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Abstract.: Thetargetof the existingpaperis to acquaintthe new spaces

reg

binomial-transforms are in the spacé$,, C,, Cy, andC,, respectively.
Besides these, some properties of them are investigated and inclusion re-
lations are given. Moreover, the—, 5(¢)— andy—duals are determined.
Finally, some 4-dimensional matrix mapping classes are characterized.

By, B™*, B, and B} which consist of all double sequences whose
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1. INTRODUCTION AND PRELIMINARIES

The term sequence has a great role in real and functional analysis. The generalization
of single sequences are the double sequences. Every double sequence is an infinite matrix.
Double sequences and various types of linear spaces of double sequences are constructed
and studied their properties. The earlier work on double sequences is found in Browmich
[6]. Furthermore, it was studied by Hardy [14], Moricz [16], Basarir and Sonalcan [2],
Mursaleen and Mohiuddine [18], Mursaleen and Basar [19] and many others. Hardy [14]
introduced the concept of regular convergence for double sequences. Hill [15] was the first
who applied methods of functional analysis to double sequences. A good account of the
study of double sequences can be found in monograph by Mursaleen and Mohiuddine [20].

At the beginning of the study, let us present some fundamental concepts which are going
to be used in the rest of the article. The functibrdescribed with : N x N — o,

(4,7) — F(i,j) = w;j; is entitled asdouble sequencevherew denotes any nonempty
setandN = {0, 1,2, ...}. C means the complex field2 stands for the linear space of all
complex valued double sequences. Any linear subspa@doéntitied aslouble sequence
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space The set of all bounded complex valued double sequences is symboliziet|, byt

is said thatu = (u;;) € Q2 is convergenin the Pringsheim’s sensprovided that for every
positive numbet, there exists:.. € N such thafu,; — L| < e whenevet, j > n.. L € C

is called thePringsheim limitof « and stated by — lim; ;. u;; = L. C, represents the
space of all such which are called shortly gs-convergentOf particular interest is unlike
single sequencep;convergence does not require boundedness in double sequences. If we
takeu = (u;;) € Q identified by

01 2 3 ]
1000 0
2.0 00 -+ 0
3000 - 0

Uij = : ’
i 00 0 0

it can easily seen that— lim u;; = 0 but ||ul|c = sup; jey |uij| = oo. As a conclusion
u € Cp\M,. The bounded sequences which are glsmwnvergent are indicated I8,
thatis,Cy, = C,NM,. Adouble sequence = (u;;) € C, is called asegularly convergent
(such sequences belongdp) if the limits «; := lim; u;;, (¢ € N) andu; = lim; u;;,
(j € N) exist, and the limitdim, lim; u;; andlim,; lim; u;; exist and are equivalent to the
p — lim of u. A sequence: = (u;;) is calleddouble null sequendéit converges to zero.
It is known from Boos [5] and Mricz [16] thatM,,, C, andC, are Banach spaces with
the norm||. || oo

Let us take any: € 2 and describe the sequenge= (si;) as

ko1
swo= Y Y uiy,  (k1EN).

i=0 j=0

Thus, the paif(ux;), (sx)) is named aslouble series

Let ¥ be a space of double sequences, converging with respect to some linear conver-
gence rule} — lim : ¥ — C. The sum of a double seri{s:w. u;; relating to this rule is
defined by — Zm. u;; = ¥ — limy ;1,0 si. Here and thereafter, when needed we will
use the summatiol, ; instead ofy "2, Z;‘;O, assume that € {p, bp, r} andp’ denotes
the conjugate op, that is,p’ = p/(p — 1) for 1 < p < oo. With the notation of Zeltser
[34], we describe the double sequenets= (e}!) ande by e} = 11if (k,1) = (i, ) and
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el = 0 for other cases, and= )", , ¢* for everyi, j, k,! € N. The sets

v = {t = (tij) eN: Z ‘tiju,‘ﬂ < oo forall (Uz’j) S ‘1/},
2,
\I/’B(ﬁ) = {t = (t”) eN:Y— Ztijuij exists for all (u”) S \11}7
0,J
Kl
7 = {t = (tij) c€Q: sup Z tijuij < oo forall (uij) S \If}
kleN | 52

area—, f(¢)— andy—dualsof ¥ C , respectively. It is well known that # C A, then
AY C U* andP* C ¥ for the double sequence spacesandA.

