
Punjab University Journal of Mathematics
(ISSN 1016-2526)
Vol. 52(5)(2020) pp. 1-14

Estimates for Certain Integral Inequalities on (p, q)-calculus

Humaira Kalsoom
School of Mathematical Sciences,

Zhejiang University, Hangzhou 310027, PR-China.
Email: humaira87@zju.edu.cn

Sabir Hussain
Department of Mathematics,

University of Engineering and Technology, Lahore, Pakistan.
Email: sabirhus@gmail.com

Muhammad Amer Latif
Department of Basic Sciences, Deanship of Preparatory Year, University of Hail Hail

2440, Saudi Arabia.
Email:m amerlatif@hotmail.com

Gullnaz Shahzadi
Department of Mechanical Engineering, Ecole de Technologie Superieure, 1100

Notre-Dame W, Montreal, QC H3C 1K3, Canada
Email:gullnaz.shahzadi.1@ens.etsmtl.ca

Received: 16 August, 2019 / Accepted: 05 March, 2020 / Published online: 01 May, 2020

Abstract. The aim of this paper is to derive a new quantum analogue
of an integral identity by using(p, q)-calculus. As a consequence of
this identity, some new estimates for Ostrowski type inequality for(p, q)-
differentiableη-convex andη-quasi-convex functions are obtained. More-
over, some new estimates for Hermite-Hadamard type inequality for(p, q)-
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1. INTRODUCTION

In mathematics,q-calculus, also known as quantum calculus, is the study of calculus
with no limits. In quantum calculus, we obtainq-analogues of mathematical objects that
can be recaptured asq → 1−. quantum calculus first time developed by Jackson in the

1



2 H.Kalsoom, S. Hussain, M.A. Latif and G. Shahzadi

early twentieth century, but the history of quantum calculus can be traced back to some
much earlier work done by Euler and Jacobi et al. [10]. The subject of quantum calculus
has numerous applications in various areas of mathematics and physics such as number
theory, orthogonal polynomials, combinatorics, basic hypergeometric functions, quantum
theory, mechanics and theory of relativity. Quantum calculus has received exclusive in-
terest by many researchers and hence it is considered to be a corporate subject between
mathematics and physics. Interested readers are referred to [5]-[3] for some current ad-
vances in the theory of quantum calculus and theory of inequalities in quantum calculus.
In recent articles, Tariboon et al. [32, 33] presented the idea ofq-derivatives andq-integral
over the definite interval[φ, ψ] of R and addressed numerous problems on quantum ana-
logues such as theq-Hlder inequality, theq-Ostrowski inequality, theq-Cauchy-Schwarz
inequality, theq-Grss-Cebysev integral inequality, theq-Grss inequality. The most recently,
Alp et al. [2], provedq-Hermite-Hadamard inequality, some newq-Hermite-Hadamard
inequalities, and generalizedq-Hermite-Hadamard inequality, also they studied some in-
tegral inequalities which provide quantum estimates for the left part of the quantum ana-
logue of Hermite-Hadamard inequality throughq-differentiable convex and quasi-convex
functions and other integral inequalities by classical convexity. Most recently, Tunç et al.
[35]-[36] derived the notion of(p, q)-calculus on[φ, ψ] of R. Mathematical formulae of
(p, q)-derivative and(p, q)-integral have been derived and new fundamental properties are
defined. The results that depend on(p, q)-calculus are the Minkowski inequality, Hölder
inequality, Gr̈uss and Gr̈uess-Chebysev inequality and many others. Latif et al. [15], gave
Hermite-Hadamard type integral inequalities for convexity and quasi-convexity functions
on (p, q)-calculus. Recently, Kunt et al. [21] proposed left part of Hermite-Hadamard in-
equalities by using(p, q)-differentiable convex as well as quasi-convex functions. Now a
days, the interest of researchers is increasing in the topic of(p, q)-calculus because of new
results established in literature. Please see, [17]-[11] and the references cited therein.
It is well known that the theory of inequality plays a fundamental role in pure and applied
mathematics and has extensive applications. Apart from the larger number of research
results of inequalities in classical analysis, there are considerable works on the study of
inequalities so that the theory of convex functions was widely discussed and applied to var-
ious areas of science. In few years, tremendous research has been witnessed on inequalities
along with a large number of articles and many productive applications.

