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Abstract— In thisspapc
a given set of bo

guation of motion is derived for  al. pointed out that crack in the plate influenced the natural
condmons governing the nonlinear  frequency of the entire plate structure differently.

vibrations of an isotry \ an arbitrarily located part-
through crack at theMeentr€ of thg plate, consisting of a
continuous line. The equiNjbrigmu princigle is used to derive the

In this study an approximate generalized form of the
governing differential equation is derived for the damage
detection in a rectangular plate having a part-through crack at
the centre of the plate subjected to harmonic load with three

solution to the vibration proble - .
sets of boundary conditions and aspect ratios.

rotary inertia and through-thickng

- S AN APPROXIMATE GENERALIZED FORM OF
coordinates. The simplifying assumptions, and thyj idi CRACK RECTANGULAR PLATE

5.1 Overview and Developing Equation

equation nonhnear Results are presentdd s\ of The classical form of the governing equation of rectangular
frequency and half crack length, and found ext plate is rigorously treated by Timoshenko [8], Leissa [9], and
comparison amongst others. Szilard [10], and so, by neglecting the effect of rotary inertia
and through-thickness shear forces, it can be written as:

D 64W+2 o*w +64W
dx* 0x?dy? = 0y*

4 INTRODUCTION 0°w 0w

Machines and structural components potentially require
continuous monitoring for the detection of cracks and
crack growth for ensuring an uninterrupted service in
critical installations. Cracks can be present in structures due to
various reasons such as fatigue, impact, corrosion and external
and environmental factors like temperature, relative humidity,
rainfall and the general properties of structures. Complex
structures such as aircraft, ships, steel bridges, sea platforms
etc., all use metal plates. The presence of a crack does not only Initially, the
cause a local variation in the stiffness, but can affect the plate having a pa
mechanical behaviour of the entire structure to a considerable  line of length 2a, locafed at.theNcentre and parallel to the x-
extent. Cracks present in vibrating components can lead to  direction of the plate 6«3 in Fig. 1 is performed by
catastrophic failure as reported by Neogy and Ramamurti [1], considering that the cracked platgfis linear with the following
Ramamurti and Neogy [2], Trendafilova [3,4], and basic assumptions [6]. LCate e S
Trendafilova et al. [5] etc. For these reasons, there is a need to  cracked plate transforms @11 ear form by the
understand the dynamics of cracked structures. The vibration  application of Berger’s formii4 1]
characteristics of structures can be useful for on-line detection
of cracks without actually dismantling the structure. In
particular, the natural frequencies and mode shapes of cracked
plates can provide insights into the extent of damage. Israr et
al. [6,7] studied the dynamics of the cracked plate by 2. All strain components are small enough to allow Hooke’s
considering a part-through crack at the centre of the plate law to hold.
under the application of repeatedly applied periodic force at
some specified position with different possible boundary
conditions, and proposed the solution of the problem. Israr et

Index Terms—Isotropic plate, crack, equilibrium
in-plane forces, Galerkin’s method, vibrations.

(1)

the phateax ny, and n,, are the in-plane or membrane
forces per=whit length. D is the flexural rigidity and can be
defined as D=Eh’/, 20° ); E is the modulus of elasticity, and

of the governing equation of the
h—crack consisting of a continuous

1. The plate is made of a perfectly efastg, homogeneous,
isotropic material and has a uniforn ckngss 7 which is
considered small in comparison i i

3. The normal stress component in the direction transverse
to the plate surface is small compared with other stress
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components, and is neglected in the stress-strain oM, oM, _
relationship. Ax dy Qx 5)

4. Shear deformation is neglected in this case and it is
assumed that sections taken normal to the middle surface  and hence
before deformation remain plane and normal to the

2 2
deflected middle surface of the plate. 0°My  0"Myx = 6&

dx? + dydx ~ Ox ©)

5. The effget©f thesotNry inertia, shear forces and in-plane
force in the ENird¢NoNi.€. n, and n,, are neglected mainly

Similarly, the moment equilibrium about the x-axis can be

written as,
For relatively th ates >2), where h is the plate _
thickness and / is a qrage length in its plane, the effects of Z M, =0; (My + My)dx
shear deformation an{ r¥ fierNa become significant, as oM _ aM
explained by Leissa [12 1§ vibration problems, the — (My + a—yy dy + M, + 6_yy dy> da

effect of rotary inertia and\shgxahdefOogpation corresponding to
higher modes ed than on those

d My 4\ d ©)
corresponding to lower mod€ = Myydy +{ Myy + x|ay

Ox

complexity. In this study, the first § a0 dy dy
detail, therefore the assumption W ¢ the + (Qy + a—ydy> > dx + dex7
rotary inertia, and shear forces —are i y

applicable in the subsequent derivation. =0

After simplification, small quantity of higher-order is

- neglected. Therefore,
axes. The forces acting on the plate element ze B
1. oM, 0M, OM,,

