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Abstract

In physics, propagation of sound, light and water waves is modeled by hyperbolic partial

differential equations. Linear second order hyperbolic partial differential equations describe various
phenomena in acoustics, electromagnetic and fluid dynamics. In this paper, a Galerkin based Finite

Element Model has been developed to solve linear second order one dimensional Inhomogeneous
wave equation numerically. Accuracy of the developed scheme has been analyzed by comparing the

numerical solution with exact solution.
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1. Introduction

Partial Differential Equations (PDE’s) are at the
heart of many, if not most, computer analysis or
simulations of continuous physical systems, such as
fluids, electromagnetic fields, and the human body
and so on [1]. A class of hyperbolic Partial
Differential Equations which describes vibrations
with in objects and how waves are propagated is
called wave equation [2]. In physics, propagation of
sound, light and water waves is modeled by
hyperbolic partial differential equations. Linear
second order hyperbolic partial differential equations
describe  various phenomena in  acoustics,
electromagnetic and fluid dynamics. The efficient
and accurate numerical techniques for the wave
equations is of fundamental importance for the
simulation  of time  dependent  acoustic,
electromagnetic or elastic wave phenomena [3].
Finite difference methods are commonly used for the
simulations of time dependent waves because of their
simplicity and their efficiency on structured Cartesian
meshes [4-6]. However in presence of complex
geometry, their usefulness is somewhat limited. In
contrast Finite Element Methods [7, 8] can easily
handle these cases. Moreover their extension to
higher order is straightforward. In this paper, a Finite
Element Model for linear second order one
dimensional inhomogeneous wave equation has been
developed. Galerkin method has been used to setup
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the element equations and a central finite difference
scheme has been used to approximate the second
order time derivative. Accuracy of the developed
Finite Element model has been analyzed by
comparing the computed solution with exact solution.

2. Finite Element Model

Consider the second order one dimensional
Inhomogeneous Wave equation

%f  &%f

—2=a—2+ﬁsinx, O<x<l
ot OX

M)

with boundary conditions

£(0,t)=f(I,t)=0, t>0

and initial conditions

f(x,0)=¢(xt),

0<x<lI

and

%(X,O)zy/(x), 0<x<lI

2.1 Domain Discretization

Let us consider the global domain as shown in
figurel in which we have to approximate the solution
of equation (1). We divide the global domain into
finite number of rectangular elements. Let there be K
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nodes and K-1 linear elements in spatial direction. In
the figurel, i represents i™" node and (i) represents
the i™ element. Each element has two nodese. g.
element (i) has left node i and right node i+1. The
length of element (i) is given by Ax; =Xj,4 —X;. Ina
similar way we take an element along temporal axis

each of length At" =t"*1 —t",

tﬂ
(n+2)
(n+1)

(n)
(1) [ o X
>
0 i-1 | i+1 k

Fig. 1 Discretization of x —t plane

2.2 Interpolating Functions
Let us approximate the solution of equation (1)

by f(x,t), where f(x,t) is defined as
fxt) = fOx0+..+ FD(x1)
+o4 FED(xt) )

where each f®(xt) (1=123..K-1) represents
the local interpolating polynomials over the element
(i)

Write & (x,t) for i" element as

fOx = FOND )+ fia®OND 0 (3)

i+1
Where f;(t)=(i=12,...K) represents the nodal values

and Ni(i) and Ni(i+1) represent the shape functions
for the element (i) at nodes i and i+1 respectively
and Njs are Lagrangian polynomials of degree one.
We define

X—=Xj1
Xjit1 — X

ZX_Xi+1

N 0= ax @)
1

and

NG ()= :X—M
Nia (0= X1 — AX; (®)

Substituting the values from equations (4) and
(5) into equation (3), we have

0) e X Xig1 e | XX
f (Xlt)_fl[ AX; Jf|+l[ Axij (6)

2.3 Element Equations

In this section we apply Galerken method to
approximate the solution of one dimensional wave
equation given by eq.(1) i.e.,

%t  o°f .
—Z:a—2+ﬂsmx
ot OX

Whose residual is

2 2
R(x, t)—ﬂ—aﬂ—ﬂsmx @)
ot? ox>

Let us define the integral I(f(x,t)) of weighted
residual, which is developed by multiplying R(x,t)
by weighting functions W (x)(k=12,3,....) and
integrating that integral over the entire domain. Then

set this integral equal to zero. We take the general
weighting function W (x) . Therefore

2
f(xt) IW{—— ﬂ—/;’smx}dx 0

x>

b 2
I(f (1)) I\N———d —j mNQ—idx—
a ox?

