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Abstract

Quantales were introduced by C.J Mulvey (2) to provide a non-commutative extension of the concept of locale
(1). Certain authors (4) restrict the term quantale to mean those multiplicative lattices for which each element is
right sided (a & 1 < a ) and idempotent ( a & a = a ). In this paper by a quantale we mean a complete
multiplicative lattice with 1 =T . The paper deals with localic reflections of quantales. A condition for neat
elements of a coherent quantale to form a locale has also been studied.

1-

1.1

1.2

Basic Concepts and definitions

A poset (partially ordered set) is a set A equipped with a binary relation (partial order) < which is
reflexive : a<a

transitive : if a<b and b<c then a<c

anti-symmetric: if a<b and b<a then a=b.

Let A be a poset and a, b € A, then a v b is called the join of a and b if
i) a<avband b<avb

i) a<c and b<c = avb<ec.

For S ¢ A, we write S for join of S, that is
i) s < S\/for allse S
i) If s<bforall s € S then SSbV ,

In any poset A, we introduce meet by reversing all the inequalities in the definition of join. Fora,be A,a A b
stands for meet of a and b and AS for the meet of S for any S C A.

1.3

A lattice is a poset in which every finite subset has both a join and a meet. Meet and join of empty
subset are denoted by T and L respectively. T is the greatest and L is the least element of the lattice.
A lattice A is distributive if
an(bvc)=(aab)v(anac)
foralla,b,c e A.

A boolean algebra is a distributive lattice A equipped with unary operation
B A—A

such that
(qa)ra=1
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and
(Ha)va=T.

1.4 Alattice A is called complete if every subset of A has a join in A.
A locale is a complete lattice L satisfying the infinite distributive law
an ibi= j(anb) \/ \/

Terms “frame” and *‘complete hyeting algebra” are also used for locales, however, locales, frames and
hyeting algebras have different meaning when their categories are considered.

2-  Multiplicative Lattices and Quantales

Definitions
2.1 A complete lattice L together with & : L x L — L satisfying

V

ii) \& bi\/= (a&b;) and (' b)&a= \{bi&a)
i1i) b<c=a&b<a&c and b&a<cé&a

1) & is associative

Va,b,celL,{b/iel}cL,is called a complete multiplicative lattice.

2.2 1 € L is called multiplicative identity if
l&a=a&l=a YaeL

23 le L is called right (left) multiplicative identity if
a& 1=a, (l1&a=a).

2.4 The term identity will be used for | € L if
I=Tand a&1l=1&a=a VaelL

2.5 1 =Tis right (lefv) identity ifa& 1=a (1 &a=a).

2.6 L is commutative if a&b=b&a VYa,be L
2.7 L is idempotent if aka=a Vae L
Examples:
i) Lattice of right (left) ideals of a ring (with 1) is non-commutative complete multiplicative lattice

with right (left) identity. RIdI(A) is idempotent if A is regular ring. For commutative ring A, Idl A
is commutative. Two sided ideals of a non-commutative ring form complete multiplicative lattice
with identity. Lattice of neat ideals (1) is locale. Another example of locale is the lattice Rad A of
redical ideals of a commutative ring A.

ii) Opens of a topological group is complete multiplicative lattice, without multiplicative identity in
general. O(G) has multiplicative identity iff G is discrete. O(G) is commutative if G is.

iii) Every locale is commutative and idempotent complete multiplicative lattice with identity by
putting & = A.

