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Abstract: It is known that the methods of integral transformations in the theory of partial differential equations made it
possible to find solutions to many problems and clarify the physical meaning of some basic laws and phenomena in fluid
mechanics. In this regard, in the present work, we study the Navier-Stokes system, which describe the flow of a viscous
incompressible fluid. Moreover, on the basis of the developed method, the original problem is transformed to the system of
Volterra and Volterra-Abel integral equations of the second kind, and taking into account the theory of these systems, the
existence and uniqueness of the solution of the non-stationary Navier-Stokes problem in the special space, which was
introduced in the paper, are proved. The solution was obtained for velocity and pressure in an analytical form, in addition, the
found pressure distribution law, which is described by a Poisson type equation and plays a fundamental role in the theory of
Navier-Stokes systems in constructing analytic smooth (conditionally smooth) solutions.

Keywords: Navier-Stokes Equation, Partial Differential Equations (PDE), Incompressible Fluid, Inhomogeneous Linear
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1. INTRODUCTION here to incompressible fluids filling all of R3. The Navier—

The difficulty in solving the 3D Navier-Stokes equations is Stokes equations are then given by:

due to their nonlinearity and the need to find the velocity @ +(wW)v=f - l grad P + uAv, (1.1)
and pressure depending on any values of the viscosity ot P

parameter [1], but despite this there are numerous works in divv=0,V(x,t) e D, = R*<[0,T,], (1.2)
this direction with certain limitations. For example, in

works [2, 3 and 4], showed that the Navier—Stokes with initial conditions

equations in three space dimensions always have a weak V|t:0 =o(X)A, Vxe R, (1.3)

solution with suitable growth properties. Scheffer [5]

applied ideas from geometric measure theory to prove a where @(x)is known scalar function, R®> A is given

Navier—Stok ions. Th ial larity th f . 5 . .
avier—Stokes equations. The partial regularity theorem o 0<A,(i=1,3),R®> f(xt)is external applied force

concerns a parabolic analogue of the Hausdorff dimension

. . . . e.g. gravity), 0 < u is kinematic viscosity, is
of the singular set of a suitable weak solution of Navier— (e.g. gravity) # . p

density, 4 is Laplace operator,V  is Hamilton

Stokes. In this paper, we are not trying to consider the

extensive references on the Navier-Stokes system, since
there are fundamental works in this area (see, for example,
Landau-Lifshitz [6], Ladyzhenskaya [7], Prantdl [8],

Schlichting [9] and others). Therefore, we restrict attention
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operator. These equations are to be solved for an
unknown velocity vector veR%and pressure P(x,t),

and equation (1.2) just says that the fluid is

incompressible. Moreover, the purpose of this paper is
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to establish the existence and uniqueness of a solution
to the Navier-Stokes system for an incompressible fluid

in space G;( D, )by the norm:

3
|V||G3(D0) Z;”V ”G Y(Dy) _Z{ Z H
i i—1

0<‘k‘< C(D )

vl

TO R
||Vit||1 =sup “Vit( Xt )| dt,(i=1,3),
R* 0

where k =(k,,k,,k; ) is the multi-index,

v=(v,,v,,v;), k=0:D%, =v,,
oMy,

k#0:D*, = ————,
booxox, e ox, ¢

(i=13),

(1.4)

2
k|=>k;, (k,=0,1,2; j=1,2).
-1

In this regard, we note that in our early works, for
example, in [10], we proposed method for constructing

smooth (conditionally smooth) solutions of nD Navier-

Stokes equations in  G!(D, =R"x(0,T,))with the

condition:
v|t:0:l//(x),VXeR”, (weR", n>3). (1.5)
Since it takes place
w(7)ds+ f(z,s)dzds=4
vt | w9
(feR", 7eR"),

here R" 5 4 is a known vector with positive constant

components: 0 < A, ,(i= 1,_n) , and then applying the

transformation:

v=0/1+(eXp(—L5))J(X’t)'