+ -Q 8
Summing the forces along the z-axis leads to, ay dy 0x Y ®)
a
Z F, = 0;—Qy dy + (Qx + %dx) dy - Q, and hence,
20, _0°M, 9°M, 0°M,, 00,
+ (Qy + Wdy) dx + P,dxdy 3y? 3y + Dy = 3y )
0%w
= ph—5 dxdy &unng Egs. (6) and (9) into Eq. (3), gives,

where Q, and Q, are the forces per unit length which are x L 0°M,, 4 a°M,, + 0°M,

projected along z direction, p is the density, # is the thickness 0x0y oy? oy?

and P, is the load per unit area acting over the surface of the 92w (10)
plate. Later, this P, is replaced by a point load P, based on the = phw —-F,

application of the appropriate delta function because, in
practice, it is straightforward to implement this type of  yphere M. M. 4
loading. Therefore, Y

ections. My is the bending moment

00, 00Q, 0w per unit length crack at the centre of the plate.
dx + W = ph 9tz P, (3) Expressing the mo 3§ of the curvatures leads to the
following result,
The moment equilibrium about the y-axis gives, D 0*w 42
oM, dx*
ZMy =0;—M,dy + (Mx+de> dy — M, dx (11)
oM
+ (Myx + === dy) dx
9y 4)
00 , \* dx 5.2 Addition of Membrane
~ (0 + Grax) Ty~ 0y

=0 Membrane forces occur when the displacements of the plate

parallel to its middle surface are constrained by the supports,
and assume small displacements throughout. Occasionally,
membrane forces apply at the boundaries and are usually
caused by temperature variations, pre-stressing and large

After simplification, small quantity of higher-order is
neglected. Therefore,



Model for Vibration of Crack Plates for use with Damage Detection Methodologies

deflection. The magnitude of the membrane forces are a
function of the boundary conditions. This is easily visualised
by considering two different plates, one clamped along its
edges to prevent any translation or rotation and the other
simply supported along its edges allowing only rotation. For
equal maximum displacements, the deflected surface length of
the clamped plate is-gi¢ater than that of the simply supported

of the membrane forde
form,

an,
—n,dy + (nx +

Therefore,

on,
ox

on,,

+ =0 (13)

ay

Similarly, along the y-axis we find that,

D 64W+2 o*w +64W
dx* dx?dy?  dy*
0w d*w 0°M,
S PhE Tt e (D)

This is the equation of motion for the cracked vibrating plate,
and for the case of free vibration, P, = 0. The value of w
should be such that it must satisfy the boundary conditions at
the edges of the plate.

5.3 Formulation of the Crack Terms ((M,, and 7))

Rice and Levy [13] model is based on Kirchoff’s bending
theory for thin plates and shells and is used here for the
formulation of the crack terms as indicated in Eq. (17). They
obtained an approximate relationship between nominal tensile
and bending stresses at the location of the crack. These
relations are taken after some rearrangement, and then by
making use of the basic relationships of tensile and bending
stresses, it can be deduced that m,; = 6 g,;. A representation
of these stresses is given in Fig. 4.

on _ 2a
— y — =
(—n, — 7, )dx + (ny + Edy +7, @ Ors (6, ag) (1 —v2)h + 2a Ors (18)
on,
+ Edy) dx — ny,dy 1
anxy ) _ Za
+ | nyy + dx |dy =0 s = 0 Mys
( W ox 3 (—agf + a,‘,’b> B+v)(1-v)h+2a (19)

leading to,

oy Oy Oy _ (15)

dy 0Oy 0x
The equilibrium of the dxdy element in the z direction is
considered next. It is arbitrarily assumed that the left hand and
rear edges of the plate element are fixed and lie in the xy
plane, as shown in Fig. 3. Other boundary conditions are
equally possible. So, after neglecting higher order quantities,
we obtain,

Y Gy =n,

2w 02w
Ox2 + ny 6y2

2 (16)

B 0w
+ 1, _ay2 + 2n,, —axay

Thus, it can be deduced from Eq. (16) that the effect of the
membrane forces on the deflection is equivalent to an assumed
lateral force F.(x,y). Adding this to the lateral forces in the
governing equation i.e. Eq. (11), and noting that this force acts
only in the x-direction, then the terms in the y and xy
directions is neglected; leading to

