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          Abstract.: The target of the existing paper is to acquaint the new spaces

Br,s
∞ , Br,s, Br,s

bp andBr,s
reg which consist of all double sequences whose

binomial-transforms are in the spacesMu, Cp, Cbp andCr, respectively.
Besides these, some properties of them are investigated and inclusion re-
lations are given. Moreover, theα−, β(ϑ)− andγ−duals are determined.
Finally, some 4-dimensional matrix mapping classes are characterized.
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1. INTRODUCTION AND PRELIMINARIES

The term sequence has a great role in real and functional analysis. The generalization
of single sequences are the double sequences. Every double sequence is an infinite matrix.
Double sequences and various types of linear spaces of double sequences are constructed
and studied their properties. The earlier work on double sequences is found in Browmich
[6]. Furthermore, it was studied by Hardy [14], Moricz [16], Başarır and Sonalcan [2],
Mursaleen and Mohiuddine [18], Mursaleen and Başar [19] and many others. Hardy [14]
introduced the concept of regular convergence for double sequences. Hill [15] was the first
who applied methods of functional analysis to double sequences. A good account of the
study of double sequences can be found in monograph by Mursaleen and Mohiuddine [20].

At the beginning of the study, let us present some fundamental concepts which are going
to be used in the rest of the article. The functionF described withF : N × N → $,
(i, j) 7→ F (i, j) = uij is entitled asdouble sequence, where$ denotes any nonempty
set andN = {0, 1, 2, ...}. C means the complex field.Ω stands for the linear space of all
complex valued double sequences. Any linear subspace ofΩ is entitled asdouble sequence
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space. The set of all bounded complex valued double sequences is symbolized byMu. It
is said thatu = (uij) ∈ Ω is convergentin thePringsheim’s senseprovided that for every
positive numberε, there existsnε ∈ N such that|uij − L| < ε wheneveri, j > nε. L ∈ C
is called thePringsheim limitof u and stated byp− limi,j→∞ uij = L. Cp represents the
space of all suchu which are called shortly asp-convergent. Of particular interest is unlike
single sequences,p-convergence does not require boundedness in double sequences. If we
takeu = (uij) ∈ Ω identified by

uij =




0 1 2 3 · · · j · · ·
1 0 0 0 · · · 0 · · ·
2 0 0 0 · · · 0 · · ·
3 0 0 0 · · · 0 · · ·
...

...
...

... · · · ... · · ·
i 0 0 0 · · · 0 · · ·
...

...
...

... · · · ... · · ·




,

it can easily seen thatp − lim uij = 0 but ‖u‖∞ = supi,j∈N |uij | = ∞. As a conclusion
u ∈ Cp\Mu. The bounded sequences which are alsop-convergent are indicated byCbp,
that is,Cbp = Cp∩Mu. A double sequenceu = (uij) ∈ Cp is called asregularly convergent
(such sequences belong toCr) if the limits ui := limj uij , (i ∈ N) anduj := limi uij ,
(j ∈ N) exist, and the limitslimi limj uij andlimj limi uij exist and are equivalent to the
p− lim of u. A sequenceu = (uij) is calleddouble null sequenceif it converges to zero.
It is known from Boos [5] and Ḿoricz [16] thatMu, Cbp andCr are Banach spaces with
the norm‖.‖∞.

Let us take anyu ∈ Ω and describe the sequenceS = (skl) as

skl :=
k∑

i=0

l∑

j=0

uij , (k, l ∈ N).

Thus, the pair((ukl), (skl)) is named asdouble series.
Let Ψ be a space of double sequences, converging with respect to some linear conver-

gence ruleϑ − lim : Ψ → C. The sum of a double series
∑

i,j uij relating to this rule is
defined byϑ −∑

i,j uij = ϑ − limk,l→∞ skl. Here and thereafter, when needed we will
use the summation

∑
i,j instead of

∑∞
i=0

∑∞
j=0, assume thatϑ ∈ {p, bp, r} andp′ denotes

the conjugate ofp, that is,p′ = p/(p − 1) for 1 < p < ∞. With the notation of Zeltser
[34], we describe the double sequencesekl = (ekl

ij ) ande by ekl
ij = 1 if (k, l) = (i, j) and
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ekl
ij = 0 for other cases, ande =

∑
k,l e

kl for everyi, j, k, l ∈ N. The sets

Ψα :=
{

t = (tij) ∈ Ω :
∑

i,j

|tijuij | < ∞ for all (uij) ∈ Ψ
}

,

Ψβ(ϑ) :=
{

t = (tij) ∈ Ω : ϑ−
∑

i,j

tijuij exists for all (uij) ∈ Ψ
}

,

Ψγ :=
{

t = (tij) ∈ Ω : sup
k,l∈N

∣∣∣∣
k,l∑

i,j=0

tijuij

∣∣∣∣ < ∞ for all (uij) ∈ Ψ
}

areα−, β(ϑ)− andγ−dualsof Ψ ⊂ Ω, respectively. It is well known that ifΨ ⊂ Λ, then
Λα ⊂ Ψα andΨα ⊂ Ψγ for the double sequence spacesΨ andΛ.