Let us remember the definition of triangle matrix.dlf;;; = 0 for< > korj > [ or
both for everyk,l,i,j € N, itis said thatD = (dj;;;) is atriangular matrixand also if
drirt 7 0 for everyk, | € N, then the 4-dimensional matri® is calledtriangle.

Now, we shall deal with the matrix mapping. Let us consider double sequence 9paces
andA and the 4-dimensional complex infinite matfix= (dy;;;). If for everyu = (u;;) €
v

(Du)g =9 — Z driiiusg,
4,J

is exists and is in\, then it is said thaD is a matrix mapping fron¥ into A and is written
asD : ¥ — A.

Let (U,A) = {D = (dys;)|D : ¥ — A}. Here,D € (U, A) iff Dy, € UPW) where
Dy = (dkiij)i jen.

The domain\I/(g) of D in a double sequence spa®econsists of whosé-transforms
are inV is defined by the following way:

\If(g) = u=(u) €Q:Du:= |- de“juij exists and is inl
& k,lEN
1.1)

In the past, many authors were interested in double sequence spaces. Now, let us give
some information about these studies. In her doctoral dissertation, Zeltser [33] has funda-
mentally examined the topological structure of double sequences.

Latterly, Basar and Sever [1] defined and examined

,Cp: uz(uij) ZZ|Uij|p<OO R
]
which is a Banach space.
The spaceC,, which was defined by Zeltser [34] is the special casg pivith p = 1.
Talebi [23] examined the spa¢g® for 1 < p < oo and also Yesilkayagil and Basar
[32] examined fol0 < p < 1 where&)* = {u = (u;;) : E(r,s)u € L,}. Here,E(r, s)
indicates the double Euler matrix of ordets (r, s € (0,1)).
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Tug and Basar [24] and T25] have defined and examined some domains of the matrix
B(r,s,t,u).

For further information on double sequences the reader may refer to papers [1, 7, 8, 13,
16,17, 21, 23, 24, 25, 28, 29, 30, 31, 32, 33, 34, 35] and references therein.

Bisgin [3, 4] have introduced the sequence spag¢gsb.-, by andbyy’ of single se-
guences whose 2-dimensional binomial matH%*-transforms are convergent to zero,
convergent, absolutely-summable and bounded, respectively. Our main purpose in this
study is to define the 4-dimensional Binomial matrix and to examine the matrix domains
of this matrix on classical double sequence spaces.

Let us give a brief for the rest of the study: The second section dedicated for the produc-
tion and examination of the new spaces. In section 3, we will try to state duals of the new
double binomial sequence spaces. Finally, it will be given some classes of matrix mapping.

2. THE NEW DOUBLE BINOMIAL SEQUENCE SPACES

In the current section, we acquaint the double sequence spgceBs™*, B;’f andB;,
by using the 4-dimensional binomial matm{’*).

Letr, s andr + s are nonzero real numbers. We describe the 4-dimensional binomial
matrix B("*) = (b;*.) of ordersr, s as follows:

k l j—i i—7j . .
s ﬁ()@sk“ il 0<i<k,0<5 <,
by = (2. 2)
0 , otherwise

for everyk, 1,4, € N, so theB("*)-transformu = (u;;) € Q is stated with

k,l

1 kN /1 s
Vgl = (B(T’S)U)kl = Z W <Z) (]) SkJr] 7“l+ Juij. (2 3)

0
It will be assume unless stated otherwise that the double sequen¢esand(v;;) are as
in the equality ( 2. 3) and, s andr + s are nonzero real numbers. We would like touch on
a point, whiler + s = 1, it is obtained 4-dimensional Euler matiX(r, s) = (e}};;) from
the 4-dimensional binomial matrix. S&"*) is more general theR (r, s). Consider that
the 4-dimensional unit matrik = (6y;;) defined by