HOqy

(1.7)

where @( x,t) is the new unknown scalar function, and

0, is the introduced constant, which ensures the

application of the Banach principle and the Picard's
method [11] for the system of integral equations of
Volterra-Abel type of the second kind, into which the

original problem is transformed, R" 5 J( x,t) is the given

vector:

[~ I)df
4t

Z(J—)M) Xp(—

|X_T|:\/Zm’ (x,7eR"),

J|_, =w(x), VxeR",
O<wu<l; 0<g,=const<1,

moreover, (1.7) is consistent at the initial time with

condition (1.5) and with the incompressibility condition
(1.2), (when v € R",n>3). Therefore, since it takes

place:
9|t:0 =0, VxeR"; divv=0, divy =0:
. 1 2\
divd =—— | exp(—|&]" )divy (x+
e

125 ut )dE =0, (7 =x+2&Jut eR"),
O:divv:div(92)+(exp(—%))><

0

(1.8)

xdiv] =div(62)=> 6, 4,

i=1

6,)=0,(i=1n).

(6AV )01 = 260(D_ 4,
j=1
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Then, taking into account (1.1), (1.7) and (1.8) it

follows, (ve R",n>3):

(vV)v:(@W)ez+(exp(_L5))x

[(6AV )d +(IV)0A]+

+(exp(—2—;»(w)J ~(exp(~——))x

HOqy HOy

(1.9)

61V )] +(JV)0}L]+(exp(—2—5t))(JV)J,

0

and this means that under condition (1.2), the inertial
terms of equation (1.1), taking into account (1.7), are

linearized with respect to the newly introduced function
O(x,t)and its derivatives with respect tox € R", and

the nonlinearity goes over to the known vector of the

function J(x,t) and partial derivatives with respect to

X € R". Therefore,

00 t
E/1+(exp(——5))[(6?/W)J +

HOq,
1 t
JV)OA]=—— —— ) -
V)R = (el =) 110
2t 1
—(exp(——)(IV)I+f—-—grad P+
18, p
+( uAB)A,

since

[~ I)dr
4t

2(J_) [ v exn(-

; _M
n(\/ﬁ)” exp( 4 ut )(t>0),
oG

L[G] =7 - 4G =0,

G(x,z,t)=

in addition, the Poisson equation for pressure is derived

in the form:
v, =K+

+(eXp(——))[Z(ZZJ ix; )(9xi +

0

+Z(ZJ,X ALY (1.11)
divf =0,
EICEEES) I

0 i=1 j=1

and it is obtained on the basis of (1.7) by applying the
operation div to equation (1.1), (or (1.10)). As a result,
equation (1.1) on the basis of (1.7), (1.10) and (1.11) is
transformed to a system of Volterra and Volterra-Abel
equations of second kind, where the solvability of the
original

problem in G;(D,) follows from the

solvability of this system. Then in the same paper, by
the Sobolev theorem [11], suitable solutions of the
Navier-Stokes problem were constructed in space
W2, (D. =R"x(0,%)),

that is, in this case the

Navier-Stokes system admits a unique weak global
solution in time in W2, (D.). Theoretically, an

equation of this kind with low viscosity is of scientific

interest among mechanics and mathematicians.

2. FLUID WITH SMALL VISCOSITY

There are various mathematical transformations in the

theory of the partial differential equations which
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simplify investigated problems and allow us to find the

solutions in certain spaces ([6, 7] and [11]). In this

regard, let the components of a velocity vector v( x,t)

and f,,(i=1,2,3) be the components of a given,

externally applied force, satisfy the conditions(1.3) and,

feR® peR, A1eR®: divf =0,
div(1le)=0,

‘Dk(/)‘ < 3, =const, Vx e R?, (21)

IDf| < B, = const, ¥(x,t)e D, (i=13).