N2 are intermediate variables required for

location ard*on the surface of the plate, g,; and m, are the
nominal tensile apd-bending stresses at the far sides of the

of bending compliance, and thus avoided/thg coupling effect
by ignoring the stretching compliance. Thesg three compliance
coefficients depend upon the crack-depth to plgte thickness
and vanish when crack depth is equa
[13] model is also shown that in general the compliance
coefficient is a function of the ratio of crack depth to plate
thickness, and can be calculated at the centre of the cracked
plate takes the form, a = 1.1547a, [6]. The appropriate
compliance coefficients, a,g, can then be calculated from the
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relation given in most of the literature such as that of Okamura 6 GALERKIN’S METHOD FOR A VIBRATING
et al. [12], Rice and Levy [11], Khadem and Rezaee [13,14], CRACKED PLATE

Israr et al. [6,7].
Solutions based on linear models are considered adequate
The uniformly distributed tensile and bending stresses as o many practical and engineering purposes although it is
indicated in Egs. (18) and (19) are at the two sides of the crack  recognized that linearised equations usually provide no more
location, and these tensile and bending stresses can be  (han a first approximation. Linearised models of vibrating
expressed in tegprof tekgsile and bending force effects. These systems are inadequate in cases where displacements are not

force and ns i€ daldylated from two-dimensional plane  gmall. In addition, problems treated by nonlinear theory
stress  plate e with the cracked section  exhibit new phenomena, for example the dependence of
represented as 2 e spring having its compliance frequency of vibration on amplitude that cannot be predicted
matched to that of g€ cracked strip in plane strain as by means of linear theories. Moreover, an example of such a
shown in Fig. 4. Here\it is very useful to mention that the  source of nonlinearity is a crack within a plate, which can lead
present derivation, and K ard Devy [13] model, are bOth to profound changes in the vibrational response of the system.

Galerkin’s Method is applied to reformulate the governing
equation of the cracked plate (Eq. (22)) into time dependent
modal coordinates by the application of given boundary
conditions, and Berger’s formulation [11] is used to express
formally the in-plane forces, which can then be used to
transform the governing equation of the cracked plate into a
nonlinear system. To accomplish this we consider the
rectangular plate of Fig. 5, of length /; in the x-direction and I,
in the y-direction containing a crack which consists of a
2a @ continuous line of length 2a located at the centre and parallel
(6al, + al)(1 —v2) a 0)  to the x-direction of the plate. A point load P, based on the
application of the appropriate delta function is introduced at
the arbitrary location of (x,, y,).

moment 1\7Iy in Eq. (17) can Re\replaced with the new values
egative sign, because

damage causes a reduction in the
structure, a phenomenon which ca

(Israr et al. [6]),

ﬁy = Ny =—

and,

—-M The solution for the governing differential equation of the
rs . . . . . .
ate subjected to transverse loading is obtained by defining
haracteristic functions depending upon the boundary

ditions of the plate. The basic model for solution is the one

bowrdary~conditions the principle of superposition holds
: [8], and Berthelot [20]). The most general form
Q pe I

¢ deflection of the plate is,

MJ’

2a
== 0 M,

3 <%+ a,‘,’b> B+v)A—v)h+2a

where 71, and M, are the force and moment per unit length in
the y-direction at the crack location of the plate, respectively,
and n,s and M, are the force and moment per unit length in

the y-direction at the far sides of the plate, respectively. =
D = DD A X b

Substituting the values of 7, and 1\71y from Egs. (20) and
(21) into Eq. (17), and then plugging in the value of bending
stress M, at the far sides of the plate into Eq. (17), so the
governing equation of the plate with a crack at the centre
extends to the following form,

(23)

4 o*w  d*w EXPye
D ( ot T 2 9x20y? + 6y4> functions are the one, thfy the boundary conditions of
92w 92w the plate. Three boundary_cerditjons i.e. Clamped-Clamped-
= —ph—- 32 +n,—— 9x2 +P, Free-Free (CCFF), amped«Clanped-Simply  Supported-
94w 94w Simply Supported (CCSS), an imply Supported has
2aD (6)14 +v ayzaxZ) (22)  been discussed in the proceddin ng} and these boundary
+ 5 conditions have been treated by differedt fssearchers such as
3 (% + agb> B+v) 1 —v)h+2a the case in which two adjacent edges are¢ clamped while the
2a 92w other two edges are free (CCE xamineq by
— 0 ~ > Nps—=— Thimoshenko [8], Young [21], Nags d-Rad\[22], in the
(6ay, +ag)(1 —v?)h + 2a dy monograph of Leissa [9], and Berthelot [20] The condition in

which two adjacent edges are clamped while the other two
edges are simply supported (CCSS) was examined by Iwato
[23], and the one in which all sides are simply supported
(SSSS) was studied by Szilard [10], and Yagiz and Sakman
[24]. The lateral load P, at position (x,, y,) is defined by Fan