JbWﬂsinxdx:O (8)

Now solving the second integral in (8) by parts

That is
b 25 b
[ aw Z L ax | aw { fi} [ LIV
a X OX |y Ja  Ox O
The factor & in first term on R.H.S., of

x
equation (9) cancels out at all interior points when we
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assemble the element equations. It exists only at first
and last node when there are boundary conditions on
derivatives. Therefore we will drop this term so that
equation (8) will take the form

1(f (x.1) jw j %ﬁd—

Ib Wgsin x dx (10)

Now the weighted residual integral 1(f (x,t)) for

the entire domain is expressed as sum of weighted
residual integrals of each element (i) (i=12,...K) .

1(f (1) =1D (£ 06 1))+ 41D (F(x, 1)) +..+

1KD (f(x,t)) =0 (11)
where
. . 2¢(i) :
10t 0e)=w i [0 T D g
% ot %; OX OX
Xi41 R
I W Bsin x dx (12)
X

To evaluate 11 (f(x,t)) given by equation (12).

We require @ (x,t) and its partial derivatives

w.r.t., tand.

Differentiating (3) two times partially w.r.t,
‘t’and substituting values of Njs from (4) and (5) we

get
2 ¢ (i) .
ot ==f{( 31—33—¥J+- Hl[—-x X'] (13)
6[2 AXi AXi

Now differentiating (3} w.r.t x

a1

o= o (=) (14)

Substituting the values from equations (13) and
(14) into equation (12)
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= Xj i+ fig — f
fm[x i Ildx+'[x 10:%{M}dx—
AXi X oX AXi

| 1 \wasinx® dx (15)
X
Writing equation (153 symbolically as

1D (f(x,t)) =A+B+C (16)

Where A, B and C represents the integrals in
equation (15). In Galerkin method, the weighted
functions Wy (k=1,2,......) are considered to be shape

functions. Here NV (x) and N{)(x) are the shape

i+1
function. Therefore let
— Xjy1

W(x)=N® (x)=- and 2 - L

. AX;
|

Substituting the value of W(x) and %—VX in

equation (15) and solving the integrals for A, B and C

a5l 5 o

(17)

AX;
A=?'[2fi + finl

Next solving for B
o[y | e
X AXi AXi

Xia o«
B=[, " S [fir~ fi (18)

Solving for the value of C
Xit1 . i
—J. Wgsin x® dx
X

C=- @[sin x{, (19)

Where x{), is average values of x; and x;,;
over the element (i). Now put the values of
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equations (17), (18) and (19) in equation (16) we
have

I(i)(f(x,t)):%[Zf + f,gl]

@[sin xg\)e]:o

Further we let, W(x)=N, (x), then

- EATSA S

(20)

i+1
W(x)—X Xi and w_ 1
AX; X  AX

Next we use these values of W(x) and %—\i‘(’

equation (15), and solving for A, B, C we get.

ol PR e e

Az%[fi 126 4] (21)
Now
B= Xi+1a|:i:| |: Xjy1— fi :|dX

Xj AXi AXi
o

B:A_Xi[f”l_fi] (22)

Solving for C we have
e[ g il
I
C= 'B(ixi) sin xave] (23)

Now substituting values from equations (21),
(22) and (23) into equation (16), we have:

10(F(x)= 2L+ 26 abe -2 [fr,g - 1]

@[sin x,|=0 (24)

equations (21) and (26) are the element equations for
i™ element.

2.4 Assembly of Element Equations
Since i™ node is common between (i) and
(i—-1) element therefore in order to get the nodal
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equation for i™ node we assemble the elements
equation for node i in (i) and (i—-1) element. The

physical domain for element (i) and (i—1) is shown
in Figure 2.

i-1 0]
(i-1) ° !