L, (kD) =(i)),
Oklij =
0o , otherwise

From the equality

Okiij = Z Do -Crimi
m,n
the inversg{ B("*)} =1 = C("%) = (1) is found as follows:

(—1)kH—G+) (l:) (jl) sh=l=ipl=k=i(p 4 )i+ | 0<i<k0<j<lI,

Crlij =
0 , otherwise
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for everyk, 1, i, j € N. Now, we may acquaint the spadgg’, B™*, B, " andB;,
described by the following way:

B = {u = (u;;) € Q: sup ’(B(T’s)u)kl‘ < OO} ;
k,lEN
B = {u = (u;;) €Q:3LeC,p— k,lliinoo (BT u)y — L’ = 0} )
Bg’; = {u = (ui;) € Q: By e Cbp} )
By = {“ = (uy;) € Q: B u e CT} '

By, B™*, B> and By can be rewritten a8l = (My)pe.s, B™* = (Cp) oo,

reg

B, = (Cop) ey @ndBy5 = (Cy) per.o), respectively, with the notation of (1. 1).

reg

Here,\I/B(T,s) is entitled as double binomial sequence space.

Definition 2.1 ([13],[22]). D = (dy,) is entitled RH regular ifD transforms all bounded
p-convergent sequence intgeconvergent sequence with the sapriemit.

Lemma 2.2([13],[22]). Atriangle D = (d;;) is RH regular iff
RH, : p-— klim dri;; =0 foreach 4,5 €N,

RHy i p— lim del”—l

RH; p—klllin Z\dklij|:0 foreach j €N,

RHy : p-— klllgl Z |diij| =0 foreach ieN,
RH5 : Y l|dw| <n, wherep andny finite positive integers
1,] >0

We would like touch on a poinB("*) described by ( 2. 2) is RH regular whenever
r.s > 0. In the rest of the article, it will be assumed that > 0.

Theorem 2.3. The setsB%’, B” and 872 are linearly norm isomorphic to the spaces

reg

M., Cyp andC,., respectively, and are Banach spaces with the norm
iz = 1BCulloc = sup [(BEu)al (2.4)
k,leN

Proof. Here, this theorem will be proved only fé:°.
To confirm the fact thaBZ;? is linearly norm isomorphic to the spade.,, we need to
be sure there is a linear bijectidn: B> — M,,, u — v = Tw which preserves norm. If
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we takeT = B(™) it is precisely linear. Consider the equalify, =

u o oy (|

00 j=0 (r+s)! \ j
Suogo+ruio 1,1 1 1
r+s Zi:O,jZO (r+s)ttt (7.

(

) sjrl_juoj

l) shHiipltiziy,

J

k 1
i=0 (r+s)k

k
%

k,l 1
1=0,7=0 (r+s)k+l

k

!

l) Sk+j_i7‘l+i_juij
J

k—zrzuij

2 2

K3

) <

= 0 which yields us that. = é(injectivity). Consider € M, and

{(B™) "

Ukl =
k,l k I
_ XNAWWWﬁQ)Q)w+w*wwmwmj 2.5)
i,j=0

foreveryk,l = 0,1, ... Hence, it can be easily seen by the following equality

lulgze = [1B"ull
k,l
7 1 k U\ kvj—i dvig
= sup ZM<><>S (A AR TPy
klEN |52, (r+s) v/ \J
k,l
= sup | Y Swijvij
klEN |52,
sup [via] = [V]loe < o0
k,IEN

thatu € BL’(surjectivity) andT’ preserved the norm. Thus, the initial assertion of the
theorem has been proved. From the Corollary 6.3.41 in [5]: letp) and (A, g) be
semi-normed spaces affd: (¥,p) — (A, g) be an isometric isomorphism. The(¥, p)

is complete if and only if A, ¢) is complete. In particulaf,¥, p) is a Banach space if and
only if (A, ¢) is a Banach space”, we reach what we want. O

Theorem 2.4. The set3™* is linearly isomorphic to the spacg, and is a complete semi-
normed space with the semi-norm

sup
k>i

(B(r,s)u)kl ‘] .