Let us remember the definition of triangle matrix. Ifdklij = 0 for i > k or j > l or
both for everyk, l, i, j ∈ N, it is said thatD = (dklij) is a triangular matrix and also if
dklkl 6= 0 for everyk, l ∈ N, then the 4-dimensional matrixD is calledtriangle.

Now, we shall deal with the matrix mapping. Let us consider double sequence spacesΨ
andΛ and the 4-dimensional complex infinite matrixD = (dklij). If for everyu = (uij) ∈
Ψ

(Du)kl = ϑ−
∑

i,j

dklijuij ,

is exists and is inΛ, then it is said thatD is a matrix mapping fromΨ into Λ and is written
asD : Ψ → Λ.

Let (Ψ, Λ) = {D = (dklij)|D : Ψ → Λ}. Here,D ∈ (Ψ, Λ) iff Dkl ∈ Ψβ(ϑ), where
Dkl = (dklij)i,j∈N.

The domainΨ(ϑ)
D of D in a double sequence spaceΨ consists of whoseD-transforms

are inΨ is defined by the following way:

Ψ(ϑ)
D :=



u = (uij) ∈ Ω : Du :=


ϑ−

∑

ij

dklijuij




k,l∈N

exists and is inΨ



 .

(1. 1)
In the past, many authors were interested in double sequence spaces. Now, let us give

some information about these studies. In her doctoral dissertation, Zeltser [33] has funda-
mentally examined the topological structure of double sequences.

Latterly, Başar and Sever [1] defined and examined

Lp =



u = (uij) :

∑

i,j

|uij |p < ∞


 ,

which is a Banach space.
The spaceLu which was defined by Zeltser [34] is the special case ofLp with p = 1.
Talebi [23] examined the spaceEr,s

p for 1 ≤ p < ∞ and also Yeşilkayagil and Başar
[32] examined for0 < p < 1 whereEr,s

p = {u = (uij) : E(r, s)u ∈ Lp} . Here,E(r, s)
indicates the double Euler matrix of ordersr, s (r, s ∈ (0, 1)).
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Tug̃ and Başar [24] and Tug̃ [25] have defined and examined some domains of the matrix
B(r, s, t, u).

For further information on double sequences the reader may refer to papers [1, 7, 8, 13,
16, 17, 21, 23, 24, 25, 28, 29, 30, 31, 32, 33, 34, 35] and references therein.

Bişgin [3, 4] have introduced the sequence spacesbr,s
0 , br,s

c , br,s
p andbr,s

∞ of single se-
quences whose 2-dimensional binomial matrixBr,s-transforms are convergent to zero,
convergent, absolutelyp-summable and bounded, respectively. Our main purpose in this
study is to define the 4-dimensional Binomial matrix and to examine the matrix domains
of this matrix on classical double sequence spaces.

Let us give a brief for the rest of the study: The second section dedicated for the produc-
tion and examination of the new spaces. In section 3, we will try to state duals of the new
double binomial sequence spaces. Finally, it will be given some classes of matrix mapping.

2. THE NEW DOUBLE BINOMIAL SEQUENCE SPACES

In the current section, we acquaint the double sequence spacesBr,s
∞ , Br,s, Br,s

bp andBr,s
reg

by using the 4-dimensional binomial matrixB(r,s).
Let r, s andr + s are nonzero real numbers. We describe the 4-dimensional binomial

matrixB(r,s) = (br,s
klij) of ordersr, s as follows:

br,s
klij :=





1
(r+s)k+l

(
k
i

) (
l
j

)
sk+j−irl+i−j , 0 ≤ i ≤ k , 0 ≤ j ≤ l,

0 , otherwise,

(2. 2)

for everyk, l, i, j ∈ N, so theB(r,s)-transformu = (uij) ∈ Ω is stated with

νkl := (B(r,s)u)kl =
k,l∑

i,j

1
(r + s)k+l

(
k

i

)(
l

j

)
sk+j−irl+i−juij . (2. 3)

It will be assume unless stated otherwise that the double sequences(uij) and(νij) are as
in the equality ( 2. 3 ) andr, s andr + s are nonzero real numbers. We would like touch on
a point, whiler + s = 1, it is obtained 4-dimensional Euler matrixE(r, s) = (er,s

klij) from

the 4-dimensional binomial matrix. So,B(r,s) is more general thenE(r, s). Consider that
the 4-dimensional unit matrixI = (δklij) defined by

δklij =





1 , (k, l) = (i, j),

0 , otherwise.

