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Abstract. The studies of inequalities regarding the fractional differen-
tial and integral operators are considered to be essential because of their
potential applications among researchers. This paper consigns to the gen-
eralizations of novel fractional integral inequalities. TtidyR-Szed type
variants are generalized by involvirig-fractional conformable integrals
(KFCI). This is the-analogue of the fractional conformable integrals.
We discuss the implications and other consequences of tfractional
conformable fractional integrals.
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1. INTRODUCTION

Fractional calculus is the calculus of integrals and derivatives of any arbitrary real or
complex order. Recently fractional calculus has gained significant popularity because it
provides several potential tools for solving various problems arising in different fields of
pure and applied sciences. For example, it contributes very well to problems involving
special functions of mathematical physics. Another reason for its involvement in other
branches of science is that it can be considered a powerful tool for describing the long-
memory process. For useful detail, see [14, 46, 47]. In many branches of pure and applied
mathematics, the fractional differential and integral operators are very beneficial devices
to perform the large variety of complicated amounts of powers of differentiation and inte-
gration. For an entire description of fractional calculus operators similarly to their features
and applications, we refer the readers to the research manuscripts by Miller and Ross [12]
and Kiryakova [9]. Numerous diverse definitions of fractional integrals at the side of their
applications may be sought within the literature. Every description has its own benefits
and suitable for applications to fantastic problems in various topics of sciences. Recently,
Jarad et al. [6] contributed one greater element to the test of fractional operators with the
useful resource of introducing new fractional integral and derivative operators which is
probably based totally on the extremely-modern fractional calculus iteration procedure on
conformable derivatives introduced by Abdeljawad [1].

Inequalities concerning fractional integrals are deemed to be critical as they may be
valuable in the study of diverse differential and integral equations (see [13, 36, 37, 38, 39,
40, 41, 42]). This technigque has drawn the attention of many mathematicians in the past
several years. For inequalities associated with generalized fractional operators, we refer
[5, 7, 8, 10, 11, 15, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. A variety
of fractional integral operators is referred to in the literature for their fertile applications
in every field of sciences. Sarikaya et al. [44] used the concepts of Riemann-Liouville
fractional integrals and obtained a fractional analogue of Hermite-Hadamard’s inequality.
This idea compelled many researchers to use the concepts of fractional calculus in the the-
ory of inequalities. Resultantly several new fractional analogues of classical results have
been obtained using different novel and innovative approachesCIralogues of numer-
ous classical and fractional operators have been taken into consideration approximately a
decade ago by few researchers, see the references [16, 19, 20, 21, 36, 43, 45]. We describe
somek-analogues of classical operators existing in the literature.

Mubeen and Habibullah [14] used this specififunctions concept in fractional calculus

for very recently in literature in the form d€-Riemann-Liouville fractional integral. Re-
cently, many researchers are providing the new fractional differential operators and their
generalized versions using iteration techniques and also for parakheted. Addition-

ally, they determined the relationships of these generalized fractional operators with exist-
ing fractional and classical operators for the specific values of the parameters concerned.
The study of fractional type inequalities is also of great importance. We refer the reader to
[2, 17, 45] for further information and applications.
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Polya-Szeg integral inequality is one of the most intensively studied inequality. This in-
equality was introduced bydPya-Sze@ [18]:

(ff1 Nax)© < OF |

Dragomir and Diamond proved that [4]
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wheref; andh; are two positive integrable functions @i v] such that
0<g¢<fiN)<Q<o0, 0<r<h(A\)<R<o.

The theory of special’-functions was originated by Diaz and Pariguan in the fornCof
Pochhammer symbdk),, i, the K-gamma functiorl'x and thelC-beta functionix (see

[3]):
(1Wnx = p(p+ K)(p+2K)...(p+ (n = 1K), (n e N,K>0),
and
. nlK*(nK)£~t
r = lim —————
k(p) = lim (mx
where(u), k is the PochammefC-symbol for factorial function. Th&-gamma func-

, K>0, 1. 2)

EY
tion can also be shown explicitly as the Mellin tranform of the exponential funeticr
given by
K
Ti(p) = /ﬂﬂ‘le—fcw, x> 0.
0

Clearly,
(p) = lim Tie(p),  Tre(u) = KX7'T(z)

Dic(p+K) = plc(p).
Further,/C-delta function denoted by

al=

6/C(‘T7y) -

&=

1
/19%*1(1 —9)k 1y,
0

such thabi(z, y) = £0(&, &) anddy (z, y) = TFEleW),

The main objective of this manuscript is to introduce the fractional conformable integrals
said in [5] in the frame ofC > 0 as well as its existence. We additionally generalize

the RFolya-Szeg@ inequalities given in [18] for two positive functions involving innovative
technique known a&-fractional conformable integrals (KFCI). we have provided the in-
equalities and associated consequences concerning one and fractional parameters. The
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work involved to the inequalities, their fertile application, and stability we refer the readers
to [6, 46, 47].

