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1. INTRODUCTION

In 1984, Cao introduced the idea of incline algebra and explored certain properties of
this notion [4]. Incline algebra characterized the bolean and fuzzy algebras and it is a spe-
cialized category of semi-rings. Many researcher discussed this structure and provided new
results in the theory of incline algebra [1, 2, 3, 4, 7, 10, 11, 14]. In 2010, after the idea of
derivation in incline algebras started by Alshehry, several researchers added very useful re-
sults to this theory by utilizing derivations such as symmetric bi-derivations and permuting
tri-derivations [7, 10, 11]. Recently in 2015, the notion of set valued derivations on lattices
and symmetric bi-multiderivation on incline algebras is proposed by Rezapour and Sami
[13, 14]. In this paper, we have generalized the idea of symmetric bi-multiderivation and
investigated related properties.

2. PRELIMINARIES

Definition 2.1. [14] Let J is a nonempty set theli/, VV, A) is said to be an incline algebra
if following conditions are satisfied:

J1:(CVE Vp=CV(EVDp)

J2 i CA(EV P) = (CAE)V (CAp)

J3: (EVPINC=(EACQ)V (pAC)
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Ji: (CAEVp=(CVp)A(EVp)
Js: (A ((VE=¢
Jo:CV(CNE=C

Jr (N (CVE) =¢

Jg: (CAC)=¢,
Jo:CV(EVP)=(CVEVp

Jio :CA(ENAP)= (CANE Ap
Jii:¢véE=¢gvforall (& p€e J.

Definition 2.2. [14] Let(J, V, A) is an incline algebra then it is said to be commutative if
(NE=¢ENCTorall (€& € J.

Definition 2.3. [14] Letp # 0 andp C J, thenp is called a subincline algebra if is
closed under/ andA.

Definition 2.4. [14] A subincline algebra on an incline algebra is said to be an Ideal if
€ pand¢ < ¢ implies¢ € p.

Definition 2.5. [14] A nonzero element 1 i is said to be multiplicative Identity fA1 =
(VY(Ced.

Definition 2.6. [14] An elemen0 € J is said to be a zero element &fif 0A( =(A0=0
V¢ e J.

Definition 2.7. [14] Let J is incline algebra and, # 0, an element of/ is called a left
or right zero divisor if there exist a nonzero eleméng 0 in J such that¢ A £ = 0 or
respectivelyt A ¢ = 0.

3. PERMUTING TRI-MULTIDERIVATION ON INCLINE ALGEBRA

In this section, we proved some results by using the notion of permuting tri multi-
derivation on Incline Algebra.

Definition 3.1. Let(J, A, V) be anincline algebra. A permuting map: J x J x J — 27
is called a permuting tri-multimap. If

S(CALEp) =[CEp) ANV IEAS(e,E, p)], forall ,&,2,p € J. ThenS is called a
permuting tri-multiderivation or/. HereS(¢, &, p) A e means3(¢, &, p)A {+}.

Example 3.2. Let (J, A, V) be a commutative incline algebra agda subincline algebra
of J. Let3 : J x J x J — 27 be a set valued map defined®y¢, &, p)= CAENAp A g,
for all ¢¢, p € J. ThenS is an isotone permuting tri-multiderivation oh

Example 3.3. Let J be a set of non-negative real numbegsy ¢ is the greatest lower
bound of¢ and¢ and( Vv € is the least upper bound gfand¢. LetS : J x J x J — 27
be a set valued map defined®Y(, &, p)=v e J: vy < (A (EAP) =(CAE) Ap, forall
C&, p € J. ThenS is called permuting tri-multiderivation od.

Proposition 3.4. Let(J, V, A) is an incline algebra ané be a permuting tri-multiderivation
on J. Then following axioms hold:

(1) S(CA2,Ep) 23(C,E0) VS(1,6,p)-
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(1) (¢ A, &, p) <2 whenevel <1 and3(1, €, p) < ((, &, p).
(#77) Moreover3(¢, &, p) = ¢, (¢ & p) 26, S(C & p) =2 p.
(1) (€ p) AS(1,€,p) 2 S(CALE ).