From the equality

δklij =
∑
m,n

br,s
klmn.cr,s

mnij ,

the inverse{B(r,s)}−1 = C(r,s) = (cr,s
klij) is found as follows:

cr,s
klij :=





(−1)k+l−(i+j)
(

k
i

)(
l
j

)
sk−l−irl−k−j(r + s)i+j , 0 ≤ i ≤ k, 0 ≤ j ≤ l,

0 , otherwise,
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for everyk, l, i, j ∈ N. Now, we may acquaint the spacesBr,s
∞ , Br,s, Br,s

bp andBr,s
reg

described by the following way:

Br,s
∞ =

{
u = (uij) ∈ Ω : sup

k,l∈N

∣∣∣(B(r,s)u)kl

∣∣∣ < ∞
}

,

Br,s =
{

u = (uij) ∈ Ω : ∃L ∈ C, p− lim
k,l→∞

∣∣∣(B(r,s)u)kl − L
∣∣∣ = 0

}
,

Br,s
bp =

{
u = (uij) ∈ Ω : B(r,s)u ∈ Cbp

}
,

Br,s
reg =

{
u = (uij) ∈ Ω : B(r,s)u ∈ Cr

}
.

Br,s
∞ , Br,s, Br,s

bp andBr,s
reg can be rewritten asBr,s

∞ = (Mu)B(r,s) , Br,s = (Cp)B(r,s) ,
Br,s

bp = (Cbp)B(r,s) andBr,s
reg = (Cr)B(r,s) , respectively, with the notation of ( 1. 1 ).

Here,ΨB(r,s) is entitled as double binomial sequence space.

Definition 2.1 ([13],[22]). D = (dklij) is entitled RH regular ifD transforms all bounded
p-convergent sequence into ap-convergent sequence with the samep-limit.

Lemma 2.2([13],[22]). A triangleD = (dklij) is RH regular iff

RH1 : p− lim
k,l→∞

dklij = 0 for each i, j ∈ N,

RH2 : p− lim
k,l→∞

∑

i,j

dklij = 1,

RH3 : p− lim
k,l→∞

∑

i

|dklij | = 0 for each j ∈ N,

RH4 : p− lim
k,l→∞

∑

j

|dklij | = 0 for each i ∈ N,

RH5 :
∑

i,j>µ

|dklij | < η, whereµ andη finite positive integers.

We would like touch on a pointB(r,s) described by ( 2. 2 ) is RH regular whenever
r.s > 0. In the rest of the article, it will be assumed thatr.s > 0.

Theorem 2.3. The setsBr,s
∞ , Br,s

bp andBr,s
reg are linearly norm isomorphic to the spaces

Mu, Cbp andCr, respectively, and are Banach spaces with the norm

‖u‖Br,s
∞ = ‖B(r,s)u‖∞ = sup

k,l∈N

∣∣∣(B(r,s)u)kl

∣∣∣ . (2. 4)

Proof. Here, this theorem will be proved only forBr,s
∞ .

To confirm the fact thatBr,s
∞ is linearly norm isomorphic to the spaceMu, we need to

be sure there is a linear bijectionT : Br,s
∞ →Mu, u 7→ ν = Tu which preserves norm. If
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we takeT = B(r,s), it is precisely linear. Consider the equalityTu =



u00

...
∑l

j=0
1

(r+s)l

(
l
j

)
sjrl−ju0j

...

su00+ru10
r+s

...
∑1,l

i=0,j=0
1

(r+s)1+l

(
1
i

) (
l
j

)
s1+j−irl+i−juij

...
...

...
...

...
∑k

i=0
1

(r+s)k

(
k
i

)
sk−iriuij

...
∑k,l

i=0,j=0
1

(r+s)k+l

(
k
i

)(
l
j

)
sk+j−irl+i−juij

...
...

...
...

...