In this case, we seek the solution of the Navier-Stokes

problem in the form:

v=04+ud(xt), 2.2)

where R® € J is known vector-valued function of the

form:

1

1 t
J=
27 | I Ju(t=s)y’

xexp( 4y(t—s))drds’(X’TER ), *)

3
O<u<l; r:|X_T|:\/m:
i=1

i.e., the vector J(X,t) satisfies the differential heat

f(r,s)x

equation with the homogeneous Cauchy condition, i.e.:

J =1 +uAl,
{t # (2.3)

3| =0,¥xeR’,

and &( x,t) is a new unknown scalar function with the

condition:

I9|t:0 =p(X), VxeR®. (2.4)

Lemma 1. In case of (2.2), when conditions (1.2), (2.1)
are satisfied, the inertial terms of equation (1.1), taking
into account (2.2), are linearized with respect to the

introduced function @( x,t) and its derivatives.

Proof. In fact, under conditions (1.2) and (2.1), it
follows from (2.2):

: : 1 ¢
divf =0: div) =—| | divf (x+
A

+2& Ju(t—s),s)exp(—|£|" Yd&ds =0, 25)
r=x+2&Ju(t—s) eR?; divv=0:

3
0=divv=divol+udiv]l =D A6, .

i=1

And since

3 —

(6AV )64 = w(Zﬂbjexj )=0,(i=1,3), (2.6)
j=1

then, on the basis of (2.2), (2.5) and (2.6), the inertial terms

of equation (1.1) are equivalently converted to the form:

(VV)v=(6AV )04+ p[(OAV ) +
+HIV)OA]+ 1 (IV)I = y[(6AV ) + (.7)
+HIV)OA+ 1P (IV)J.

The indicated transformation is natural, since the
incompressibility of the original problem is
characterized with condition (1.2). Which was required

to show.

Further, substituting (2.2) into equation (1.1), we
obtain a linear inhomogeneous differential equation of

the type of heat conduction with variable coefficients:

%my[wﬂvp +(IV)OA+ 12(IV)I =
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:(1—y)f—£grad P+(ud60)A. (2.8)
o,
From where the equation for pressure is derived:
3 3
_AP - zzvixjvjxi = _{FO +
i=1 j=1
+u[Z<Z 31, )6 +Z(ZJ,X DAL 29)

3 3
ﬂzzzJixj‘]ixi'

i=1 j=1

I:0

We are taking into account the operation div with
respect to (2.8), (that's tantamount to applying the
operation div with respect to equation (1.1), since
(1.1) is equivalently converted to the form (2.8) based
on (2.2)).

In this case,
3 3 3
A2 A =4 A =AY A
j=1 j=1 j=1
gl 2%
A {_ le - (1-u)+p ZJleXj}E
(2.10)

=1 { P, — f,(1—u)+ ZJJ 2,

j=1

—ﬂa{ P, — fy(1—p)+ ZJ, 3,

(2.10) is the condition of unequivocal compatibility for
case (2.8), since @ is a scalar function. Therefore, since
there are (2.1), (2.2), (2.7) and system (2.8), then the
pressure is determined by rule (2.9), since when
applying the operation div to equation (2.8), the

equalities holds:

p tdiv(grad P) = p'4P,
divf =0, div(4.4)=0,

div( z40)2 =0, div(4J ) =0, (divd =0),
div{u[(6AV ) +(IV)OA+ 12 (IV)J }=F, +

+IU(Z(Z}“J iX; )Hxi+Z(Z‘ij Xj )ﬂ’)

Here, formula (2.9) modifies the Landau — Lifshitz

formula (see [6]: (15.11)) and is an equation of Poisson
type. Then it follows from (2.9),

P(x,t)= I%pQ(T,t Ydz,(x,7 € R®),

r=|x-1; Q(x,t)si{F0+ (2.11)
+#[IZ(Z/1, i, W +IZ(ZJJX ZaL
at that
Ip- Ipﬂ(r,t)ﬁdz':
x ox
_jpg(ft) Xdr(r-xeR?), (2.12)

where (2.11) is called the Newtonian potential [11]. On
the other hand, a solution to the Poisson equation (2.9)
tending to zero at infinity will be unique if the function

0, ,(1=1,2,3) is unique, since the function.2(x,t)

contains these functions.

