(x(vy ) + fo k=1,2,...,m.
We do similar remark for (3. 3).

Lemma 3.5. [43] Every x € Pé(TGO7R’”) that satisfieg3. 2 )also satisfies

k

T(x(v;))

HX(U) — ¢ (v, v0)x0 —
1

J

-/ " arlw,w(v) [ RROUSCANINIY

v
vo

< C(m+ vy —vo)e,

for v € (vg, vr11] € Te’, where||Cas (v, w(v))|| < C.
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4. MAIN RESULTS

This section is comprised of existence, uniqueness, Bielecki-Ulam—Hyers and Bielecki—
Ulam—-Hyers—Rassias stablity of solution of Eq. (1. 1). Let
(A1) The functiornK satisfies the Lipschitz conditidfK (v, v, z1, z2)—K(v, v, x1, x2)|| <
S22 Lll# — xill, L > 0forvy < v <o < vy and for allz;, x; € R™, i € {1,2};

(A2) Ty : R — R satisfies||Tr(v1) — Ti(v2)|| < Mgllvr — ve||, My, > 0,V k €
{1,2,...,m} andv;, vy € R;

(Aa) (S, M + 200t ) <
(Aq) ¢ : Te” U vg — 7,001 — RT satisfies/, v(v)Av < py(v), p > 0.

Theorem 4.1. If assumptiongA ) — (A3) hold, then Eq(1. 1 ) has only one solution in
Pc(TGO @] [UO - T, ’L)O],Rm).

Proof. DefineA : Po(Ts® U [vg — 7,10, R™) — Po(Te’ U [vg — 7,v0], R™) by

a(v), v € [vg — T, v0],

a(vg) + Car(v,v9)O0
/ (v, w( / K(v,9,0(9),0(h(9)))AJdAr, v € (v, v1],
a(vo) + T1(O(vy ) + Cur (v, v0)O0

/ Cor (v, w( / K(v,9,0(9),0(h(9)))AVAv, v € (v1,v2],
(Az)(v) =

a(vo) + Z T;(0(v;)) + Car(v,v0)O0

+/ CM(U,w(V))/ K(v,9,0(9),0(h(9)))AVAY, v € (Um, Umt1]-

- " 4. 4)
We see that for an@;, ©, € Pc(Tg" U[vg — 7, vo], R™) and¥ v € [vg — T, 1o, we have
[[(A©1)(v) — (AB2)(v)|| = 0. Forv € (v, um+1] consider,

m

=2 ||t

|aen) - (ren)

3§

)= 50|

(0, 0(v) / (K<v,z9,@1<ﬂ>,@1<hw>>>
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—K(v, 9, 05(9), @2(11(19)))) AYAY

IN

|©1(v;) = O2(vy)

/ ¢ (v, w(

K(v, 9, 02(0), @2(h(19)))) ‘ ’AﬁAy

( (,9,01 (1), O ((9)))

f sup
vET & U[vo—T,v0]

i\
=

\@m 0 - 0ae)|

j=1

+/ C/ e_g(99,w sup |1©1(F)
UETGOU[UU—T,UO]

—02(9)|le—g(w(¥), ) AVAV

+ / c / e o(Vo,w sip |01(h(1))
1)€T60U[UU—T,U0]

—@2( (IMle—g(w(), ¥o) AVAY

< SSu16: - 6all+ o jer — el [ e[ ~teattnwtoasar
i—1 vo Vo
" 2L v
< D M0 -6 + —5l1&1 - 92||B/ Cle—p(do,v) — 1)Av
j=1 vo
" 2CL v
< YoMler -6l + T2 e - @2||B/ Av
- 20L
< Y M0 -0 + (Ug %) 1©1 — O2| 5.
j=1
Thus
[(A©1)(v) — (AB2)(v)|le—g(v, vo) < sup [(A©1)(v)
UETGOU[UU—T,UO]
—(A©2)(v)lle—a(v,v0)
- 2CL(vs —
< 301 Onlle_gfv,vo) + TN )04 - sl
j=1
= sup [(AB1)(v) — (AB2)(v)|[e—o (v, vo) < sup ZM 1©1
vET s "U[vg—T,v0] vET s "Uvg—T,v0] =1

QCL(Uf

0 UO)E_G(U_UU)H@l — 6|5

—  Osle—p(v,v0) +
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= sup 1(A©1)(v) — (AO3)(v)l[e—g(v,v0) < Y M;||©1 — O2]|
vET s U[vg—T,v0] j=1
2CL(vy — v
( f O)e—e(v—vo)H@l — 0|5