Let g : J ⊂ R → R. A function g is called convex function onJ , if the following
inequality

g(λφ + (1− λ)ψ) ≤ λg(φ) + (1− λ)g(ψ), (1. 1)

holds for allφ, ψ ∈ J andλ ∈ [0, 1].
Recently, numerous mathematician have worked on the generalization of classical in-

equalities through different mathematical approaches. One of the most popular and useful
inequalities is the Hermite-Hadamard inequality.

In [9], Hadamard established a popular and appropriate inequality in analysis as:

g

(
φ + ψ

2

)
≤ 1

ψ − φ

∫ ψ

φ

g(λ)dλ ≤ g(φ) + g(ψ)
2

,
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the above famous inequality is called Hermite-Hadamard inequality, see [37]- [31].
The paper is organized as follows: In Sections 2 and 3, we will defined some notions of
η-convexity andη-quasi-convexity and(p, q)-calculus. As an auxiliary result, we introduce
an identity correlated with(p, q)-differentiable functions. In Section 4 and 5, with the help
of the auxiliary result, we will establish our main results and last section is conclusion.

2. FORMULATIONS AND BASIC FACTS

Let us recall the formulations and basic facts which are firmly concerned to this paper.
A new class of convexity was put forward by Gordji et al. [7]. This new class is known
asη-convex function. The class ofη-convex function is generalization of classical convex
function.

Definition 2.1. A functiong : J ⊂ R → R is called anη-convex function, If following
inequality defined as

g ((1− λ)φ + λψ) ≤ g(φ) + λη(g(ψ), g(φ)), (2. 2)

holds for allφ, ψ ∈ J andλ ∈ [0, 1].

Note that, if we putη(g(ψ), g(φ)) = g(ψ) − g(φ) in inequality ( 2. 2 ), then we get
inequality ( 1. 1 ).

Definition 2.2. [7] A functiong : J ⊂ R→ R is called anη-convex function, If following
inequality defined as

g ((1− λ)φ + λψ) ≤ max {g(φ), g(φ) + η(g(ψ), g(φ))} ,

holds for allφ, ψ ∈ J andλ ∈ [0, 1].

Gordji et al. in [7] presented the following inequality
Let g : [φ, ψ] → R be anη-convex function such thatη be bounded above ong ([φ, ψ])×

g ([φ, ψ]), then

g

(
φ + ψ

2

)
− 1

2

∫ ψ

φ

η(g(φ + ψ − λ), g(λ))dλ

≤ 1
ψ − φ

∫ ψ

φ

g(λ)dλ ≤ g(φ) + g(ψ)
2

+
η (g(φ), g(ψ)) + η (g(ψ), g(φ))

4
.

For more information aboutη-convex functions, see [7, 8].
Moreover, in the literature Ostrowski inequality is another one of the most significant

mathematical inequalities. Many mathematicians have worked on and around it in several
different ways with many applications in Analysis and Probability etc. It is stated in [23]
as follows:

Let g : [φ, ψ] → R be a continuously differentiable function on[φ, ψ] and ||g′ ||∞ =
sup

z∈(φ,ψ)

∣∣∣g′ (z)
∣∣∣ < ∞, then

∣∣∣∣∣g (x)− 1
φ− ψ

∫ ψ

φ

g(z)dz

∣∣∣∣∣ ≤
[

(x− φ)2 + (ψ − x)2

2 (φ− ψ)

] ∥∥∥g
′
∥∥∥
∞
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holds for allx ∈ [φ, ψ] .
Now we defined some basic definitions and properties onq-calculus which is first time

introduced by Tariboon et al. [32, 33].