20
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[25] as P, = Pp(t)8(x — x,)6(y — ¥,). Substituting the Moy i () + Koy @i (0 + Gy () = P (29)
definition of w(x,y,z) from Eq. (23) and the value of P, into
Eq. (22) and rearranging the terms, we get, where
X, X, Y, a8, %X, p_z Z f f X2Y2 dxdy
D| =—FV+2—S+=FXn—1n,—= 1Y (30)
axt T ey T oy Am TG Dim e

Kinn
I Iy

(6atb+att\\1> Mabgyz dy 2 ¥ O~ . - )
9y, = z z Amnf f(X,‘,‘{Yn +2X,. Y, + VX,
00

a, m (24) n=1m=1 o . 31
-+ ap, }@(1 —UN + 2“ 2a(vXp Yy + YV X,
4 - a® )XmYndxdy
a Konln Bt 3(%+ a;;,,)(3+v)(1—v)h+2a
ay26x2 Amn
G

az t mn
= —ph adig )AmnX Y, + P (x sy —1yv,) ® @ il
= Z Z Afnnf f <_F1_mnXmX‘mYn2
n=1m=1 0 (32)
Berger’s relationship [11] is used toeb 2aF, mnX Y, Y,

dxd
T 6ad T a%)(1— vk + 24 ) xay

The force term in Eq. (29) can be expressed as

B (t)

determining the nonlinear vibrations of un-damped Py = ) Qun where  Qpy = X (xo)Ya (Vo) (33)

plates. The membrane forces can be written afte
each term by dxdy, then impose the condition
displacement components vanishes at the external bountta
and around the crack, and applying the definition of w(x(y,t)

from Eq. (23), leading to, ‘— (6) + Wi Pmn (8) + BrnBinn (£) = Vimn Po () (34)
- DFI mnAznnd)mn (t) (25)

and, Nys = DFZ_mnsznnqbgm ®) (26) Ginn

= =_<mn
M 0 DX My 39

\(29) is in the form of the well known Duffing equation

where the quantity A,, is a modal peak amplitude function,

normalised in this case to unity, and wpytsthe natural frequency of the cracked rectangular

© I ,I 2 plate. B, is the nenlipear cubic term and can be either a

6 120Xy,
Fi o = —Z Z f f (_) Y2 positive (hard g a negative (soft spring) depending
h2L1, o Jo 0x o

(27
Y, 2 Now if it is assumg he-system is attached to a nonlinear
+v X dxdy .
ay spring under the influg ek linear viscous damping ,
and let the load be hgrnonic, sudh that, P, () = PcosQunt .
and, then the equation of the, 4r cracked plate becomes,
6 2 — Iy rl2 aYn 2 dimn(t) + Zlud)mn(t) +40 \a .and)r%m(t)
Y N[O ‘
- hzll 12 4 4 0 0 ay = Vmn
n=1lm=
(28)

m This problem is not too hard to nondi pnalise, however,
+v|(——) YZ|dxd
0x n Y physical units of the parameter are_use ghout, because

there are no significant scale effeck dmplications

Substituting the membrane forces n, and n,, from Egs. (25) which W‘?‘ﬂd ) otherwise require the one of formal
and (26) into Eq. (24), multiplying each part of Eq. (24) by the ~ nondimensionalisation.

modal function X,, and Y, for one of the three boundary

conditions mentioned above, and then integrating over the

plate area, we find that,
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7  RESULTS

A test plate made of aluminium alloy 5083 is used for the
comparison of the natural frequencies of cracked and un-
cracked plates. This aluminium alloy contains 5.2%
magnesium, 0.1% manganese and 0.1% chromium. In the
tempered condmon it is strong and retams good formablhty

1 = 0.08, while the geox
length along x-direction,
ranges between (0.5-1) m, hq
(0-0.01) m, and thickness o

gth along y-direction, I,

ength, a ranges between
0.01 m. A point
he surface of the
plate at some arbitrary specified pQ era by x, = 0.375
m and y, =0.75 m.