= θ which yields us thatu = θ(injectivity). Considerν ∈Mu and

ukl = {(B(r,s))−1ν}kl

=
k,l∑

i,j=0

(−1)k+l−(i+j)

(
k

i

)(
l

j

)
sk−l−irl−k−j(r + s)i+jνij (2. 5)

for everyk, l = 0, 1, ... Hence, it can be easily seen by the following equality

‖u‖Br,s
∞ = ‖B(r,s)u‖∞

= sup
k,l∈N

∣∣∣∣∣∣

k,l∑

i,j=0

1
(r + s)k+l

(
k

i

)(
l

j

)
sk+j−irl+i−juij

∣∣∣∣∣∣

= sup
k,l∈N

∣∣∣∣∣∣

k,l∑

i,j=0

δklijνij

∣∣∣∣∣∣
= sup

k,l∈N
|νkl| = ‖ν‖∞ < ∞

that u ∈ Br,s
∞ (surjectivity) andT preserved the norm. Thus, the initial assertion of the

theorem has been proved. From the Corollary 6.3.41 in [5]: ”Let(Ψ, p) and (Λ, q) be
semi-normed spaces andT : (Ψ, p) → (Λ, q) be an isometric isomorphism. Then,(Ψ, p)
is complete if and only if(Λ, q) is complete. In particular,(Ψ, p) is a Banach space if and
only if (Λ, q) is a Banach space”, we reach what we want. ¤

Theorem 2.4. The setBr,s is linearly isomorphic to the spaceCp and is a complete semi-
normed space with the semi-norm

‖u‖Br,s = lim
i→∞

[
sup
k,l≥i

∣∣∣(B(r,s)u)kl

∣∣∣
]

.

Proof. It is analogous with previous one, so we ignore it. ¤

Now, we shall give our results about inclusion relations.

Theorem 2.5.Mu ⊂ Br,s
∞ strictly holds.
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Proof. Suppose thatu = (uij) ∈ Mu is an arbitrary double sequence. At that time,
‖u‖∞ = supi,j∈N |uij | ≤ η, whereη ∈ R+. Thus, it can be immediately seen from the
inequality

‖u‖Br,s
∞ = sup

k,l∈N

∣∣∣∣∣∣
1

(r + s)k+l

k,l∑

i,j=0

(
k

i

)(
l

j

)
sk+j−irl+i−juij

∣∣∣∣∣∣
≤ ‖u‖∞

that the inclusionMu ⊂ Br,s
∞ is valid. To show that the inclusion is strict, let us consider

the sequenceu = (ukl) = (−s−r)k+l

rksl for everyk, l ∈ N. Then,u = (ukl) /∈ Mu but

B(r,s)u = (−1)k+lrksl

(r+s)k+l ∈Mu, that isu = (ukl) ∈ Br,s
∞ . ¤

Theorem 2.6. Cbp ⊂ Br,s.

Proof. Consider the sequenceu = (uij) ∈ Cbp with p − limi,j→∞ uij = L. Since the
4-dimensional binomial matrix is RH-regular, thenp − limk,l→∞ νkl = L, whereν =
(νkl) = (B(r,s)u)kl. Hence, we see thatCbp ⊂ Br,s, as desired. ¤

3. DUALS

Current section is dedicated with{Br,s
∞ }κ1 ,

{
Br,s

bp

}κ2

, {Br,s}β(ϑ) and
{Br,s

reg

}β(ϑ)
,

whereκ1 ∈ {α, β(bp), β(p), γ} andκ2 ∈ {β(ϑ), γ}.
Theorem 3.1. {Br,s

∞ }α = Lu.

Proof. Let us taket = (tkl) ∈ Lu andu = (ukl) ∈ Br,s
∞ . In that case,ν = (νkl) ∈ Mu

from the equality ( 2. 3 ) andsupk,l∈N |νkl| < η, whereη ∈ R+. Therefore, it is clear with
the following

∑

k,l

|tklukl| =
∑

k,l

|tkl|
∣∣∣∣∣∣

k,l∑

i,j=0

(−1)k+l−(i+j)

(
k

i

)(
l

j

)
sk−l−irl−k−j(r + s)i+jνij

∣∣∣∣∣∣

≤
∑

k,l

|tkl|
∣∣∣∣∣∣

1
rksl

k,l∑

i,j=0

(
k

i

)(
l

j

)
(−s)k−i(r + s)i(−r)l−j(r + s)j

∣∣∣∣∣∣
|νij |

≤ η
∑

k,l

|tkl|
∣∣∣∣∣∣

1
rksl

k∑

i=0

(
k

i

)
(−s)k−i(r + s)i

l∑

j=0

(
l

j

)
(−r)l−j(r + s)j

∣∣∣∣∣∣
= η

∑

k,l

|tkl|

thatt = (tkl) ∈ {Br,s
∞ }α. Hence, the inclusionLu ⊂ {Br,s

∞ }α is valid.
For the sufficiency part, let us assume the sequencet = (tkl) ∈ {Br,s