Definition 2.3. [33] A functiong : [φ, ψ] → R is said to be continuous, quantum derivative
of g at λ ∈ [φ, ψ] with 0 < q < 1 is characterized by the expression

φDqg(λ) =
g(λ)− g(qλ + (1− q)φ)

(1− q)(λ− φ)
, λ 6= φ.

we haveφDqg(φ) = lim
φ→λ

Dqg(λ).

Definition 2.4. [33] A functiong : [φ, ψ] → R is said to be continuous, quantum-integral
over[φ, ψ] with 0 < q < 1 is characterized by the expression

∫ λ

φ

g(x)φdqx = (1− q)(λ− φ)
∞∑

n=0

qng (qnλ + (1− qn) φ)

for λ ∈ [φ, ψ]. If γ ∈ (φ, λ), thenq-integral on[γ, λ] is stated as
∫ λ

γ

g(x)φdqx =
∫ λ

φ

g(x)φdqx−
∫ γ

φ

g(x)φdqx.

Alp et al. [2], addressed generalizedq-Hermite-Hadamard type inequality on quantum
calculus:

Theorem 2.5. [2] Let g : [φ, ψ] → R be a quantum convex function over[φ, ψ] with
q ∈ (0, 1). Then we have

g

(
qφ + ψ

1 + q

)
≤ 1

ψ − φ

∫ ψ

φ

g(x)φdp,qx ≤ qg(φ) + g(ψ)
1 + q

.

Motivated by this ongoing research on quantum analogues forq-differentiable convex
functions. Tunç et al. [35] derived notion of(p, q)-calculus on the intervals[φ, ψ] of R.

Definition 2.6. [35] A functiong : [φ, ψ] → R is said to be continuous, then(p, q)-
differentiable function ofg at λ ∈ [φ, ψ] with 0 < q < p ≤ 1 is defined as:

φDp,qg(λ) =
g(pλ + (1− p)φ)− g(qλ + (1− q)φ)

(p− q)(λ− φ)
, λ 6= φ.

we haveφDp,qg(φ) = lim
φ→λ

Dp,qg(λ).

Definition 2.7. [35] A functiong : [φ, ψ] → R is said to be continuous, the definite(p, q)-
integral over[φ, ψ] with 0 < q < p ≤ 1 is defined as:

∫ λ

φ

g(x)φdp,qx = (p− q)(λ− φ)
∞∑

n=0

qn

pn+1
g

(
qn

pn+1
λ +

(
1− qn

pn+1

)
φ

)

for λ ∈ [φ, ψ]. If c ∈ (φ, λ), then it is defined as
∫ λ

c

g(x)φdp,qx =
∫ λ

φ

g(x)φdp,qx−
∫ c

φ

g(x)φdp,qx.
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Latif et al. [22] introduced Hermit Hadamard type inequality for(p, q)-calculus as fol-
lows:

Theorem 2.8. [22] Let g : [φ, ψ] → R be a convex differentiable function on[φ, ψ] and
0 < q < p ≤ 1. Then we have

g

(
qφ + pψ

p + q

)
≤ 1

p(ψ − φ)

∫ pψ+(1−p)φ

φ

g(x)φdp,qx ≤ qg(φ) + pg(ψ)
p + q

.

Latif et al. [22] also presented a Lemma which is engaged with(p, q)-trapezoidal type
inequality as follows:

Lemma 2.9. Letg : [φ, ψ] → R be a(p, q)- differentiable function on(φ, ψ). If φDp,qg is
continuous and integrable on[φ, ψ] where0 < q < p ≤ 1, then we get

Hg (φ, ψ; p; q) =
1

p(ψ − φ)

∫ pψ+(1−p)φ

φ

g(x)φdp,qx− qg(φ) + pg(ψ)
p + q

=
q(ψ − φ)

p + q

∫ 1

0

(1− (p + q))φDp,qg(λψ + (1− λ)φ)0dp,qλ.

Ostrowski type inequalities forq-differentiable convex functions presented by Noor et
al. in [27].