Abdeljawad [1] introduced the left and right fractional conformable derivatives for a dif-
ferentiable functiory; in the form:

38 A = =) f ),

38N = (0= N ),

The corresponding left and right fractional conformable integral® fara < 1, by

35, i) = [ (Af%iacﬂ,

u

32 fi(z) = / (Ufl(ﬁ))l_adx

x
Recalling the concept of the fractional conformable integral operator, which is mainly due
to Jarad et al. [6].

Definition 1.1. For § € C, and Re(d) > 0, then the left-sided and right-sided fractional
conformable integral operator of ordéris defined as

x

i) = o [ (R )

r(s) « (A —u)t-o’
5 o 1 /x (v—12)* — (v —A)*\o-1 dX
T 1) = 15 ( o ) Ao (v—A)i-e
wherel'(d) is the Gamma function is defined as

') = /e_“,ué_ldu.
0
Next, we define the generalized left and right fractional conformable integrals in the
frame of a new parametét > 0 introduced in [5].

Definition 1.2. For § € C, Re(d) > 0, and letf; be a continuous function on a finite real
interval [u, v]. Then generalized left-sided and right-sid€d"CI of order is defined as

o 1 (x —u)® — (A —u)*\ &1 dA
T fi(z) = KTx(0) /( o ) fl()\)mv (1.3)

u
v

o 1 (v—2)* — (v —AN)¥\ =1 A
;Scjv—fl(m) = KTx(0) /( o ) fl(/\)m (1. 4)

x

wherel ' is the EulerC-Gamma functioniC > 0, € R\ {0}.
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2. MAIN RESULTS

In this section, we establish certaibliPa-Sze@ type integral inequalities for positive
integrable functions involving the generaliz&dfractional conformable integral operator
1. 3).

Theorem 2.1. Let f; and h; be two positive integrable functions @ oo). Assume that
there exist four positive integrable functiops, ¢2, ¢ and, on [0, oo) such that:

(1) 0<wi(N) < fi(A) S w2(A), 0 <91 (A) <hi(A) <), (A€ [u,2]).

Then foré > 0, the following inequality holds:

(272 ) {wrvas?} @) 272) {ereeht} @)
(( ?ci?) {(e1v1 + <P2¢2)f1h1}($))2

Proof. From(I), for A € [u, ], we have

(902()\) f1()\)) > 0. (2. 6)

< (2.5)

1
1

Yi(A) hi(N)

Analogously, we have

fi(A) _ e1(A)
(o ) 2° @D
Multiplying (2. 6 ) and (2. 7 ), we obtain
©2(A) _ JiA)y 1Y) _ e1(A)
om0 Go ~noy) 2 (2.8)
The inequality (2. 8) can be written as
LYV + e2(N) 2 (A) Fr(Nh(A) = hr(Ne2 (W) T (A) + p1(N)p2(MAI(N). (2. 9)

o « -1
Now, multiplying both sides of (2. 9) byl E=w-—C=w= * (

the resulting inequality with respeatfrom « to x, we get

)\,ul)lfa Jthen integrating

7z

1 (x—u)* — (A —uw)* &1 p1(N)P1(A) + p2(N)h2(A) fi(A)hi(N)dA
kF/c(d) e ()\ _ u)lfa
7z
1 (z—w)* = (A —w)* =11 (NN i)
2 FTx () o O—uyia A
yi
1 (z—uw)* = (A —uw)* £-1oi(N)e2(Nhi(N)
() o G—uyi—a (2. 10)

u

from which, one has
TS (P +p2te) fiha (2) > RIS daefi (@) + RIS prp2hi ().