0
= (A00)(0) - (A02) )z < ( 01,

2CL(vf —v0) _p(ur—u
_,_%e 0(vs o)>||@1 — 0,/
From(As), A is a Picard operator oRc (T s U[vg — 7, vo], R™). Therefore, the only one

fixed point ofA is actually the only one solution of (1. 1) iPc(Ts° U [vg — 7, vo], R™).
O

Theorem 4.2. If assumptiongA 1) — (As) hold, then Eq(1. 1)is Bielecki-Ulam—Hyers
stable onTe” U [vg — 7, vg] 7 -

Proof. Let y € PL(Ts? R™) satisfies (3. 2). The only one solutiéhe P,(Ts",R™)
of the dynamic equation

v

02 (v) :M(u)@(v)+/ K(v,v,0(v),0(h(v)))Av,

veETs =Ts"\{v1,v2,...,0m},

AO(vg) = O(vf) —O(v,) = T(O(vy)), k=1,2,...,m,
O(v) = x(v), v € [vo — 7, v,

©(vo) = x(vo) = Oo,

is given by
x(v), v € [vg — 7, v0],
X(vo) + Car(v,v0)O0

/ (v, w( / K(v,9,0(9),0(h(1)))AdAY, v € (v, v1],
xX(vo) + T1(O(vy)) + Car (v, v0)Oo

/ (v, w( / K(v,9,0(9),0(h(9)))AdAry, v € (v, v,

+ /U Cv (v, w(v)) /V K(v,9,0(9),0(h(9)))AVAY, v € (Um, Um+1]-
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We observe that v € [vg — T, v, we have||x(v) — O(v)|| = 0. Forv € (v, Um+1],
using Lemma 3.5, we have

Ix(®) — O()le—s (v, v0) < x(v) — O(W)|| < Hx( )~ o vno — 3 T

e_g(v,v0)

~ [ cutwo) [ K0, x(0) (A 0)) 305

= Y;3(0(vy))

e_p(v,v0)

/U: ¢ (v,w(v)) /U: (K(u,ﬂ,x(ﬁ)7x(h(q9)))

K(V,ﬂ,@(ﬁ),@(h(ﬁ))))AﬂAy e_g(v,vp)
< (m+wvy —Uo)ee,g(v,vo)—i—ZMj x(v;) = O(v;)||e—a(v,v0)
j=1
+/ C/ L|x(v (I |le—g(v,vo) AVAY
+ [ e [ LInno) - 0h)le-atv. coyrvas
< (m+vp —vp)ee 00TV 4 ZMj sup x(v;) = O(v;)|le—a(v, o)
J=1 veT & Ufvg—7,v0]
+/ c sup lIx () — O(9)|le—o(v, v9) AVAY
vo ’UETGDU [vo—T,v0]
sfefr s ) - k@) e, vo)Ansy
vET & U[vg—T,v0]
< (m+uvp —vg)ee VT +ZMJ‘HX(U)—@(U)||B

Jj=1

+2x(w) -0z [ © [ Lavay
Thus by Lemma 3.3, we get

Ix(v) = ©W)lls < (m+vs —vo)ee =) [T (1+Mj)ep(v,vo),

vo<v;<v

whereP = f:ﬂ 2C LAY is a positively regressive function. On further calculations, we get

Ix(w) = O)|I5 < (m + vy —vo)ee *@r=v0) T (1 + Mj)el s,

vo<v;<v
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By choosingK = (m + vy —wo)e *r =) [T, ., (1+M;)eP 1) Eq. (1. 1) s
Bielecki-Ulam—Hyers stable 6fig” U [vg — 7, vo] 1 -
O

Theorem 4.3. If assumptiongA;) — (A4) hold, then Eg. (1. 1) is Bielecki-Ulam—
Hyers—Rassias stable ahs" U [vg — 7, vo) T -

Proof. Using Lemma 3.5 (with the help of Remark 3.4) in the similar manner for the case
of increasing function)(v), it can be easily proved that the Eq. (1. 1) is Bielecki-Ulam—
Hyers—Rassias stable @i U [vg — 7, vo] . . SO the proof is Trivial. O

5. CONCLUSION

This paper is based on the existence, uniqueness, Bielecki-Ulam—Hyers and Bielecki—
Ulam-Hyers—Rassias stability of solution of Eq. (1. 1). The fixed point theory is used to
establish the main results. Our work assures the existence of an exact solution of (1. 1)
near to approximate solution. We are confident that the achieved results will be valuable
to the present literature. In fact, our results are significant when finding exact solution is
quite difficult and hence are important in approximation theory etc. Moreover, it is clear
that the stable systems are of high importance while unstable systems are useless. So the
stability of Eq. (1. 1) will be of great interest for applied mathematicians in mathematical
modeling, image segmentation, numerical coding etc.
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