To prove the above, we note that the obtained

pressure distribution law allows us to express the velocity

in integral form when v e R®. In fact, substituting (2.12)

into equation (2.8) with allowance for (2.10), we obtain an
linear heat

inhomogeneous integro-differential

conduction equation with the Cauchy condition:
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6, =+ uB[0.6, 6, 6, 1+ uAb,
(2.13)

19|t:0 =@p(Xx),Vxe R,

here the known functions contained in (2.13) are

introduced on the basis of the notation:
=0, +,,

B, =053 (1- ) f,(x.),

:iﬂ,, >0; Q(xt), (see.(2.11)):

i=1

@Z(Xlt)zdo_l[_:uZZ(zJj‘]ixj )—

-1 j=1

Z‘f' F(x+&t)dE]

I’1=\/(.§12+§22+§32 )3; h:X+'§€ R,

B10.0, 0,,.0,1=—d 003 (S A1, )+

30,01,0465' (- [ 35

X[Z(Zﬂ’jIihj(x+§!t))9hi(x+glt)+

=1 j

2 (21 (x+E0)6, (x+ & ENATAE

i=1  j=1

(2.14)

It is known that problem (2.9) with sufficiently
smooth initial data is solvable [11, 12] inG'(D, ), i.e. the

solution of the problem under study is reduced to the

determination of function @ from the equation:

+— HH Xp(— e S)»x
dzds

(Ju(t=s))*

where Y is a known function:

(2.15)
x(B[0,0,.0, .0, 1)(7.5)

2
Y=>Y7,; o=0,+®,, (see. (2.14)):

i=0

ut

xﬂly(t—s) S)dﬁdS'
OR3 )))

dzds

X@Z y —3,
(”)(\/w—s))
D,(x,t):
1 t 2
zJ;T”( p(‘4,,(t S)))
T, — X dzds

Sy S)(\/ﬂ(t—s)
- °”fjj(exp< Ry

0 RS

X[Z(ZJj(x+2§«/y(t—s),s).]mxj(x+

m=1 j=1

+2&\Ju(t-s), s))+—jz

R3Il

XZZJka(x+2§\/u(t—s)+£;s)x

xJ (x+ 28 u(t=5) + &;5)dE]x
xdéds = @y (x,1),(i=1,3),

r =§¢3,i(x,t>,(i=1,_3>,

2x¢

Y, J—J(exp( Hi ))Z JZX
xg, (x+2&[ut )&, (t>0),

restrictions:

(2.16)

and it is easy to see, since @ is a smooth function of

spatial coordinates, then the function ¥'(x,t) admits



A solution of the Navier-Stokes problem

[D|< 4, D Fi|< ., (1=13),
\chp\sﬂz; ID*r|< B,, (x.t)eD,,

SUp—— j (exp(—[¢] ))Z|§k|d5<ﬂ4l,

up—= J [ (exp(-|¢ »2 F

OR3

x|§k|d§d53ﬂ4,z’
/34 = maX(IBA,l;ﬂ42 ),

TO
Yo, ”1 - SL’tp “YOt( x,t )| dt <2, B,\ 1Ty,
0

Y, = cD+—_[(exp(—|§| )) 23:57

xf¢,(x+2§\/_)d§+
j J (exp(—ef »Z

ch,k(xiR%m,s)dfds, (t>0),

7, = sgspifln( Xt < 28,81y + (2.17)

AT BTy +uBoBy) < P,

||Y||G1(DO) = Z HDkYHC( 50) +||)/'t||l S ﬁﬁ ’
0<lk|<2

0< 3 =const, i =0,6 = const,

M X

ie, VeG'(D,).