[lu|lgrs = lim [
K3 o]
Proof. It is analogous with previous one, so we ignore it.

Now, we shall give our results about inclusion relations.

Theorem 2.5. M,, C B strictly holds.
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Proof. Suppose that: = (u;;) € M, is an arbitrary double sequence. At that time,
[ullo = sup; jew luij| < n, wheren € RT. Thus, it can be immediately seen from the
inequality

ot i
[ :kS?GN e Z ( ) ( )s I < oo

3,7=0

that the inclusionM,, C B is valid. To show that the inclusion is strict, let us consider

the sequence = (uy;) = (ST”Z for everyk,i € N. Then,u = (ug) ¢ M, but
B(ms)y = % € M,, thatisu = (ug;) € BY?. O

Theorem 2.6. Cy, C B™°.

Proof. Consider the sequenee= (u;;) € Cpp With p — lim; ;.o u;; = L. Since the
4-dimensional binomial matrix is RH-regular, then- limy ;..o vx; = L, Whererv =
(vk) = (B™9)u)y,. Hence, we see tha, C B, as desired. O

3. DUALS

Current section is dedicated wit37:5}"", {B;’Z’f}m, (B} and {Breq}ﬁ(m
wherer, € {a, 5(bp), B(p),~} andks € {B(F),~}.
Theorem 3.1. {BL5}* = L

Proof. Let us taket = (tx;) € £, andu = (uy;) € B%S. Inthat casey = (v) € M,
from the equality ( 2. 3) anslp;, ;cy |vri| < 7, wheren € R, Therefore, it is clear with
the following

Z [t
k,l

k,l

Z [tk Z (—1)kH=(i+d) < ) ( ) sh=l=ipl=h=i (4 )i+iy,
1
k,l

i,5=0 J
1 < [k (1
< Sl 2 (5) () ot en e oy
st & 7 J
k,l 1,7=0
1 < (k :
< nzﬁkl'?"kle()( k’r—&—le() ) (r 4 s)d

.
Il
o

J=
= UZ|tkz|
k,l

thatt = (tx;) € {B2’}“. Hence, the inclusiof,, C {B:*}* is valid.

For the sufficiency part, let us assume the sequereéty,;) € {B25}* — L,,. So,
>k [teiug| < oo for everyu = (ug) € BLs. If we considere € BL?, thenitis clear that
te=1t¢ L,, thatist ¢ {B’}°. Itis a contradiction. Thus, it is seen the§>:*}~ C L,
and this completes the proof. O

Now, we give some lemmas which will be used in both this and next sections.(see [13],
[34] and [35]).
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Lemma 3.2. Suppose thaD = (d;;) be a 4-dimensional infinite matrix. Theb, =
(diiij) € (Cop,Cy) if and only if following conditions hold:

sup Z |dkiij] < o0, (3. 6)
k,leN

Hdm € (C 59— ,hHl dklij = d7] for all 1,] € N, (3 7)
JLeC>9— hm Z driij = L exists (3. 8)
Jig N3~ lim Z \dpiin; — digs] =0, (3.9)
Yo NSV - lim Z |dpiijo — dijy| = 0. (3. 10)

In the case of (3. 10} = (d;;) € £, and

9 — lim [Dulg = Zd”u”—i— L— Zd” p— hm Ul

k,l—o0 —00

satisfies for € Cyy,.

Lemma 3.3. Suppose thaD = (dj;;) be a 4-dimensional infinite matrix. Theb, =
(diiij) € (Cp, Cy) if and only if ( 3. 6 )-( 3. 8) and followings are provided:

VieN, 3JjoeN>dy;; =0 forevery j>j, and k,l€N, (3.11)
VieN, JipeN>dy; =0 forevery i >4 and k,leN. (3.12)

In the case of (3. 12 Fio, jo € Nsuchthail = (d;;) € L, and(d;j, )ien, (diy;)jen € 0,
wheregp represents the space of every finitely sequences which are non-equivalent zero and

9 — k}ligloO [Du]k; = Zd”u” + Z Z di; | p— hm Uy

0,

satisfies fom € C,.