Lemma 2.10. Let g : [φ, ψ] → R be aq-differentiable function on(φ, ψ). If φDqg is
continuous and integrable on[φ, ψ] where0 < q < 1, then

Mg (φ, ψ; q) = g(x)− 1
ψ − φ

∫ ψ

φ

g(u)φdqu

=
q (x− φ)2

ψ − φ

∫ 1

0

λφDqg(λx + (1− λ)φ)0dqλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λφDqg(λx + (1− λ)ψ)0dqλ,

holds for allx ∈ [φ, ψ].

In this context, the actual motivation of this paper is introducing a certain(p, q)-integral
inequalities by usingη-convex andη-quasi-convex functions. These are obtained as special
cases whenp = 1 andq → 1.

3. A KEY LEMMA

Lemma 3.1. Letg : [φ, ψ] → R be a(p, q)- differentiable function on(φ, ψ). If φDp,qg is
continuous and integrable on[φ, ψ] where0 < q < p ≤ 1, then

Kg (φ, ψ; p; q) = g(x)− 1
p(ψ − φ)

∫ pψ+(1−p)φ

φ

g(u)φdp,qu

=
q (x− φ)2

(ψ − φ)

∫ 1

0

λφDp,qg(λx + (1− λ)φ)0dp,qλ

+
q (ψ − x)2

(ψ − φ)

∫ 1

0

λφDp,qg(λx + (1− λ)ψ)0dp,qλ,
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holds for allx ∈ [φ, ψ].

Proof. Applying Definition 2.6 and Definition 2.7 , we have

(x− φ)2

(ψ − φ)

∫ 1

0

λφDp,qg(λx + (1− λ)φ)0dp,qλ

+
(ψ − x)2

(ψ − φ)

∫ 1

0

λφDp,qg(λx + (1− λ)ψ)0dp,qλ

= I1 + I2. (3. 3)

Now

I1 =
(x− φ)2

ψ − φ

∫ 1

0

g(pλx + (1− pλ)φ)− g(qλx + (1− qλ)φ)
(p− q)(x− φ) 0dp,qλ

=
x− φ

ψ − φ




∑∞
n=0

qn

pn+1 g
(

qn

pn x +
(
1− qn

pn

)
φ
)

−∑∞
n=0

qn

pn+1 g
(

qn+1

pn+1 x +
(
1− qn+1

pn+1

)
φ
)




=
x− φ

ψ − φ




1
p

∑∞
n=0

qn

pn g
(

qn

pn x +
(
1− qn

pn

)
φ
)

− 1
q

∑∞
n=1

qn

pn g
(

qn

pn x +
(
1− qn

pn

)
φ
)




(3. 4)

=
x− φ

ψ − φ




1
q g(x)−

(
1
q − 1

p

)

×∑∞
n=0

qn

pn g
(

qn

pn x +
(
1− qn

pn

)
φ
)




=
(x− φ)

q (ψ − φ)
g(x)− 1

pq(ψ − φ)

∫ px+(1−p)φ

φ

g(u)φdp,qu. (3. 5)

Similarly

I2 =
(ψ − x)

q (ψ − φ)
g(x)− 1

pq(ψ − φ)

∫ pψ+(1−p)x

x

g(u)φdp,qu. (3. 6)

Substituting(3.5) and(3.6) into (3.3), and multiplying the resulting identity byq gives the
desired identity. ¤

4. MAIN RESULTS

Theorem 4.1. Let g : J ⊂ R→ R be a(p, q)-differentiable function onJo with 0 < q <
p ≤ 1. If φDp,qg is continuous and integrable on[φ, ψ] such that|φDp,qg| is anη-convex
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function on[φ, ψ], whereφ, ψ ∈ J◦ with φ < ψ, then

|Kg (φ, ψ; p; q)|

≤ q (x− φ)2

(ψ − φ)

[
1

p + q
|φDp,qg (φ)|+ 1

p2 + pq + q2
η (|φDp,qg (x)| , |φDp,qg (φ)|)

]

+
q (ψ − x)2

(ψ − φ)

[
1

p + q
|φDp,qg (ψ)|+ 1

p2 + pq + q2
η (|φDp,qg (x)| , |φDp,qg (ψ)|)

]

holds for allx ∈ [φ, ψ].