Further, since equation (2.15) contains
9,49Xi (1=1,2,3),

then, taking into account
=W, (i=1,3), (2.18)

equation (2.15) is supplemented to a system,

e )))

dzds

el
= j [ (exp(—|[ )

0R3

x(BLOW, W, W, 1) (X +25\ u(t—5),8)x
xdéds =T, [9 W, W, W,],

0R3

xu(B[O,W, W, W,])(z,s

W=T s H( p(4(ts)»

X 7;
ﬁ (BLOM, W, W,])(z,5)
y dzds J‘J'
(\/ﬂ(t—S)):* 2w t=s
xéi(exp(—|§|2))(B[e,wl,wz,wsl)(m

+2&\u(t—s),s)d&ds = (2.19)

= I [OW, W, W,], (i=13),

T=Xx+2&Ju(t—s) eR®.

The system (2.19) consists of the Volterra and

Volterra-Abel integral equations of the second kind.
Therefore, constructing approximate solutions to such
systems, there are various methods that are well known
in the mathematics references, for example [11 and 12]
and others.

Since, under the conditions of problem (1.1) - (1.3),
the introduced Voltaire type operators
r,,(i=0,1,2,3) of system (2.19) contain small

viscositie ¢ and \/; , then the proof of solvability and

the construction of the approximate solution can be

realized on the basis of the Banach principle and the
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Picard's method [11], when conditions are allowed:

r,: dO:,uLOS\/;LFO<%,

Fi:di:\/;Lrl<%,(d<l;i:1,_3),

3

Yub, =ku<d,

j=0

J 3

k=2 L,
j=0

”F [‘901W10’W20’W30]_9”

Hf [‘901W10’W20’W3o] -W

<r(1-d),(j=13),

S.(6,)={0:]0-6,|<r,v(x,t)e Dy},

S, (W)= {W, : W, -W

Y(x,t)e Dyh(j=13),

(0 < u<min(1,d%k;?)),
<r(1-d),

ol <

o|<T,

(2.20)

where €W, is initial estimates, L, is the Lipschitz
! ]

coefficient of the operator 77;,(j=0,1,2,3), and
here with
S A R Y
E<(1-d)*M, =M, (M, =45,).
Uniqueness of functions 6W,,(i=1,2,3)

follows from the solvability of system (2.19),

moreover, into account expressions

B[O.W, W, W,] of formula (2.14) from (2.19) we

taking

have:

W, =7, %j [ (expl—[¢f )

0 R®

{d5 W, (x + 28 Ju(t—s),5)x

&
Jt=s)

xZ(Zimthm(X+2§,/,u(t—S),S))+

j=1 m=1

+O(X+2E u(t - s)s)i(iiimx

i j=1m=1

XJ,-hm(X+2§\/ﬂ(t—S),S))]+ZBmei(X+

+2EJu(t=5),8)d, (x+2&Ju(t-s),s)+
AW (x+2&EJu(t-s), $)d (X +2& %

s [u(t—s), s)]+d-1(—j25—3

R3k1

A3 Y Ay (26 H(T5) +

|Jlm1

+E SIW, (x+2&Ju(t—s) +E,5)+
+Za:zsllm‘]m (X+2§m+

j=1m=1

+E,SW, (x+2&Ju(t-s)+E&,5)+
+(—ZZ/1J mh(x+2§m+

|Jlm1

+& S, (x+ 28 [u(t—s) +£,5)+
+iiﬁijhj(X+2§«/ﬂ(t—S)+c§,s)x

j=1m=1

W, (X+2E u(t—s)+E,5)]dE }d&ds,
xeR®, £eR® EeR®; x+2&x

sy u(t—s)+E e R,

Consequently, we have an estimate of the form:

(2.22)

E <(1-d)™*[38, + 2k,\[uE] <
<(1-d)[3B,+ 2k, [uM, ] < M,

E = i”wjxj

j=

(2.23)

C(Dy)

Therefore, differentiating the first equation (2.19) with
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respect to X;,(1=1,2,3) , we obtain:

O=_
T 1L T uts)

x4u( B[O W, W, W,]1)(7,5)

w1 4,

( u(t—S))3

6 =T+ T H( |o(4(t )

—( % — r)

m u(BLOW, W, W,])(7,5)x

L drds=7, +

X<\/ (T-5))
J [ (exp(-|[ )—== J—

xﬁ(B[e, LW, WT)(x+ 26
X\ u(t—s),s)dSds,
X,EeR? r=x+2&Ju(t—s) eR’.