∞ }α − Lu. So,∑
k,l |tklukl| < ∞ for everyu = (ukl) ∈ Br,s

∞ . If we considere ∈ Br,s
∞ , then it is clear that

te = t /∈ Lu, that ist /∈ {Br,s
∞ }α. It is a contradiction. Thus, it is seen that{Br,s

∞ }α ⊂ Lu

and this completes the proof. ¤
Now, we give some lemmas which will be used in both this and next sections.(see [13],

[34] and [35]).
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Lemma 3.2. Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,D =
(dklij) ∈ (Cbp, Cϑ) if and only if following conditions hold:

sup
k,l∈N

∑

i,j

|dklij | < ∞, (3. 6)

∃dij ∈ C 3 ϑ− lim
k,l→∞

dklij = dij for all i, j ∈ N, (3. 7)

∃L ∈ C 3 ϑ− lim
k,l→∞

∑

i,j

dklij = L exists, (3. 8)

∃i0 ∈ N 3 ϑ− lim
k,l→∞

∑

j

|dkli0j − di0j | = 0, (3. 9)

∃j0 ∈ N 3 ϑ− lim
k,l→∞

∑

i

|dklij0 − dij0 | = 0. (3. 10)

In the case of ( 3. 10 ),d = (dij) ∈ Lu and

ϑ− lim
k,l→∞

[Du]kl =
∑

i,j

dijuij +


L−

∑

i,j

dij


 bp− lim

k,l→∞
ukl

satisfies foru ∈ Cbp.

Lemma 3.3. Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,D =
(dklij) ∈ (Cp, Cϑ) if and only if ( 3. 6 )-( 3. 8 ) and followings are provided:

∀i ∈ N, ∃j0 ∈ N 3 dklij = 0 for every j > j0 and k, l ∈ N, (3. 11)

∀j ∈ N, ∃i0 ∈ N 3 dklij = 0 for every i > i0 and k, l ∈ N. (3. 12)

In the case of ( 3. 12 ),∃i0, j0 ∈ N such thatd = (dij) ∈ Lu and(dij0)i∈N, (di0j)j∈N ∈ ℘,
where℘ represents the space of every finitely sequences which are non-equivalent zero and

ϑ− lim
k,l→∞

[Du]kl =
∑

i,j

dijuij +
∑

i


L−

∑

i,j

dij


 p− lim

k,l→∞
ukl

satisfies foru ∈ Cp.

Lemma 3.4. Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,D =
(dklij) ∈ (Cr, Cϑ) if and only if ( 3. 6 )-( 3. 8 ) and followings are provided:

∃j0 ∈ N 3 ϑ− lim
k,l→∞

∑

i

dklij0 = xj0 , (3. 13)

∃i0 ∈ N 3 ϑ− lim
k,l→∞

∑

j

dkli0j = yi0 . (3. 14)
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In the case of ( 3. 14 ),d = (dij) ∈ Lu andxj , yi ∈ `1 and

ϑ− lim
k,l→∞

[Du]kl =
∑

i,j

dijuij +
∑

i


yi −

∑

j

dij


ui +

∑

j

(
xj −

∑

i

dij

)
uj

+


L +

∑

i,j

dij −
∑

i

yi −
∑

j

xj


 r − lim

k,l→∞
ukl

satisfies foru ∈ Cr.

Lemma 3.5. [25] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,
D = (dklij) ∈ (Cbp,Mu) if and only if the condition ( 3. 6 ) hold.

Lemma 3.6. [7] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,
D = (dklij) ∈ (Mu, Cbp) if and only if the conditions ( 3. 6 ), ( 3. 7 ) and followings are
provided:

∃dij ∈ C 3 bp− lim
k,l→∞

∑

ij

|dklij − dij | = 0, (3. 15)

bp− lim
k,l→∞

l∑

j=0

dklij exists for each i ∈ N, (3. 16)

bp− lim
k,l→∞

k∑

i=0

dklij exists for each j ∈ N, (3. 17)

∑

i,j

|dklij | converges. (3. 18)

Lemma 3.7. [28] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,
D = (dklij) ∈ (Mu,Mu) if and only if the condition ( 3. 6 ) hold.