Lemma 3.4. Suppose thaD = (dj;;) be a 4-dimensional infinite matrix. Theb, =
(diiij) € (Cr,Cy) ifand only if ( 3. 6 )-( 3. 8) and followings are provided:

Jjo €NV — lm Y diij, = o, (3. 13)

Jip e N3V — k}liinoo Z ditinj = Yio- (3. 14)
J
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In the case of (3. 14 Y = (d;;) € L, andz;,y; € ¢, and
19 — k’lliLnOO[Du]kl = Zdijuij —+ Z (yl — Zd”> Ujg —+ Z <Ij — Zdlj> Uj
] ? J J A
+ (L+ sz:dij - zi:yi - zj:%) r— k,lllgloouu

satisfies fou € C,..

Lemma 3.5. [25] Suppose thaD = (dx;;) be a 4-dimensional infinite matrix. Then,
D = (dkisj) € (Cop, M) if and only if the condition ( 3. 6 ) hold.

Lemma 3.6. [7] Suppose thaD = (dj;;;) be a 4-dimensional infinite matrix. Then,
D = (dgiij) € (My,Csp) if and only if the conditions (3. 6), (3. 7 ) and followings are
provided:

iy € C3bp— lim Z \diiij — dij| = 0, (3. 15)
l ¥

bp — k1l1£>noo Jz::o drii; exists foreach i € N, (3. 16)
k

bp— lim ; dyi; exists foreach j € N, (3.17)

Z |dwij|  converges (3. 18)

2,7

Lemma 3.7. [28] Suppose thaD = (dx;;) be a 4-dimensional infinite matrix. Then,
D = (dyiij) € (My, M,,) if and only if the condition (3. 6 ) hold.

Lemma 3.8. [29] Suppose thaD = (dx;;) be a 4-dimensional infinite matrix. Then,
D = (dgi;5) € (M, Cp) if and only if the conditions (3. 7)), (3. 11) and ( 3. 12) hold.

Lemma 3.9. [30] Suppose thaD = (dy;;;) be a 4-dimensional infinite matrix. In that
case:
(i) f0<p<1,thenD € (£,, M,) if and only if

sup  |diij| < oo, (3. 19)
k,l,i,j€N
(i) If1 <p< oo, thenD € (L,, M,,) if and only if
su diii|? < oc. 3.20
MEpN%:\ Kl | (3. 20)

Lemma 3.10. [30] Suppose thaD = (dx;;;) be a 4-dimensional infinite matrix. In that
case:
(i) f0<p<1,thenD € (L,,Cy,) if and only if the conditions (3. 7)) and (3. 19) hold
with ¢ = bp,
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(i) If1 <p < oo, thenD € (L,,Cyy) if and only if the conditions (3. 7)) and ( 3. 20 ) hold
with 9 = bp.

Consider the set®; — w13 defined by

wy = {tz ij) € sup Z'X k.l i, 5, m,n)] <oo}
k,1EN
wo = {t: HdijECBﬁ— lim X(k,l,i,j,m,n):dzj},
k,l—o0
= = :dL — I i, j =1L i
w3 {t eC>9¢ Mlinoo ;X(h l,i,7,m,n) EXIStS}7
wy = {t: : 370 EN9ﬁ—k,gzrlw2|x(k,l,i,jo,m,n)—dij0| :O}
7
ws = {t: :dige N9 — lllinooZb( k.l i9,5,m,n) — ioj|:0}7
wg = {t: VieN,HjoeNaX(k7l,i,j7m,n):0,Vj>j0,Vk7leN}
wy = {t— VjeN,HiOeNax(k,m,j,m,n)—O,Vi>i07Vk,leN},
wg = {t 3]0 6NBﬁfkﬁllinoo;)((kalvﬁj()vmvn) djo}7
_ _ .3 T . _
Wy {t 10 €EN> 9 k,llglw;X(k,l’ZO’J’m’n) dlo}a
wiy = {t: HdUE(CBbp— hm Z|X k.l i3, m,n) — U—O}
i,
1
wy = {t = :Vie N> bp — k}}gl@E)x(k, l,i,7,m,n) eXIStS},
J:
k
Wiy = {t = Q:VjeN>bp— k,lllinoo;X(k’ l,i,j,m,n) exists,
w3 = {t tij) € Q: Z|X (k,1,4,5,m,n)]| converge%,
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where

k l
k,l,1,7 = —1 m~+n—(i+j) (m> n m—n—i, n—m—j i+jtmn-
XUk, L jymm) = 3 > (<) il\j)° r (r+s)

m=1in=j

Theorem 3.11. Following statements are satisfied:

W {sp)" =

e

Wi,
k=1
3
(i) B} = () wi Nwe Nwr,
k=1
3
(#it) {B:;fg}ﬁ(ﬁ) = ﬂ wy, Nws Nwy,
k=1
13
() (B} =winwy () w,
k=10

() {BZYP = wy nws Ny,
(vi) {BL} =wi,
Y
Proof. (i) Suppose that = (t;) € © andu = (uy;) € B;’. Then, we can conclude from
(2. 3)thaty = (vg;) € Cyp- Now, let us define the 4-dimensional maté%* = (oZ’;j)
by
x(k,1,i,5,m,n) , 0<i<k0<j<I,
Opiij = .
0 ) otherwise

for everyk,l,i,j € N. Therefore, we obtain by the relation (2. 5) that,

k,l
Zp = g Lijui;

i,j=0
k,l ,J . .

_ Z tij { Z (_1)i+j—(m+n) <:ﬂ> (fl) Si—j—mrj—i—”(r + S)”H—’nymn}
4,7=0 m,n=0

k,l

k l
- IR Eer () (§) et

1,j=0 | m=in=j J

= (O™ V) (3. 21)

for everyk,l € N. In that case, we conclude from ( 3. 21) that= (txur) € CSy
whenever, = (uy) € Bgf iff 2= (z1) € Cy Wwhenevew = (v;) € Cpp. This implies
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9
thatt = (tn) € (BZ;,S)B‘( ) if and only if O™ € (Cyp,Cy) and the proof is completed in
view of Lemma 3.2.
The other parts of the theorem can be done analogously by using the Lemmas 3.3, 3.4,
3.6, 3.8, 3.7 and 3.5, respectively. So, we pass them. O

4. SOME MATRIX CLASSES

Theorem 4.1. Assume thaD = (dy;;) and H = (hy,;) be as follows:

by = 3301 (4) (l?)‘ga“’“b”<r+s)”jdklab.(4. 22)

a=i b=j J

Then,D € (U, A) if and only i Dy, € [¥ g™ for everyk,l € Nand H ¢
(¥, A), where¥ andA € {M,,Cp, Cpp, Crr }.
Proof. Let D € (¥ g(~s,A). Then,Du exists and is imM for everyu € Vg, which

implies that the fact thab,,; € [\IJB@,s)]ﬁ(ﬂ) for everyk, ! € N. So, by bearing in mind
(2.5), the relation

i,

k,l .
delijuij _ delu Z )'L-’rj (a+b) (a) <.Z,> Sz—J—arj—z—b(T + 8)a+bl/ab
,J

a,b=0
k.l k.l s /b
= Z Z (_1)a+b—(z+J) (Z) (j) g@—b—ijb—a—j (r+ S)H_jdklab vij
©,j |ab=ij

(4. 23)

is obtained for every:,! € N. Then, by taking’-limit on ( 4. 23) whilek,! — oo, we
haveDu = Hv. Therefore, we obtain thdfv € A whenevew € ¥, thatisH € (T, A).