2.8 By a quantale Q we mean a complete multiplicative lattice with 1 = T
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A morphism of quantles f : L — M is an & -Vpreserving map. We denote by QtL, the

category of quantales and & - Vpreserving maps and by CQtL, the subcategory of
commutative quantales. '

Remarks

For commutative rings A and B, any ring homomorphism f : A—B gives rise to a quantale homomorphism.

f: Idi(A) — 1di(B)
I — [f(D)] _
Where [ f(I) ] is ideal generated by f(I). In fact we have a functor
F: C Rng — CQtL which takes any commutative ring R to IdIR and morphism
" fR— Stof:IdIR — IdIS.
Proposition 2:1(C.J. Mulvey)
Let A be a commutative ring, then the locale Rad A of radical ideals of A is the localic reflection of the
quantale Idl A of ideals of A.
Proof: .
Consider the mapping.
V-:1dlA > Rad A
\ which assigns to each ideal of A its radical. It is asserted that this is

& -morphism from the quantale Idl A to the quantle Rad A. Further that any such homomorphism
factors uniquely through this one.

\/IJz\/IAVJ: - B

Since
IJSIAJS‘\/IA\/J
and \/I A \/J is radical ideal, therefore

Vis<Vias.

Conversely if a € \/I A \/J then there exists n with a" € I A J. Let P 2 1J where P is prime ideal, then

Lon

a" =a".a"€ 1JcP.
Hencea€ P.

Soae VI, thus VIAVI< VI, B

b) Vs 1}=\/2\71__

\/21i <P& I <P
& |, < Pforeachi
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=3 \/Ii < Pforeachi

o VeVl <p.

Thus ‘/- §/an & -morphism from Idl A to Rad A.

Consider

¢o:IdlA—-M

where M is a locale and define

y:RadA - M

I — o)

To see that y i%an & -morphism, consider I, ] € Rad A. Then
V(IAT)=0(1AJ)

which must be proved equal to ¢(I) A ¢ (J). Assert that
o(1T)=0(1AJ).

Clearly
o(I1)<e(IAT)

because I J<IAJ.

Conversely letae 1 A J, thena® e 1J. But

(a)? = (a?)
hence
o(a%) = p(a)’ = ¢(a) (because M is a locale)
But
In) =%(a) (a€lnJ)
= o(IND) = ¢a) (ac€InJ)
= ¢(INI)= ¢@) (aelnal)
< (p(b)v (beIJ)(sinceae InJ= a’e 1J)
=¢(X()) (bell) ’
= o)

Thus

e(Ial)=0(1))=0p(I)re(J)
And therefore

V(IAl)=y (I)ay ().

Now we will show that \y(\/)l Y= \|)(Ii):

First we note that
o(VI) = o(I)
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for any ideal I, because

1<V = oD < o(VD).

Conversely
\/I =X (a) (a" € I for some n)
=:>(p(\/l)= \,[p(a) @"el)
= ¢ (VD = \fp(a™ @€ 1), since ¢(a) = p(a%) = ... = p(a™)
=¢ (\/I) < \o(b) (bel
= 9(2( b)) e
=o(I)
Cso o=,
Therefore - —_—
vOED=e(ED=0@ - omy= iy v
as required.

Proposition 2.2
A quantale Q is localic iffa* = a Vae Q and Q has two sided identity.

Proof
= is clear
= Existence of two sided identity gives
a&b<anab.
Now
anb<aandanb<b= (arb)&(aab)<a&b
Idempotency gives '

anb<a&bd
Thus )
a&b=aab

Hence & is same as A. Therefore Qs a locale.

Proposition 2.3
Idempotents of any quantale Q with ri ght (left) identity from a sup lattice.

Proof

1 and 1=T are idempotents.
Let S be any family of idempotents, then

W& 4 \/ \/ a&a

€s aes g,€s 4¢€s

a (Because a; & ay- a; ifi=j
a€s <q 1f1¢_])
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Proposition 2.4:
For idempotent quantale Q with right (left) identity, for any pe Q
lp={aeQlas<p)
is idempotent quantale with right (left) identity.

Proof
Ip is idempotent is clear.
Now a<pandb<p=a&b<p (Because of idempotency).
Thereforea & b e {p. ,
Further for any S C p itis cleaNfhat S < p.
p is right identity in {p because
asp = a&a<a&p<a
= a< a&p <a
= a&p=a.
The distributive law induces from Q.
Remarks

For commutative quantale, idempotents from a locale with & = A. For quantale Q we denote this locale by

£ ,
Any &\/—homomorphism Q™ Q preserves idempotents :
For any idempotenta e Q, f(a)=f(a & a) =f (a) & f (a).