Since the right side of (2.24) is a known function, then,

(2.24)

taking into account (2.21), it follows from (2.24):

16]|. < B;+dM, =M,

sﬁ3+d.Mst5, (2.25)
M, = 8, +dM,; maxd, =d,(i=1,3).
And this means that the  functions

0,0,,(1=1,2,3) are uniquely determined from

(2.24), since the functions OW,,(1=1,2,3) are

unique. Therefore, pressure is the only one by formula

(2.11). Which was required to show.

On the other hand, since (2.22) with estimate (2.23)

take place, then the function sz (i=1,2,3) isdefined in

the form: 6, =W, , here in estimate takes place:

ix; /

=1,3).

0,

X lle(By)

<My, (i (2.26)
Taking into account that the function @ has second-
order continuous partial derivatives with respect to
spatial coordinates, and estimates (2.25), (2.26), we

have:
<M,. (2.27)

[o*el. s
o<lk<2 C(Do)

Then, taking the time derivative from the first equation
of (2.19), we obtain:

Xo ’0>(3]+i:u><

Jr
j [ (exp(-|2f »z—« B[6.6), .6, .6, 1)(x+

0RS®

+2§J,u(t—s),s)}d§ds =1+
j [ (exp(~|&] )

OR3

xi%{do‘l[whi(x+2§Q/y(t—s),s)x

XZ(Z m* jhy, (X+2§\] (t_ )S))+

j=1 m=1

+9(x+2§4/y(t—s),s)iiim‘]

j=1m=1

+2§\/ﬂ(t—S),S)]+Z[\/thi(x+2§><

xﬂ/y(t—s),s)\]m(x+2§«/y(t—s),s)+
+W (x+2§,/y(t—s) S ), (X+28 %

SN [ YA 4,

R3k 1 1 j=1m=1

ijhmﬁi(x+2.§,/y(t—s)+§,s)Wj(x+

6,=1,+uB[6.6, 0

+uB[0,6, .0, 0,1 N

i (X +

X
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+2§m+§,s)+
+Zsli/1m~]jhm(x+2§\/y(t7—s+

j=1m=1

+E W, (x+2&fu(t-s)+&,5)+
+iiﬁi‘]mhjﬁi(x+2§\/ﬂ(t7—5+

j=1m=1

+E S (x+ 26\ 1(t=5) +£,5)+
+23‘423:’11‘Jmh,-(x+2§\/ﬂ(t7—8+

+§,S)Wmﬁi(x+2§m+
+£,5)]dé ydéds, (1>0),

x,&,E eR, h=x+2&\[u(t—s) eR?,
h=x+2&Ju(t—s)+&eR?,

moreover, from the estimate (2.28), on the basis of
(2.16), (2.23) and (2.25) it follows:

(2.28)

TO
Al =sup |6 (x,t)dt<M,,
. =sup [ x ot <M 29

|17, < B see. (2.17).

Therefore, taking into account (2.27) and (2.29), we

obtain:

o

GH(Dy) 0;2”Dk9HC(DO) +”9‘”1 <M,

0<M, =M, +Ms.

(2.30)

Theorem 1. Let the Navier-Stokes system (1.1) is
defined on the D, = R*x[0,T,]and with prescribed

initial data (1.2), (1.3), and conditions (2.1), (2.10),
(2.17) and (2.20). Then there exists a unique solution

of the system (2.19) in G'(D, ).Moreover, taking into

account (2.2), there exists solution to problem (1.1),

(1.2) and (1.3) in G;(D,).