For the sufficiency part, assume the sequebge € [\I/Bm)]ﬁw) for everyk,l € N,
H € (V,A) andu = (u;;) € ¥peo such thaty = B™*u. Then, Du exists and
therefore, rectangular partial sums @i’ ; diiiju;; obtained as

(Du)gg’"] = delijuij
]
m,n m,n o b ‘ ' o
= 2|2 e () () |
ig |ab=ij

(4. 24)

for everyk,l,m,n € N. By takingd-limit in (4. 24 ) whilem,n — oo, it can be easily
obtain from the following equality

E dplijui; = E Pkiijvi
i, ,J

for everyk, ! € NthatDu = Hv which leads to fact thab € (¥ 5¢.«), A). O
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Corollary 4.2. Suppose thaD = (dx;;) be a 4-dimensional matrix. In that case the
following statements are satisfied:

(i) D e (B™*,Cy) if and only if the conditions (3. 6 )-(3. 8), (3. 11) and (3. 12) are
satisfied withhy,;; in place ofdy;;,

(i) De (Bl’)‘l’f,cﬂ) if and only if the conditions ( 3. 6 )-( 3. 10 ) are satisfied with;; in
place ofdy;;;,

(i) D e (BZ;,MM) if and only if the condition ( 3. 6 ) is satisfied with,;; in place of
driij,

(iv) D e (Bﬁfg,cﬂ) if and only if the conditions (3. 6 )-(3. 8), (3. 13 ) and (3. 14) are
satisfied withh;; in place ofdy;;,

(v) D € (B%?,Cyp) if and only if the conditions (3. 6), (3. 7), (3. 15)-(3. 18) are
satisfied withhy;; in place ofdy;;,

(vi) D e (B#,C,) if and only if the conditions (3. 7)), (3. 11) and ( 3. 12) are satisfied
with hy;; in place ofdy;;.

Lemma 4.3. [30] Let B = (by;;;) be a triangle matrix. In that case) = (dii;) €
(U, Ap)ifand only if BD € (¥, A).

Now, let us define the 4-dimensional matéix= (gx;;) by

k.l
_ T,S .
Iklij = E : bk-lmn dm””

m,n=0

for everyk,l,i,j € N and give following corollary.

Corollary 4.4. Suppose thaD = (dx;;) be a 4-dimensional matrix. In that case the
following statements are satisfied:

() D € (Cp,(Cy)pes) if and only if the conditions (3. 6 )-(3. 8), (3. 11)and (3. 12)
are satisfied withyy,;;; in place ofdy;;,

(i) D € (Cyp, (Cy)pws) if and only if the conditions ( 3. 6 )-( 3. 10 ) are satisfied with
griij in place ofdy;;,

(i) D € (C,, (Cy)pes) if and only if the conditions (3. 6 )-(3. 8), (3. 13)and (3. 14)
are satisfied wittyy,;;; in place ofdy;;,

(iv) D e (Ep, Bg’;) if and only if the conditions (3. 7 ) and ( 3. 19 ) are satisfied for
0 < p < 1andy = bp with gi;; in place ofdy;;,

V) D ¢ (zp,Bg;) if and only if the conditions ( 3. 7 ) and (3. 20 ) are satisfied for
1 < p < oo andd = bp with g5 in place ofdy;;,

(vi) D € (L, BL?) if and only if the condition ( 3. 19 ) is satisfied for< p < 1 with gj;;
in place ofdy;;,

(viiy D € (L,, BL?) if and only if the condition ( 3. 20 ) is satisfied for< p < oo with
gkiij In place ofdy;;,

(vii) D € (MU,BZ;> if and only if the conditions (3. 6),(3. 7), (3. 15)-(3. 18) are
satisfied withgy;; in place ofdy;,

(ix) D e (M,,B"*)ifand only if the conditions (3. 7), (3. 11) and ( 3. 12) are satisfied
with gz in place ofdy,;,
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(X) D € (Cyp, B?) if and only if the condition ( 3. 6 ) is satisfied with;;; in place of
driij.

5. CONCLUSION

Each story on single sequences has been usually experienced over double sequences.
Constructing a new set of single or double sequence spaces and relating them to deter-
mine the location of those spaces between the other sequence spaces, characterizing matrix
transformations on one of these spaces into another one, are among the qualified prob-
lems. In this article we introduced some double sequence spaces by using the domains of
4-dimensional binomial matrix on some classical double sequence spaces. Moreover, it is
investigated their some properties and inclusion relations, computed duals and character-
ized some matrix classes. We conclude that the results obtained from the Béttixis
more general and extensive than the existent results of the authors [23, 32]. We expect that
our results might be a reference for further studies in this field.
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