Proof. Let(, &, p € J then,
(1) SinceS((,&,p) Ao = \y((
(3G &0) A1) vV (CAS(E,p

(G p) V(1€ ).
i1) Let ¢ < then,

)

(1,&,p) 21 AS((E p) 2. AlsoS((,E, p) A v <. This impliesS(¢ A4, &, p) =
Ep) A1)V (CAS(1, € p)) 22V This givesS(( A1, &, p) <.

Let J is a lattice and¥ be a permuting tri-multiderivation os, then

S(¢:&p) = SCA GEP=SGE ) AL A CASEE )] Also S(C,Ep) V(=
[S(C€0) ALV ICASCE ]V CHS(CEp) AQ) V CV (CASCE p)=C. This
implies(¢, &, p) < ¢.

(iv) Let J be a lattice and, &, p € J, then

S(C,E ) AS(1,€,p) CS(C € p) AS(LE PV [S(C, € p) AS(1, €, p)] < (S(C, €, p) M)
VEAS(1,€p)=S(C A2, €, p). Which impliesS((, €, p) A (1,6, p) CS(CAEp). O

Proposition 3.5. Let (J, A, V) be an incline algebra with a zero element atide a per-
muting tri-multiderivation onJ with traceh. Thenh(0) =

Proof. Sincef(0) =(0,0,0)=S(¢ A0,0,0)=(3(¢,0,0) A0) V (CAS(0,0,0))=0 V(¢ A
$(0,0,0))= (¢ A (0,0,0)). Taking¢ = 0 we get,;i(0) = 0. O

Proposition 3.6. Let.J be an incline algebra with multiplicative identity 1 ahde a trace
of &, Then following hold:

(1) C A S(1,€,p) 2 3(C,E, )

(#) If A(1) = 1 then¢ < (¢, 1,1).

(7i7) Moreovers(1,&,€) = (¢, €, &) whenevefs(1,¢,€) < (.

(iv) If ¢ < S(1,,€) thenC € (¢, €, €).

Proof. (i) SinceS((, £, §)=S(C A 1,6, 6)=(S(C,€,6) A1)V (CAS(L,6,6))=3(¢,€,6) v
(¢ AS(L,€,6)). Thisimplies(¢ A S(1,€,€)) < 4(C,£,€).

(#) let i(1) = 1 then by using = 1 in above result we havé, A $(1,1,1) < (¢, 1,1).
Which implies¢ A A(1) < (¢, 1,1). Hence¢ < (¢, 1,1).

(#91) Now $(1,&,8) = (¢, €€ whenS(1,€,€) < p. As we know(¢ A S(1,¢,€) =
(¢, &, 6). ThisimpliesS(1, &, &) <X (¢, &, &) therefore by given condition

(iv) Let ¢ = $(1,£,€). Then we have({ < r for somer € 3(1,&,€). Therefore( =
(¢, &,€) v p forall ¢,¢ € J therefore by2.5(iii) we have,= S((,£,6) V (CAT) €
S(C,6,6) V (CAS(L,£,€)) = (S(CE AL V (CAS(L,E,). S(CALEE) = S(C,£,€).
This gives¢ € $(¢, &, €). O

Proposition 3.7. Let(J, V, A) be an integral incline algebra} be permuting tri-multideviation
onJ x Jx J. Ifa,(, £ € Janda A S((, &, p) = 0. Then eithery = 0 or & = 0.

Proof. Let: € J anda AS((, &, p) = 0. Replacing; by { Az, we haved = a AS(C A, &, p)

=a A (S(GE0) A1) V(CAS(1Ep) = (@ AS((E0) A1) V (@A (CAS(,E )))=
a A (CAS(,E p)) forall ¢, & 1,p € J. Byusing = 1 we getd = a A (1 /\\s( ,0))

& p). Also ¢ A S, p) = S(1, €, p). This implies
) ?