Remark 1. Let ve R® is the velocity vector satisfies
condition (1.2) and

V| =0, ¥xeR®, (2.31)

at that f,(x,t) is the component of a given external

force f admits the conditions:

f=(f,f,f), [D*f]<p =const, (i=13),
x e R®,V(x,t)eD,; divf =0,

T” f(x,t)dxdt = 4,

0 R®

AeR®: 0< 4 =const, (i=1,3),

and this means that R®>> A is a vector with constant

components: 0< A,(i=1,2,3), therefore, it becomes

possible to use method (2.2) of the previous paragraph,

O(x,t) is a new unknown scalar function with the

condition:

6, =0, vxeR®. (2.32)

Then, having held a similar discussion, as in the case (2.15),

we have all the conditions of theorem 1, here:

Y,(x,t)=0, since p(x)=0,xeR®, (see (2.16) and
(2.32)).

Remark 2. Let veR® is the velocity vector satisfies
conditions (1.2), (1.3), and f,(x,t) is the component of a

given external force f admits the conditions:
3 N
f eR®: divf =0; D 4, f, =0, (i=13),
i-1 : (2.33)
R®>1: 0< A =const.
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Then, based on (2.2) and (*), with respect to a new
unknown scalar function @, it follows the condition
(2.4). Therefore, taking into account (1.2), (2.5), (2.6)
and (2.33), the inertial terms of equation (1.1) are

equivalently converted to the form:

(VW)v =(OAV)OL + t(6AV )I +(IV )0A]+

i , (2.34)
+u (IV)I =u(IV)OA+u (IV)I,

where (2.34) differs from (2.7). Constraints on external
force of the form (2.33) make it possible to simplify the
Navier-Stokes problem and transform it into a system
of Volterian type integral equations of the second kind.
In fact, on the basis of (2.2) and (2.34), from (1.1)
follows the equation:

a—‘gmy(JV)e/lwz(N)J =(1-pu)f -
ot
1 (2.35)
——grad P+(u46)A,
o,
and the equation for pressure is derived:
1 3
— AP =—4rxF,(x,t), (xeR?),
p (2.36)

3

Fo Eﬂzgé‘]ixk‘:]kxi'

Since @ is a scalar function, then the condition:

1.1 3
/111{; le - fl(l_,u)"',uzzJj‘]lxj}E
=

a1 2
Eﬂ?l{;sz_fz(l_ﬂ)+ﬂ22‘]j‘]2xj}§
j=1
o - (2.37)
Eg;{;PXS — (1= )+ 1737 3,35, ),
j=1

is a univocal compatibility condition for (2.35). On the

other hand, we note that it follows from (2.36):

1
A

1
P=—p[=F(z.t)dz,(r=[x—1)), (2.38)
3 r
R
here (2.38) tends to zero at infinity, and there are
second-order partial continuous derivatives, and for the

first-order partial derivatives it takes place:

1
o 0

1
—P="p| F(rt)Ldr.
47;”R£ (1)

~ (2.39)

In addition, in this case, the pressure becomes
known, since the right side (2.38) is a known function,
which is the difference between the results of this
section and the previous one. Therefore, excluding
pressure from (2.35), we obtain a linear differential
equation with variable coefficients and with the Cauchy

condition of the form:

3
O=0—-u) 6, 3. +uAb,
‘ ,Z;‘ i (2.40)
0| _, = o(x),¥xeR?,

where

3
D=0 +D,; O =d;") (1-p)f,(xt),
j=1

@zsdal[—ﬂzZ(ZJmijm)—
j=1 m=1
1 R T
——— | R(x+&.1)) —=£dé],
472'&[ k=1‘§‘

3 ~ ~
d0=z/1, >0; xeR? £eR® r=x+£eR’.

Further, the solution of the problem under study is

reduced to the determination of function from the equation:



Taalaibek D.