Lemma 3.8. [29] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. Then,
D = (dklij) ∈ (Mu, Cp) if and only if the conditions ( 3. 7 ), ( 3. 11 ) and ( 3. 12 ) hold.

Lemma 3.9. [30] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. In that
case:

(i) If 0 < p ≤ 1, thenD ∈ (Lp,Mu) if and only if

sup
k,l,i,j∈N

|dklij | < ∞, (3. 19)

(ii) If 1 < p < ∞, thenD ∈ (Lp,Mu) if and only if

sup
k,l∈N

∑

i,j

|dklij |p′ < ∞. (3. 20)

Lemma 3.10. [30] Suppose thatD = (dklij) be a 4-dimensional infinite matrix. In that
case:

(i) If 0 < p ≤ 1, thenD ∈ (Lp, Cbp) if and only if the conditions ( 3. 7 ) and ( 3. 19 ) hold
with ϑ = bp,
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(ii) If 1 < p < ∞, thenD ∈ (Lp, Cbp) if and only if the conditions ( 3. 7 ) and ( 3. 20 ) hold
with ϑ = bp.

Consider the setsw1 − w13 defined by

w1 =

{
t = (tij) ∈ Ω : sup

k,l∈N

∑

i,j

|χ(k, l, i, j,m, n)| < ∞
}

,

w2 =

{
t = (tij) ∈ Ω : ∃dij ∈ C 3 ϑ− lim

k,l→∞
χ(k, l, i, j,m, n) = dij

}
,

w3 =

{
t = (tij) ∈ Ω : ∃L ∈ C 3 ϑ− lim

k,l→∞

∑

i,j

χ(k, l, i, j, m, n) = L exists

}
,

w4 =

{
t = (tij) ∈ Ω : ∃j0 ∈ N 3 ϑ− lim

k,l→∞

∑

i

|χ(k, l, i, j0,m, n)− dij0 | = 0

}
,

w5 =

{
t = (tij) ∈ Ω : ∃i0 ∈ N 3 ϑ− lim

k,l→∞

∑

j

|χ(k, l, i0, j,m, n)− di0j | = 0

}
,

w6 =

{
t = (tij) ∈ Ω : ∀i ∈ N,∃j0 ∈ N 3 χ(k, l, i, j, m, n) = 0,∀j > j0,∀k, l ∈ N

}
,

w7 =

{
t = (tij) ∈ Ω : ∀j ∈ N,∃i0 ∈ N 3 χ(k, l, i, j, m, n) = 0,∀i > i0,∀k, l ∈ N

}
,

w8 =

{
t = (tij) ∈ Ω : ∃j0 ∈ N 3 ϑ− lim

k,l→∞

∑

i

χ(k, l, i, j0,m, n) = dj0

}
,

w9 =

{
t = (tij) ∈ Ω : ∃i0 ∈ N 3 ϑ− lim

k,l→∞

∑

j

χ(k, l, i0, j, m, n) = di0

}
,

w10 =

{
t = (tij) ∈ Ω : ∃dij ∈ C 3 bp− lim

k,l→∞

∑

i,j

|χ(k, l, i, j, m, n)− dij | = 0

}
,

w11 =

{
t = (tij) ∈ Ω : ∀i ∈ N 3 bp− lim

k,l→∞

l∑

j=0

χ(k, l, i, j, m, n) exists

}
,

w12 =

{
t = (tij) ∈ Ω : ∀j ∈ N 3 bp− lim

k,l→∞

k∑

i=0

χ(k, l, i, j, m, n) exists},

w13 =

{
t = (tij) ∈ Ω :

∑

i,j

|χ(k, l, i, j,m, n)| converges

}
,
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where

χ(k, l, i, j,m, n) =
k∑

m=i

l∑

n=j

(−1)m+n−(i+j)
(m

i

) (
n

j

)
sm−n−irn−m−j(r + s)i+jtmn.

Theorem 3.11. Following statements are satisfied:

(i)
{
Br,s

bp

}β(ϑ)

=
5⋂

k=1

wk,

(ii) {Br,s}β(ϑ) =
3⋂

k=1

wk ∩ w6 ∩ w7,

(iii)
{Br,s

reg

}β(ϑ) =
3⋂

k=1

wk ∩ w8 ∩ w9,

(iv) {Br,s
∞ }β(bp) = w1 ∩ w2

13⋂

k=10

wk,

(v) {Br,s
∞ }β(p) = w2 ∩ w6 ∩ w7,

(vi) {Br,s
∞ }γ = w1,

(vii)
{
Br,s

bp

}γ

= w1.