Proposition 2.5

Given a commutative quantale Q, 3 a locale such th@for any & preserviné/map L — Q,Lalocale 3' L
—  such that Q . o '

/ \ Commutes

Proof oL >Q

First we note that any & preservng homomorphlsm Q ) Q presel_&, idempotents.
Let {acQ)|a’=a )
The locale L is an idempotent quantale in partlcular, therefore from above observation we have for anyL Q

Imf ¢ < QwQichgives such thay £

L————>Q

Commutes, s uniqif: because i is inclusion.
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We observed that for any quantale Q, Given L— we cQ always obtain a quantale homomorphism by
composing with inclusion that is L— Q. Q<
We have
Inclusion Loc CQ——s right adjoint CQtL Loc w—J)stakes any quantale Qto = {acQ| a’ = a)
and homomorphism Q = Q'to

3 g <. -

e,

2.9 An element a of a commutative quantale Q is said to be neat if it satisfies

a&b=ananb VbeQ
Remarks

Fora,beQ,aand bneat = a & bisneat:

VdeQ, (a&b)&d= a& (b&d)=a& (bad) (becauseb is neat)
=aAn((bad) (because a is neat)
=(anb)ad
=(a&b)Ad

In particular L and 1 = T are neat elements of Q.

Proposition 2.6

TFAE for commutative quantale Q
i- vbeQ a&b=anab -

ii- X £ aimplies a & x = x

Proof
i- =i x<a = a&x=aax=x isclear
ii- =i anb<b = (aAnb)&a<b&a
= anb<a&hb, (anb<a gives(anb)&a=anAb)
Also
a&b<anab

because of identity of Q.
Hence a & b =a Ab.

2.10  Let Q be a non-commutative quantale with right (left) identity, an element
a€Q is said to be two sided if a&l=1& a = a

Proposition 2.7
For two sided element ac Q TFAE
i- VbeQ, b&a=anab

ii- x<aimplies x & a=x
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Proof

i- =ii x<a=>x&a=xAa=xisclear

ii- =i SinceaAb<btherefore (anb)&a<b&a
Alsoanb<agives(anb)&a= anb
Thereforeaanb< b & a.
Nowbs'l givesb& a<l&a<a (because a is two sided)
But b& a<b thereforeb &a<anab
Hence b&a=anab

2.11  Anelement acQ satisfying any one of above two equivalent condition is called virginal.

2.12 A multiple sub set S C Q (that is a, be S = a & be S) is said to be basis for Q if every I€Q can be
written as sup of elements of S.

We define a quantale Q to be coherent if for basic a

n
a< L =YY< b (ty I, b basic)
i=1]

Preposition 2.8

Neat elements of a coherent quantale Q from a locale if for a, b, ¢, d basic,
b&I=bandc & J=cimplies that there exists d < I v J such thata & d =a foreacha<b v c.

Proof

Suppose k < IvJ, then since Q is coherent, k can be written as join of basic elements. Suppose a < k is basic,
then a <1 v J and therefore we have b <1 and

¢ < J such that a < bvc, since I and J are neatb & I = b and ¢ & J = ¢ therefore there exists d < I v Jsuch that a
&d=a.

Therefore

k&(IvD= L&AV
ai& dj V V
i _ia;&dj\/\/

=k
Therefore I v J is neat.

Now fork < \J; and basic a<k wehavea< I\fhich gives

And therefore
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n
a=a& Ii(bec\fe I; is neat) V“
i=1 i21

n
= a& Ii V
iz 1
< a& Ii
<a& Ii.
Also a&k \/I; <a
Therefore a& \/Ii =a ' (because each a & I; < a).
Hence k =
a:< 1{
) V
= (@& L) 3

=( a)& I 3
= k& I V

Hence \/; is neat.
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