(i-1) ° 0]
i-1 | | i+1

Fig. 2 Linear Elements

As we can see from the figure 2 that the node
i +1 for the element (i) corresponds to node i for the

element (i—1) and node i in element (i) corresponds
to node (i—1) in the element (i—1). Therefore to

write the element equations for node i of element
(i-1) we will replace i by i—1 in the element

equation of element (i) for the node i+1.Thus we

have:
R e (R
i-1
ﬂ( LIC BV o™ x4 ] 0 (25)
In general Ax; =X;,1—X% and AXj_; =% —Xj_1-
Now let Ax; =Ax, and Ax;_;=Ax_. SO equations

(20) and (25) for ith node of (i) and (i-1) element will

be
Ax ”n "
6+ [f f|+1] [fi+1_ fi ] -
Xy

% sin xg\,)e]z 0 (26)
iy b2 [ n]-
’B(AX ) sin x4 ] 0 (27)

Multiplying equation (26) by -2~ and equation

(27) by - and then adding we get

n n 6
[Zf +2f|+1] = > [fia—fi] -
X)
34 [sin xg\,)e]+[fi_1 +2 fi"]+—(Aia)2



Pak. J. Engg. & Appl. Sci. Vol.17, Jul., 2015

[f; - fi_s ]38 sin 42 | =

6a 6
[Zf-"_ +4 1" +f; ]+—— fi—-fi 4 |-——
i-1 i i+1 (AX_)Z [ i i 1] (AX+)2
[f,+1 ] 3p [sm xg'v)e+sm xgve J 0 (28)

2.5 Approximation of Time Derivative
The central difference approximation for nth time
fin—l_zfin+fin+l

level is given as: f;
g 1 (At)z

Substituting this value of time derivative in
equation (31) at n" level of time, we have,

£t 20, 4 £N5L +4{ A Y LN fi””}r

(At)? (At)?
f|+1 2f|+1+f.rHl 6a (f_n_f_nl)
(At)2 (ax )2t
( _) (f|+1 fin)_3ﬂ[smx(l)e+sm)(gve 1=0
AX

On simplifying we get

il + 4 fM 4 0

= (-fr At - g @ 8 2f) -
2

Ga(at)® (fi" 'rll)Jr—Ga(At)2 (fify = fi")+
(ax_)? (A, )

38(at)? [sin x{, +sinx{=D1 (29)

Equation (29) represents the Finite Element
Scheme for second order Hyperbolic Partial Differential
Equations when we have non-uniform grid. Now for
uniform grids we have

AX, = AX_ = AX

Therefore from (29) we have
fn+1+4fn+1+ fnzl
1+
=N 8" 20 )~ ("t afN 4 f

|+1 )+

Ba(At)?

(AX)2 (f; 1_2fn + f|+1)+
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3p(At)? [sin x{, +sinx{ D1 (30)
Let d= (At)
(AX)
Therefore we have:
f|2+1 +4f n+1 f|ﬁl
=2(f + 45" + £l - (F2 4t o 0N +
6d (fI A —2fin + fi21)+
3p(At)? [sin x{, +sinx{" D (31)

Equation (31) represents the Finite Element Model
for linear second order one dimensional Inhomogeneous
wave equation with uniform mesh points.

3. Test Problem

0%t o0°f
————=sinx, O<x<rm
at?  ox?
with the boundary conditions
f(0,t)=f (=,t)=0, t>0

and initial conditions
f(x,0)=sinx
fi (x,0)=sinx

Exact Solution
f(x,t)=sinx(@+sint)

Tablel h=0.17k =0.02

X

FEM

Exact

|Error|

0.000000000

0.000000000

0.000000000

0.000000000

0.314159265

0.314917808

0.315196922

0.000279114

0.628318531

0.599009267

0.599954017

0.000530907

0.942477796

0.824465508

0.825196256

0.000730748

1.256637061

0.969217354

0.970076379

0.000859025

1.57-796327

1.019095436

1.019998667

0.000903231

1.884955592

0.969217354

0.970076379

0.000859025

2.199114858

0.824465508

0.825196256

0.000730748

2.513274123

0.599009267

0.599954017

0.000530907

2.827433388

0.314917808

0.315196922

0.000279114

3.141582654

0.000000000

0.000000000

0.000000000
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Fig. 3 Comparison of FEM with Exact Solution

4. Results and Discussion

In Table 1, a comparison of FEM solution with
exact solution along with absolute errors is presented. It
can be observed that computed values are very close to
exact values and corresponding errors are very small. In
Figure 3 both FEM and exact solutions are plotted. Dots
represent FEM solution for different nodal values and
continuous curve represents the exact solution for the
test problem. It is clear from the plot that solution
obtained by developed scheme is approximately equal
to exact solution.

5. Conclusion

A Galerkin based Finite Element Model for
linear second order one dimensional Inhomogeneous
wave equation has been developed. Accuracy of the
developed scheme has been analyzed by solving a
test problem and comparing computed values with
exact solutions.
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