Proof. (i) Suppose thatt = (tkl) ∈ Ω andu = (ukl) ∈ Br,s
bp . Then, we can conclude from

( 2. 3 ) thatν = (νkl) ∈ Cbp. Now, let us define the 4-dimensional matrixOr,s =
(
or,s

klij

)

by

or,s
klij =





χ(k, l, i, j,m, n) , 0 ≤ i ≤ k, 0 ≤ j ≤ l,

0 , otherwise,

for everyk, l, i, j ∈ N. Therefore, we obtain by the relation ( 2. 5 ) that,

zkl =
k,l∑

i,j=0

tijuij

=
k,l∑

i,j=0

tij

{
i,j∑

m,n=0

(−1)i+j−(m+n)

(
i

m

)(
j

n

)
si−j−mrj−i−n(r + s)m+nνmn

}

=
k,l∑

i,j=0





k∑

m=i

l∑

n=j

(−1)m+n−(i+j)
(m

i

) (
n

j

)
sm−n−irn−m−j(r + s)i+jtmn



 νij

= (Or,sν)kl (3. 21)

for everyk, l ∈ N. In that case, we conclude from ( 3. 21 ) thattu = (tklukl) ∈ CSϑ

wheneveru = (ukl) ∈ Br,s
bp iff z = (zkl) ∈ Cϑ wheneverν = (νkl) ∈ Cbp. This implies
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that t = (tkl) ∈
(
Br,s

bp

)β(ϑ)

if and only if Or,s ∈ (Cbp, Cϑ) and the proof is completed in

view of Lemma 3.2.
The other parts of the theorem can be done analogously by using the Lemmas 3.3, 3.4,

3.6, 3.8, 3.7 and 3.5, respectively. So, we pass them. ¤

4. SOME MATRIX CLASSES

Theorem 4.1. Assume thatD = (dklij) andH = (hklij) be as follows:

hklij =
∞∑

a=i

∞∑

b=j

(−1)a+b−(i+j)
(a

i

)(
b

j

)
sa−b−irb−a−j(r + s)i+jdklab.(4. 22)

Then,D ∈ (ΨB(r,s) ,Λ) if and only if Dkl ∈ [ΨB(r,s) ]β(ϑ) for everyk, l ∈ N and H ∈
(Ψ,Λ), whereΨ andΛ ∈ {Mu, Cp, Cbp, Cr}.
Proof. Let D ∈ (ΨB(r,s) ,Λ). Then,Du exists and is inΛ for everyu ∈ ΨB(r,s) , which
implies that the fact thatDkl ∈ [ΨB(r,s) ]β(ϑ) for everyk, l ∈ N. So, by bearing in mind
( 2. 5 ), the relation

k,l∑

i,j

dklijuij =
k,l∑

i,j

dklij

i,j∑

a,b=0

(−1)i+j−(a+b)

(
i

a

)(
j

b

)
si−j−arj−i−b(r + s)a+bνab

=
k,l∑

i,j




k,l∑

a,b=i,j

(−1)a+b−(i+j)
(a

i

) (
b

j

)
sa−b−irb−a−j(r + s)i+jdklab


 νij

(4. 23)

is obtained for everyk, l ∈ N. Then, by takingϑ-limit on ( 4. 23 ) whilek, l → ∞, we
haveDu = Hν. Therefore, we obtain thatHν ∈ Λ wheneverν ∈ Ψ, that isH ∈ (Ψ,Λ).

For the sufficiency part, assume the sequenceDkl ∈ [ΨB(r,s) ]β(ϑ) for everyk, l ∈ N,
H ∈ (Ψ, Λ) and u = (uij) ∈ ΨB(r,s) such thatν = B(r,s)u. Then,Du exists and
therefore, rectangular partial sums for

∑
i,j dklijuij obtained as

(Du)[m,n]
kl =

m,n∑

i,j

dklijuij

=
m,n∑

i,j




m,n∑

a,b=i,j

(−1)a+b−(i+j)
(a

i

) (
b

j

)
sa−b−irb−a−j(r + s)i+jdklab


 νij

(4. 24)

for everyk, l,m, n ∈ N. By takingϑ-limit in ( 4. 24 ) whilem,n → ∞, it can be easily
obtain from the following equality

∑

i,j

dklijuij =
∑

i,j

hklijνij

for everyk, l ∈ N thatDu = Hν which leads to fact thatD ∈ (ΨB(r,s) , Λ). ¤
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Corollary 4.2. Suppose thatD = (dklij) be a 4-dimensional matrix. In that case the
following statements are satisfied:

(i) D ∈ (Br,s, Cϑ) if and only if the conditions ( 3. 6 )-( 3. 8 ), ( 3. 11 ) and ( 3. 12 ) are
satisfied withhklij in place ofdklij ,

(ii) D ∈
(
Br,s

bp , Cϑ

)
if and only if the conditions ( 3. 6 )-( 3. 10 ) are satisfied withhklij in

place ofdklij ,

(iii) D ∈
(
Br,s

bp ,Mu

)
if and only if the condition ( 3. 6 ) is satisfied withhklij in place of

dklij ,
(iv) D ∈ (Br,s

reg, Cϑ

)
if and only if the conditions ( 3. 6 )-( 3. 8 ), ( 3. 13 ) and ( 3. 14 ) are

satisfied withhklij in place ofdklij ,
(v) D ∈ (Br,s

∞ , Cbp) if and only if the conditions ( 3. 6 ), ( 3. 7 ), ( 3. 15 )-( 3. 18 ) are
satisfied withhklij in place ofdklij ,

(vi) D ∈ (Br,s
∞ , Cp) if and only if the conditions ( 3. 7 ), ( 3. 11 ) and ( 3. 12 ) are satisfied

with hklij in place ofdklij .

Lemma 4.3. [30] Let B = (bklij) be a triangle matrix. In that case,D = (dklij) ∈
(Ψ,ΛB) if and only ifBD ∈ (Ψ, Λ).

Now, let us define the 4-dimensional matrixG = (gklij) by

gklij =
k,l∑

m,n=0

br,s
klmndmnij

for everyk, l, i, j ∈ N and give following corollary.

Corollary 4.4. Suppose thatD = (dklij) be a 4-dimensional matrix. In that case the
following statements are satisfied:

(i) D ∈ (Cp, (Cϑ)B(r,s)) if and only if the conditions ( 3. 6 )-( 3. 8 ), ( 3. 11 ) and ( 3. 12 )
are satisfied withgklij in place ofdklij ,

(ii) D ∈ (Cbp, (Cϑ)B(r,s)) if and only if the conditions ( 3. 6 )-( 3. 10 ) are satisfied with
gklij in place ofdklij ,

(iii) D ∈ (Cr, (Cϑ)B(r,s)) if and only if the conditions ( 3. 6 )-( 3. 8 ), ( 3. 13 ) and ( 3. 14 )
are satisfied withgklij in place ofdklij ,

(iv) D ∈
(
Lp,Br,s

bp

)
if and only if the conditions ( 3. 7 ) and ( 3. 19 ) are satisfied for

0 < p ≤ 1 andϑ = bp with gklij in place ofdklij ,

(v) D ∈
(
Lp,Br,s

bp

)
if and only if the conditions ( 3. 7 ) and ( 3. 20 ) are satisfied for

1 < p < ∞ andϑ = bp with gklij in place ofdklij ,
(vi) D ∈ (Lp,Br,s

∞ ) if and only if the condition ( 3. 19 ) is satisfied for0 < p ≤ 1 with gklij

in place ofdklij ,
(vii) D ∈ (Lp,Br,s

∞ ) if and only if the condition ( 3. 20 ) is satisfied for1 < p < ∞ with
gklij in place ofdklij ,

(viii) D ∈
(
Mu,Br,s

bp

)
if and only if the conditions ( 3. 6 ),( 3. 7 ), ( 3. 15 )-( 3. 18 ) are

satisfied withgklij in place ofdklij ,
(ix) D ∈ (Mu,Br,s) if and only if the conditions ( 3. 7 ), ( 3. 11 ) and ( 3. 12 ) are satisfied
with gklij in place ofdklij ,
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(x) D ∈ (Cbp,Br,s
∞ ) if and only if the condition ( 3. 6 ) is satisfied withgklij in place of

dklij .

5. CONCLUSION

Each story on single sequences has been usually experienced over double sequences.
Constructing a new set of single or double sequence spaces and relating them to deter-
mine the location of those spaces between the other sequence spaces, characterizing matrix
transformations on one of these spaces into another one, are among the qualified prob-
lems. In this article we introduced some double sequence spaces by using the domains of
4-dimensional binomial matrix on some classical double sequence spaces. Moreover, it is
investigated their some properties and inclusion relations, computed duals and character-
ized some matrix classes. We conclude that the results obtained from the matrixB(r,s) is
more general and extensive than the existent results of the authors [23, 32]. We expect that
our results might be a reference for further studies in this field.
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