0=Y—-

1 t r2
Zsﬁgl(exp(——wt_s)»x
dzds

(Ju(t=s))*

where 1" is a known function (see. (2.16)).

3 (2.41)
xyzerj(r,s)\]j(r,s)
=1

If, when studying problems (1.1), (1.2) and (1.3)
with condition (2.33),
requirements for the smoothness of the solution in the

we partially abandon the

domain, then the question arises of which functions can be
called solutions of the equation (1.1). For this purpose, let

the functions ¢,@ be continuous and divig =0, then

equation (2.41) is not reduced to the form (2.19).

Therefore, since (2.41) contains

0, (1=123),

equation

therefore, equation (2.41) can be

integrated in parts, taking into account that the integrands
tend to zero at infinity. So (2.41) is reduced to the
Volterra-Abel integral equation of the second kind with

respect to the function 4, i.e.:

O=0+JuHO=(I9)(xt), (2.42)
where

2

l t
— 0. X
zJ;TH( XS )))uz (7.)

ij(T,S) deds = x
(Ju(t-s)) 2%_3
t r2 3 X-—T-
X!l(e P s))){Z[Z 9
dzds

xJ,(7,8)+3;, (7.5)16(z.5)}

(Jult=5))
- 3 I, :o‘zﬁ(He)(x,t),

Omurov

HO=—

H(exp(—|§| »{Z[J,(H

+25M,t—n>e<x+2§m,t—n)}dgdn,

R®>h=x+2&Jun eR®,
t—s=n.

Under the conditions

L. =Jul, <1,

1
0 1,
< p < min( I H))

S,(0)={0:|6|<r¥(x,t)eD,},
Ir:S.(0)—S.(0),

(2.43)

||Y||C(50) < y =const,

equation (2.42) is solvable in C(D, ) and this solution

is constructed by the Picard's Method:
0.,=16,n=01..).

Definition 1. A generalized solution of equation (2.40)

in a domain Dj is any continuous solution to equation

(2.42) in 50, and since (2.42) has a unique solution,

then solution (2.40) is unique.

Definition 2. Under the conditions of Definition 1, a
generalized solution of the original problem is a

function v constructed by the rule (2.2).

Remark 3. In the case when the functions ¢,@ are
continuous, and div( A¢) =0 the result is valid, if we

understand the partial derivatives in the sense of S. L.
Sobolev [11]. This fact is also one of the significant

advantages of the applied method.
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4. CONCLUSIONS

The main idea of this paper is that the Navier-Stokes
equations (1.1) is reduced to Cauchy problem for
inhomogeneous linear equations with the variable
coefficients of the heat conduction type, based on the
transformation (2.2), taking into account conditions (1.2)
and (2.1). The indicated conditions are an important factor
for the linearization of equation (1.1), since (2.7) holds
when formula (2.2) introduced, i.e. the inertial terms in the
Navier-Stokes equations with respect to the new unknown
derivatives 6, ,(1=1,2,3)are

function @and its

linearized. Further, taking into account (2.2), we also obtain
Poisson type equations for pressure of the form (2.9), which
modifies the Lipschitz-Landau formula. Therefore, with the
exclusion of pressure from equation (2.8), the linear
parabolic problem (2.13) follows, which is reduced to the
system of Volterra and Volterra-Abel integral equations of
the second kind (2.19). Note that the proposed method to
solve this problem is applied for the first time. The
solutions of the transformed equations are regular with
respect to the viscosity coefficient p, and they simplify the

analysis of the original problem in space G;( D, ).

On the other hand, since the Navier-Stokes
equations with arbitrary initial conditions were studied
in paper [10], (see (1.5)), and in this paper these
equations are studied with conditions (1.3) and (2.31).
And this means that, in fact, from the obtained results
of these works it follows that the Navier-Stokes
equations for an incompressible fluid with Cauchy

conditions are transformed to well-known mathematical
problems. Note that in the future, space G,(D,) can

be used for the Navier-Stokes problem in a bounded

domain, when D, is bounded.
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