Proof. Utilizing Lemma 3.1 and the fact that|φDp,qg| is η-convex function on[φ, ψ], we
get

|Kg (φ, ψ; p; q)| =
∣∣∣∣∣
q (x− φ)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)φ)0dp,qλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)ψ)0dp,qλ

∣∣∣∣∣

≤ q (x− φ)2

ψ − φ

∫ 1

0

λ |φDp,qg(λx + (1− λ)φ)| 0dp,qλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λ |φDp,qg(λx + (1− λ)ψ)| 0dp,qλ

≤ q (x− φ)2

ψ − φ

∫ 1

0

λ [|φDp,qg (φ)|+ λη (|φDp,qg (x)| , |φDp,qg (φ)|)] 0dp,qλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λ [|φDp,qg (ψ)|+ λη (|φDp,qg (x)| , |φDp,qg (ψ)|)] 0dp,qλ

≤ q (x− φ)2

ψ − φ

[
1

p + q
|φDp,qg (φ)|+ 1

p2 + pq + q2
η (|φDp,qg (x)| , |φDp,qg (φ)|)

]

+
q (ψ − x)2

ψ − φ

[
1

p + q
|φDp,qg (ψ)|+ 1

p2 + pq + q2
η (|φDp,qg (x)| , |φDp,qg (ψ)|)

]
.

Hence, we get the outcome that we need. ¤

Theorem 4.2. Let g : J ⊂ R → R be a(p, q)-differentiable function onJo with 0 <
q < p ≤ 1. If φDp,qg is continuous and integrable on[φ, ψ] such that|φDp,qg|r is an
η-convex function on[φ, ψ] whereφ, ψ ∈ J◦ with φ < ψ, then

|Kg (φ, ψ; p; q)| ≤ q (x− φ)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

(
|φDp,qg (φ)|r +

1
p + q

×η (|φDp,qg (x)|r , |φDp,qg (φ)|r)) 1
r +

q (ψ − x)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

×
(
|φDp,qg (ψ)|r +

1
p + q

η (|φDp,qg (x)|r , |φDp,qg (ψ)|r)
) 1

r
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holds for allx ∈ [φ, ψ] and fors, r > 1, 1
s + 1

r = 1.

Proof. Utilizing Lemma 3.1 , application of Ḧolder inequality andη-convexity of|φDp,qg|r
on [φ, ψ], we get

|Kg (φ, ψ; p; q)| =
∣∣∣∣∣
q (x− φ)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)φ)0dp,qλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)ψ)0dp,qλ

∣∣∣∣∣

≤ q (x− φ)2

ψ − φ

(∫ 1

0

λs

) 1
s

(∫ 1

0

|φDp,qg(λx + (1− λ)φ)|r 0dp,qλ

) 1
r

+
q (ψ − x)2

ψ − φ

(∫ 1

0

λs

) 1
s

(∫ 1

0

|φDp,qg(λx + (1− λ)ψ)|r 0dp,qλ

) 1
r

≤ q (x− φ)2

ψ − φ

(
p− q

p1+s − q1+s

) 1
s

×
(∫ 1

0

[|φDp,qg (φ)|r + λη (|φDp,qg (x)|r , |φDp,qg (φ)|r)] 0dp,qλ

) 1
r

+
q (ψ − x)2

ψ − φ

(
p− q

p1+s − q1+s

) 1
s

×
(∫ 1

0

[|φDp,qg (ψ)|r + λη (|φDp,qg (x)|r , |φDp,qg (ψ)|r)] 0dp,qλ

) 1
r

≤ q (x− φ)2

ψ − φ

(
p− q

p1+s − q1+s

) 1
s

×
(
|φDp,qg (φ)|r +

1
p + q

η (|φDp,qg (x)|r , |φDp,qg (φ)|r)
) 1

r

+
q (ψ − x)2

ψ − φ

(
p− q

p1+s − q1+s

) 1
s

×
(
|φDp,qg (ψ)|r +

1
p + q

η (|φDp,qg (x)|r , |φDp,qg (ψ)|r)
) 1

r

.