Applying the AM — GM inequality, thatis.u + v > /av, p,v € RT, we have
r

XTS (p1in + pate) frln (z) > CTe afi (x) LJe  prpahd (@),
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which leads to

XTS iefi (z) TS prpehi (z) < TS (pr + pav2) fiha () ’

NI

Therefore, we obtain the inequality (2. 5) as requested. a

As a special case of Theorem 2.1, we obtain the following result:
Corollary 2.2. Let f; andh; be two positive integrable functions ¢ oo) satisfying

(II) 0<qg<fiN)<Q<oo, 0<r<fi(A) <R<oo, VAE [u,zx].
Then foré > 0 and¥ > 0, we have

(raa) i 2ae) {h2 1< g /QR)
4 R
((,CJ“){flhl} QR
Theorem 2.3. Let all assumptions of Theorem 2.1 hold. Thendffas 0 andd > 0, the
following inequality holds:

(27) {rve} @) ( 272) {12} @) (272 ) orea} ( £2) (12} (@)
(( %JE‘) {<P1f1}(95)(%\71?) {v1h1} (@) + ( 55071?) {902f1}($)<}9<\75> {¢29}($))2

Proof. To prove (2. 11), using the conditidi), we obtain

<

o

Yi(p)  hi(p)

(902()\) fl(A)) >0,

and

which imply that

(m» @2@)) ey

200)
ba(p) T n(p) 2) T | (e 11)

Multiplying both sides of (2. 11) by, (p)12(p)g*(p), we have

1(N) ALY (0)g(p) + @2(N) Fr(N)v2(p)g(p) = v1(p)v2(p) 1 (N) + 01 (N)@2(MR (p).(2. 12)
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G owe KT eme (pwe K
Multiplying both sides of (2. 12) by zcr;cp:s)zcr;c(ﬂ) (kfu)l(ia(ﬂfu)l—a and double
integrating with respect td andp from « to z, we have
Zz '
L r—u)®*—A—u)® -1 1
KTk () ( ) . ( )" % m@lu) Fr(A)dA
u ZE !
! (z—w)*—(p—w)®* ®-1 1
W) o (o — u)lfaql’(P)hl(P)dp
2 :
1 T —u o \—u a 5 _4q 1
TR ) (z —u) = A-w?* x Gy M ANA
z :
1 T —u o —u a 9 _q 1
X KT (9) ( ) - (p )" % T Pa(p)hi(p)dp
1 Zx (@) — (p—w)® L1 . L
k' (p) a (p—u)ia 1 (p)2(p)dp
Zz '
L (@—w)*—(A—w)* £
" 720
kL (0) a 0w
z: :
1 r—u A—u £ 1
+ kT (9) ( ) . ( )" % B ©1(N)p2(A)dA
Z= '
1 (x —u) (p—u)® 9 1 ,
“R() 3 L

u

which leads to
RIS eh (2) RIS v (@) + kTS eafi () RIS g (2)
> RIS e (@) RIS A @)+ kTS e kTS Wi (a).
Applying the AM — G'M inequality, we get
%.‘7’5 eifi (z) RIS vha (2)+ TS e2fi (@) kTS dah (2)

>2 T8 e (w) LT fE (x) LI ere2 RTe W (),
which leads to the desired inequality (2. 11 ). This completes the proof. a
As a special case of Theorem 2.3, we get the following result.

Corollary 2.4. Let f; andh; be two integrable functions df, co) satisfying(ZI). Then
for § > 0 andd > 0, we have

e n e sn (£20)010) (2920810 1(W R
-0 () (@) (L) @) P
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Theorem 2.5. Suppose that all assumptions of Theorem 2.1 are satisfied. Thénfar
andd > 0, the following inequality holds:

ntp2h1f1o(x) %Jf nwzfﬁllo

Y1 1

RTE O (@) RIS M ()< RIS

(). (2. 13)

Proof. From condition(), we have

T

kr,i(a) / ((x —r a - u)a)f_l = i)m T()aA

u

x

= kF,i((S) / (<x_ ok ; @ _u)a)ﬁl@ : £2}) FiNh1(N)dA,

u

which implies

(R)sthe < (Re) {Z ™ @) 2.14)

Analogously, we obtain

x

kfli(ﬁ) / ((iU —u” ; - U)Q)E_l (p— i)l_a hi(p)dp

u

x

1 (z—uw)*—(p—w*\x=1 1  4hy(p)
= k:l“;c(ﬁ)/( o ) (p—uyi e SOf(p)ﬁ(p)lﬁ(p)dﬂ,

u

from which one has

Y o 2 Y o walh’l
(k) {ty@) < (ko) {Zo @) (2. 15)
Multiplying (2. 14 ) and (2. 15,)we get the desired inequality (2. 13). O

Corollary 2.6. Let f; and h; be two positive integrable functions d, co) satisfying
(II). Then ford and? > 0, we have