The natural frequencies of cracked g
boundary conditions i.e. CCFF, CCSS and
aspect ratios have been studied and are illusira

The natural frequency is also varied if the geomefry
plate is changed, in particular its length and thickn
addition to the effect of the half-crack length. It can alsq been
seen that the decrease in the natural frequency as the incre
of the half-crack length for the same parameters. T
changes are very small for small half-crack lengths, as one
would expect.

The present theory can also be verified with existing linear
theories as proposed by different investigators, namely, Stahl
and Keer [18], Solecki [19], Qian et al. [28] , Krawczuk [29],
and Krawczuk et al. [30] and [31] for the vibration analysis of
cracked plates. Let us consider a square plate of sides
0.1 m x 0.1 m made of steel having a material properties such
as, young’s modulus, E = 2.04x10" N/mz, Poisson’s ratio,
v = 0.3, and mass density, p = 7860 kg/m3. The thickness is
0.001 m and the plate is simply supported from all sides.

Table 1 presents a comparison of the ratio of frequencies of
cracked and un-cracked plates. It shows that the percentage
changes between the linear models and present nonlinear
model for the range of 2a/l; ratio (0.1-0.2) is approximately
(1-2)%.

8 CONCLUSIONS

This study involves the mathematical modeling of vibration
in a plate into which a horizontal crack has been introduced.
The methodology is principally analytical and has led to a
unique solution for this problem in the form of a Duffing
equation in modal space. The Duffing equation has not
hitherto been shown to be capable of modeling cracked plates.
In this work it is shown that different boundary conditions can

be admitted for the plate and that the modal natural
frequencies are sensitive to the crack geometry.

It can be concluded that conventional methods used for the
reduction in frequency response in the cracked plate element,
might in fact lead to an increase in the amplitude of excitation
for the first mode. In other words, we can say that a loss of
local stability of plates with a small crack is possible under
periodic loading. Results show that the frequency of the
cracked plate changes for each set of aspect ratio and
boundary condition differently. Similarly, there is a (1-2)%
changes when compared with the results of other investigators.

Finally, this research provides some basic theory and
understanding of how nonlinear plate systems can be made to
be more efficient. Engineers and scientists could be
encouraged to use this new approach for prior understanding
of the behaviour of damaged plates and panels. By obtaining a
basic understanding, an ideal and robust system can ultimately
be configured, and hence more reliable and efficient industrial

systems can be constructed for vibration analysis.
zZw Qy
T M, +,
ﬂ’ ........ E
dy 7, P BT, 4
A+ 2 M. Y gk, ¢
‘g ¥ oax /i
T o iy Mgy
i P ™
hi2 ¢
n?‘.z?‘ i g
ox

dy Mldd\e surface

a0 M
Qy ydyn'i +
oy

Figure(l - Isgtrgpic plate loaded by uniform pressure and
a small crack at the centre

&M _ oM
My + Y gy ity + Yy Crack of length 2a
¥ty Yy

y Dyl ﬂ\nfrny)dx
/\ 1 PR Crack of length 2a
nxyc!y j—_————
) N
dy (/:b l 1y +8:de dy
A L )
\/ nydy s
7 A
/

Figure 2 - In-plane forces and a crack of length 2a at the
centre of the plate element
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X

dx
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£ / — >
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y Myl Yy /
AN

—

an ar . 5
Y s ] a ) Crack of length 2a
d. fy |d. i,
ny Y y + ity +— (yj X [n L8 g Lo d

v\an\ plate deformation
the centre

Figure 4 - The bending and tensile stresses for a part-@

through crack of length 24, after Rice and Levy [13]

o

Figure 5 - Isotropic plate having a small crack at the
centre under the application of point load at some
arbitrary position [6]
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Table 1. Relative changes of the natural frequencies of the
cracked simply supported plate for the first mode only.

Linear 2a/l,
Models "o 00 [ 005 | 010 [ 015 | 020
AN
Stahl and <
Keer [ 18] ’\S 0.9940 ; 0.9775
N\
Solecki [19] \1)/ - 0.9940 - 0.9780
Qian et al.
28] 1 - /0‘%50 - 0.9820
Krawczuk 9
1201 1 039@@@ 0.9874 | 0.9806
Krawczuk et =
al.[30]and | 1 | 09971 |{0.4042 ) 0)0874 | 0.9806
Present /
Nonlinear 1 ] 09995 | 0999 0 0.9989
Model <%>
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