We get our required result. ¤

Theorem 4.3. Let g : J ⊂ R → R be a(p, q)-differentiable function onJo with 0 <
q < p ≤ 1. If φDp,qg is continuous and integrable on[φ, ψ] such that|φDp,qg|r is an
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η-quasi-convex function on[φ, ψ] whereφ, ψ ∈ J withφ < ψ, then fors, r > 1, 1
s + 1

r = 1,

|Kg (φ, ψ; p; q)| ≤ q (x− φ)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

× (max {|φDp,qg (φ)|r , |φDp,qg (φ) + η (φDp,qg (φ) , φDp,qg (x))|r}) 1
r

+
q (ψ − x)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

× (max {|φDp,qg (ψ)|r , |φDp,qg (φ) + η (φDp,qg (φ) , φDp,qg (x))|r}) 1
r ,

holds for allx ∈ [φ, ψ].

Proof. Utilizing Lemma 3.1 , application of Ḧolder inequality andη-quasi-convexity of
|φDp,qg|r on [φ, ψ], we get

|Kg (φ, ψ; p; q)| =
∣∣∣∣∣
q (x− φ)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)φ)0dp,qλ

+
q (ψ − x)2

ψ − φ

∫ 1

0

λφDp,qg(λx + (1− λ)ψ)0dp,qλ

∣∣∣∣∣

≤ q (x− φ)2

ψ − φ

(∫ 1

0

λs

) 1
s

(∫ 1

0

|φDp,qg(λx + (1− λ)φ)|r 0dp,qλ

) 1
r

+
q (ψ − x)2

ψ − φ

(∫ 1

0

λs

) 1
s

(∫ 1

0

|φDp,qg(λx + (1− λ)ψ)|r 0dp,qλ

) 1
r

≤ q (x− φ)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

× (max {|φDp,qg (φ)|r , |φDp,qg (φ) + η (φDp,qg (φ) , φDp,qg (x))|r}) 1
r

+
q (ψ − x)2

(ψ − φ)

(
p− q

p1+s − q1+s

) 1
s

× (max {|φDp,qg (ψ)|r , |φDp,qg (ψ) + η (φDp,qg (ψ) , φDp,qg (x))|r}) 1
r .

The proof is completed. ¤

Now we calculate new quantum estimates for Hermite-Hadamard type inequalities by
usingη-convexity,η-quasi-convexity and(p, q)-calculus.

Theorem 4.4. Letg andh be two non-negativeη-convex functions defined on a non-empty
interval [φ, ψ] of real line R, then

1
p(ψ − φ)

∫ pψ+(1−p)φ

φ

g(x)h(x)φdp,qx

≤ g (φ)h (φ) +
1

p + q
H1 (φ, ψ, η) +

1
p2 + pq + q2

H2 (φ, ψ, η) ,
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where

H1 (φ, ψ, η) = g (φ) η (h (ψ) , h (φ)) + h (φ) η (g (ψ) , g (φ))

and

H2 (φ, ψ, η) = η (h (ψ) , h (φ)) η (g (ψ) , g (φ)) .

Proof. Sinceg andh be two non-negativeη-convex functions on[φ, ψ], then

g ((1− λ)φ + λψ) ≤ g(φ) + λη(g(ψ), g(φ)) (4. 7)

and

h ((1− λ)φ + λψ) ≤ h(φ) + λη(h(ψ), h(φ)). (4. 8)

Multiplying inequality(4.7) to inequality(4.8), we get

g ((1− λ)φ + λψ)h ((1− λ)φ + λψ)

= g (φ) h (φ) + λg (φ) η (h (ψ) , h (φ)) + λh (φ) η (g (ψ) , g (φ))

+λ2η (h (ψ) , h (φ)) η (g (ψ) , g (φ)) . (4. 9)

Applying (p, q)-integration on inequality(4.9) with respect toλ on [0, 1], we have

1
p(ψ − φ)

∫ pψ+(1−p)φ

φ

g(x)h(x)φdp,qx

= g (φ)h (φ) +
1

p + q
[g (φ) η (h (ψ) , h (φ)) + h (φ) η (g (ψ) , g (φ))]

+
1

p2 + pq + q2
η (h (ψ) , h (φ)) η (g (ψ) , g (φ)) .