()i} (k) o) op
(‘fcjvf‘){flhl}(x)(ﬁjf){flhl}(x) qp

3. OTHER INTEGRAL INEQUALITIES FOR GENERALIZEDK-FRACTIONAL
CONFORMABLE INTEGRALS

In this section, we give some new integral inequalities for generalizzéactional con-
formable integrals.
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Theorem 3.1. Let f; and hy be two positive function defined ¢f, co), andp, ¢ > 1
satisfying% + % = 1. Then the following inequalities hold:

(a)

q(%mﬁymagkgfm+pagkgfm(&m%ym
> pa( kT2 ) @) (R0 ) (@)

a( 278 1) @) (RT0) @)+ p( 272 17) @) £Th) (@)
> pa( % T8 Hil ) @) (kT2 i) (@),

o 272 10) @) (LTens) @)+ p( T2 1) @) 2T ()
> pa( R T2 fihh ) @) (2T AR (@),

o £ Ten]) @) (272 f7) @)+ p(RTL7) @) ( 17201 (@)
> pa( R T 0 @) (RT2 fin ) @),

o k7o) @) (RTen) @)+ p( &Tend) @) (RTe2) (@)
> pa( %70 fihn) @) (R (1)) @),

a( 272 12) @) (RTent ) @)+ p( 2T2n ) @) (RTent ™) @)
> pa( 27817 ) @) (272 (0) ) @),

Proof. According to well-known Young’s inequality, one obtains

1 1 1 1
—a?+-b1>ab Va,b>0, pg>1, —+-=1. (3. 16)
p q p q

Puttinga = f1(A) andb = h1(p), A, p > 0, we have

Multiplying both sides of (3. 17 ) byt 5 (

%ﬁ@ﬁ+§m@ﬂzﬁummm SR (p) = 0. (3. 17)

o ayx—!
(z—u) ;(/\—u) )K — u)l =.then integrat-

ing the resulting inequality with respegtfrom « to z, we get

/ (x—uw)* = (A—u)* L1 )
s | () gt

+(1]h1(p)qkri(5)/((x—u)o‘—()\—u)O‘);c1(}\ L
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which leads to

1 & gqarp 1 (.Z‘—CL)T q 6 o
P (RIEH ) @)+ =) 2 o) (R @)

« a ifl
Multiplying both sides of (3. 17) bym((”_“) ;(’"“) )K (pﬂ})l_a, then inte-
grating the resulting inequality with respecfrom « to x, we get

—
8
\
IS
S~—
R
w
\
£
AR,

which implies(a). O

The rest of inequalities can be shown in similar way by the following choice of parame-
ters in the Young's inequality.

© @=15 =22 ).l 0
A _ i)

(@ (=T, 0= 8 FO) () 0

© @=HMA G, 0 =5 m

1 @=12, 0= (o) 100) 0

Repeating the foregoing argument, we obt@n— (f).

Theorem 3.2. Suppose thaf; and h; are two positive function defined df, co) such
that for all A € [u, z],

f1(A) _ f1(d)
Ly TS oy (3. 18)
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Then the following inequalities hold:

@ o< ()@ (2@ < I (Lo,

) o< \/ (£7002) @ ( pTen2) @) — (%2 fihn ) (@)

2VqQ
2
@ o= ()@ (ken)e - ((£zAm)@)
WO (R i)
Proof. It follows from (3. 18 ) and
(P2 -a)(e- L)W =0, usas<a (3. 19)
we can write as
FE ) +9Qhi(N) < (¢+ Q) f1(\)ha(N). (3. 20)

[e% [e% %71
Multiplying (3. 20 ) by kF;i(é) ((Z’“) —(A—u) ) (A_ul)l,a , which is positive because

«

A € (u, z). Then by integrating with respect #g overu to z, we get

7z

—r u (o = Az u)® %71(/\_2)1,af12(/\)dA
QT i ou) ~A-uf %_I(A_i)l,ahm)dx
St Qg A T oma, @2
implies that
TS (@) +49Q kTSP (@) < (¢+Q) kTufiln (x).  (3.22)

On the other hand, it follows from@ > 0 and
r r

2
xJefi (@)= qQ xJehi (x) >0,

observe that
(g r

2 SJef? (x) qQ LJoh? (z) < RIS (@) +9Q RIShT (z),  (3.23)

then from (3. 22 ) and (3. 23 ), we obtain
49Q kI () kITH (2) < (4 +Q) kI filn (x). (3.24)
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Which implies(a). By some transformation df), similarly, we obtain(b) and(c). O
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