'S5 P
) =366 0) V31, €, p). This givesS(C A€, p) =
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=aAS(1,E )
SinceJ has no zero divisor therefore either= 0 or 3(¢,£, p) = 0 forall ,&,2,p € J.
However we can get = 0 or & = 0 whereS(¢, &, p) A a = 0. a

Proposition 3.8. Let (J,V,A) be an incline algebrad a superjoinitive permuting tri-
multiderivation onJ and’ be a trace of/, So we get the following:

() h(C) V (&) 2 A(C V §).

(1) S(C A E,€,€) =2 h(Q).

(#4i) AlsoS is an isotone permuting tri-multideviation oh

Proof. (i) SinceS is superjoinitive so we gét(¢ vV £)=S(CVE CVECVE) D S(C Y
§,CVE VI(ECVECVE) 23(CCEVE) VI(EE CVE V(L CEVE) VSI(E L CVE)
236 GO VI(EGEE) VS(GE ) VSI(EGEE) VSIE GO VS GE Y (5 £,V
S(&, €, €). Which givesh(¢ v €) 2 A(C) V A(E) V S((, ¢, €) V S(¢, €, €). Hence we get
< Rh(¢VE)forall {,¢ € J.

(i) M) = S(C,C,C) = S(CV(CAE),6E0) 23((¢0) V(AL = h(C) Vv

i Let (G & ) 5 (N, 3,) thatis¢ < R¢ < Bandp < ~. Thenwe geB(X, 3,7)=3((X, 3, 7)
B,7) VS(GEp) VS(CB,7) VSN, p). This givesS(¢, €, p) <
SN, B,7). O

Definition 3.9. Let (J,V, A) be an incline algebral be a permuting tri-multideviation
onJ x J x J and# be the trace ofy. Then the set of fixed point & is Fizg(J X
Jx )={(C.€p) € J x J x JIG,Ep € S(C,€ p)}. SinceS is permuting(C, €, p) €

Fizg(J x J x J)iff (p,£,¢) = (§,p,¢) = (§, ¢, p) = (p,(,§) € Fiag(J x J x J). The
set of fixed point of is denoted byFiz,(J) = {¢ € J,|¢ € h({)}.

Remark 3.10. An Inline algebraJ is a Distributive Lattice ifit A { = (forall ¢ € J.

Theorem 3.11.LetJ is a Distributive Lattice a superjoinitive permuting tri-multideviation
onJ x J x J andh be the trace ofy. Then following hold: (iE(¢ A &) < (R(Q) AE) V

(¢ AR(E)).-

(D R(CAE) = (M) ANE) V (CAR(E)) forall ¢, € € J.

Proof. Let (,£ € J. Sinceh(() = (¢, ¢, ¢) = S(CANGEE) = (SO NGV
(CAS(C,6,¢) = (MO AQ VI(CARQ)) = ¢ AlsOR(CANE) =S(CAECAECAE)
= (S(G,CAECAY ANV (CAS(ECNECAE) AE). So by using proposition 3.8 we
geti(¢ A &) = (A(C) A&V (CARE)).

<
V(R

(i) On the other han@(CAE) = S(CAE, CAE, CAE) = (S(C, CAE CAENEV (CAS(E,
&(AS)): (SN N VICAS(CECAE AT VAHICA (S, CENE A E)
V(CAS(EE CNE))) T Sinced be a distributive lattice so we have (3((, ¢, AE) AE)
VS(C,ECAE) V(SECCAE) VEASEE CAE).
= (S GOAEV (CASEGENT ALV ICASGED) V (S(CE O AV A
S(E,6E) V (SECO AV ICA{SEE)AE V(CA %(575 Y. Since. be a
distributive lattice andy is permuting so we get (A({) A &) V (C A R(E)) vV S((, (&) V

3(¢,€,€). This implies(i(C) A &) V (CAR(E)) 2 A(CAE). .