We get our desire result. ¤

Theorem 4.5. Let g : J ⊂ R → R be a(p, q)-differentiable function onJ◦ with 0 <
q < p ≤ 1. If φDp,qg is continuous and integrable onJ such that|φDp,qg| is anη-convex
function on[φ, ψ], whereφ, ψ ∈ J◦ andφ < ψ, then

|Hg (φ, ψ; p; q)| ≤ q(ψ − φ)
p + q

{ν1 (p, q) |φDp,qg (φ)|
+ν2 (p, q) η (|φDp,qg (ψ)| , |φDp,qg (φ)|)} ,

where

ν1 (p, q) =
2 (p + q − 1)

(p + q)2
,

ν2 (p, q) =
q
[(

p3 − 2 + 2p
)

+
(
2p2 + 2

)
q + pq2

]
+ 2p2 − 2p

(p + q)3 (p2 + pq + q2)
.
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Proof. Utilizing Lemma 2.9 andη-convexity of|φDp,qg| on [φ, ψ], we get

|Hg (φ, ψ; p; q)| =
∣∣∣∣
q(ψ − φ)

p + q

∫ 1

0

(1− (p + q))φDp,qg(λψ + (1− λ)φ)0dp,qλ

∣∣∣∣

≤ q(ψ − φ)
p + q

∫ 1

0

|(1− (p + q))| |φDp,qg(λψ + (1− λ)φ)| 0dp,qλ

≤ q(ψ − φ)
p + q

∫ 1

0

|(1− (p + q))| [|φDp,qg (φ)|+ λη (|φDp,qg (ψ)| , |φDp,qg (φ)|)] 0dp,qλ

≤ q(ψ − φ)
p + q

{
|φDp,qg (φ)|

∫ 1

0

|(1− (p + q))| 0dp,qλ

+η (|φDp,qg (ψ)| , |φDp,qg (φ)|)
∫ 1

0

λ |(1− (p + q))| 0dp,qλ

}

≤ q(ψ − φ)
p + q




2(p+q−1)

(p+q)2
|φDp,qg (φ)|

+
q[(p3−2+2p)+(2p2+2)q+pq2]+2p2−2p

(p+q)3(p2+pq+q2)

×η (|φDp,qg (ψ)| , |φDp,qg (φ)|)




.

We get our required result. ¤

Theorem 4.6. Let g : J ⊂ R → R be a (p, q)-differentiable function onJ◦ such that
φDp,qg be continuous and integrable onJ where0 < q < p ≤ 1. If |φDp,qg|r is an
η-convex function on[φ, ψ], then

|Hg (φ, ψ; p; q)| ≤ ψ − φ

p + q

(
2 (p + q − 1)

(p + q)2

)1− 1
r

(ν1 (p, q) |φDp,qg (φ)|r

+ν2 (p, q) η (|φDp,qg (ψ)|r , |φDp,qg (φ)|r)) 1
r ,

whereν1 (p, q) andν2 (p, q) are as defined in Theorem 4.5 andr > 1.
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Proof. Utilizing Lemma 2.9, application of Ḧolder inequality andη-convexity of|φDp,qg|r,
we get

|Hg (φ, ψ; p; q)| ≤ q(ψ − φ)
p + q

(∫ 1

0

|(1− (p + q))| 0dp,qλ

)1− 1
r

×
(∫ 1

0

|(1− (p + q))| |φDp,qg(λψ + (1− λ)φ)| 0dp,qλ

) 1
r

≤ q(ψ − φ)
p + q

(
2 (p + q − 1)

(p + q)2

)1− 1
r

×




2(p+q−1)

(p+q)2
|φDp,qg (φ)|r

+
q[(p3−2+2p)+(2p2+2)q+pq2]+2p2−2p

(p+q)3(p2+pq+q2)

×η (|φDp,qg (ψ)|r , |φDp,qg (φ)|r)




1
r

.

This completes the proof. ¤

Theorem 4.7. Let g : J ⊂ R→ R be a(p, q)-differentiable function onJo with 0 < q <
p ≤ 1. If φDp,qg is continuous and integrable onJ such that|φDp,qg|r is an η-quasi-
convex function on[φ, ψ], whereφ, ψ ∈ J◦ with φ < ψ, then

|Hg (φ, ψ; p; q)| ≤ q(ψ − φ)
p + q

(
2 (p + q − 1)

(p + q)2

)
(max {|φDp,qg (φ)|r , |φDp,qg (φ)|r

+η (|φDp,qg (ψ)|r , |φDp,qg (φ)|r)}) 1
r ,

holds forr ≥ 1

Proof. Utilizing Lemma 2.9, application of Ḧolder inequality andη-quasi-convexity of
|φDp,qg|r on [φ, ψ], we get

|Hg (φ, ψ; p; q)| ≤ q(ψ − φ)
p + q

(∫ 1

0

|(1− (p + q))| 0dp,qλ

)1− 1
r

×
(∫ 1

0

|(1− (p + q))| |φDp,qg(λψ + (1− λ)φ)| 0dp,qλ

) 1
r

≤ q(ψ − φ)
p + q

(
2 (p + q − 1)

(p + q)2

)
(max {|φDp,qg (φ)|r , |φDp,qg (φ)|r

+η (|φDp,qg (ψ)|r , |φDp,qg (φ)|r)}) 1
r .

We get our result. ¤
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5. CONCLUSIONS

In this paper, we have obtained some new results for the(p, q)-calculus of Ostrowski and
HermiteHadamard type inequalities for(p, q)-integral. Our work has improved the results
of [27] and can be reduced to the classical inequality formulas in special cases whenp = 1
andq → 1−. It is expected that this paper may stimulate further research in this field.
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[2] N. Alp, M. Z. Sarıkaya, M. Kunt anḋI. İşcan,q-Hermite-Hadamard inequalities and quantum estimates for
midpoint type inequalities via convex and quasi-convex functions, J. King Saud Univ. Sci.30, No. 2 (2018)
193-203.

[3] H. H. Chu, H. Kalsoom, S. Rashid, M. Idrees, F. Safdar, Y .M. Chu and D. Baleanu,Quantum Analogs
of Ostrowski-Type Inequalities for Rainas Function correlated with Coordinated GeneralizedΦ-Convex
Functions, Symmetry.12, No. 2 (2020) 308.

[4] y. Deng, H. Kalsoom, and S. Wu,Some New Quantum Hermite-Hadamard Type Estimates Within a Class of
Generalized(s, m)-Preinvex Functions, Symmetry.11, No. 10 (2019) 1283.

[5] T. Ernst,The History ofq-Calculus and a New Method, Uppsala University: Uppsala, Sweden, 2000.
[6] H. Gauchman,Integral inequalities inq-Calculus, Comput. Math. Appl.47, No. 2-3(2004) 281-300.
[7] M. E. Gordji and M. R. Delavar,On φ-convex functions, J. Math. Inequal. No. 10 (2016) 173-183.
[8] M. E. Gordji, M. R. Delavar and S. S. Dragomir,An inequality related toη-convex functions, II, Int. J.

Nonlinear Anal.Appl. No. 6 (2015) 27-33.
[9] Hadamard, J.́Etude sur les Propriét́es des Fonctions Entières en Particulier d’une Fonction Considéŕee par
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[34] TM. Tunç and E. G̈ov, Some integral inequalities via(p, q)-calculus on finite intervals, RGMIA Res. Rep.
Coll. 19, (2016) 95.
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