Theorem 3.12.LetJ is a Distributive LatticeS a superjoinitive permuting tri-multideviation
onJ x J x J andh be the trace of. If £ < ( and(¢ € h(¢) thené € h(¢).
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Proof. Let ¢ < ¢ and({ € A(¢) then by using theorem 3.11(i) we hai&) < £ < (.
Also i(&) vV (E AR(Q)) = (B(&) N C) V (E AR(C)). Also by using theorem 3.11(ii) we
get= h(¢ A &) = h(§) andh(§) = (A(€) A C) V (EAR(C)) = h(§) V (§ AR(C). Thus
ENR(C) X h(E) < & Ontheotherhand = € A ¢ € £ AR = R(€). Hence we get
§ € (&) O

Corollary 3.13. LetJ be the distributive lattice with a greatest elemé&n® a superjoini-
tive permuting tri multiderivative od x J x J and’ be a trace of3. Thenl € a(1) iff
Fizp(J) = J.

Proof. Suppose that € /(1). Since¢ < 1 forall { € J. So by using theorem 3.12 we get
p € h(p) forall p € J. This givesFizy(J) = J. O

Definition 3.14. Let(J, V, A) be an integral incline algebras be a permuting tri-multideviation
on.J x J x J and/: be the trace ofy. Then we definég*(¢) = 1(7(¢)) = Uecpz (o) R(E)-

Theorem 3.15.LetJ be a distributive lattice an& a superjoinitive permuting tri-multideviation
onJ x J x J andh be the trace ofy. ThenFixzy(J) is an Ideal of.J.

Proof. Let(, ¢ € Fixy(J). Then

¢V Een(C) V() B.1)

By using proposition 3.8 we gégtis an Isotone permuting tri-multiderivation ohx J x J.
Hence we havé(¢) < A(¢ V &) andi(§) < R(¢ Vv &). This implies

h(C) vV I(§) 2 h(CVE) B.2)

By combining equation 3. 1 and 3. 2 we have¢ € i(¢) vV i(§) <X A(¢C V). This gives
CVEERKVE). ThisImplies¢ v € € Fizy(J). Moreover( VE=(CVE)V (CVE) e
(R(QO)NE V (CAR(E)) X CANE Hencel A€ € Fixy(J). Now suppose€ € Fizy(J) and
¢ € J such that < ¢. Then by using theorem 3.12 we hakiér(.J) is an ideal of/. O

Theorem 3.16. Let (J, vV, A) be an integral incline algebra. Suppose there exist joinitive
permuting tri-multiderivation§y;, and S, such thatsy (72(¢), ¢, ¢) = 0forall ¢ € J. Then
either0 € /1 (¢) or 0 € fiz(Q).

Proof. Sincehz(¢) C h2(¢) V (h2(¢) A ¢). Then0 = S1(h2(¢),¢,¢) C I (hi2(Q) V
(h2(C) A €), 6, €) = S1(h2(0), ¢, ) V S1(h2(¢) A €), ¢, €) = OV S1(ha () A (), ¢, Q) =
$1((72(). 6, Q) A ¢V (B2(C) A S1(¢.¢,€) = 0V (ha(Q) V mn(C))= ha(Q) V hu(C).
Hence there exist € /i»(¢) anda € Ry (¢) such thab=X A a. SinceJ is integral Incline
Algebra so eitherR = 0 or a = 0. Therefore eithed € %, (¢) or0 € h2((). O

Conclusion: Keeping in view the importance of genralization of derivations which are
appearing more useful and convenient tool in the field of abstract algebra, we have general-
ized symmetric bi-multderivation on incline algebra with permuting tri-multiderivation on
incline algebra. By using this notion we have proved some useful results.
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