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Abstract. Mathematical modeling of the molecular graphs plays a fun-
damental part in the analysis of the quantitative structures activity rela-
tionship (QSAR) and quantitative structures property relationship models
(QSPR models). In 2013, Shirdel et. al. [IIMC; 4(2013); 213-220] de-
fined the new topological index of a grafh) named as hyper-Zagreb in-
dex [HM(T')]is HM(T) = 3, ..y ldr(y) + dr(2)]” Liu et al. [[EEE
Access; 7(2019); 105479-105488] defined the concept of the general-
ized subdivision operations on graphs and obtained the generalized F-sum
graphs. In this paper, the hyper-Zagreb index is calculated for the gener-
alized F-sum graphs in terms of their factor graphs. In fact, the obtained
results are the general extension of the results Anandkumar et al. [IJPAM;
112(2017); 239-252]

AMS (MOS) Subject Classification Codes: 05C78.
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1. INTRODUCTION

The structural study of the relations between the vertices (nodes) and edges (bonds)
comes along with a very large variety of applications in various discipline of science. In
89
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chemistry, this study is used to characterize the organic molecules (carbon-based or biolog-
ical) with respect to the certain physical, chemical and biological properties. Topological
index (TI) is a function that associate a graph with a real number and remains invariant for
isomorphic graphs.

TI's of a molecular graphs predicts the different physical attributes, biological activities
or properties and chemical reactivities such as heat of evaporation, heat of formation, chro-
matographic retention times, viscosity, flash point, boiling point, freezing point, melting
point, vapor pressure, surface tension, octanol-water partition coefficient, stability, critical
temperature, weight, density, connectivity, solubility and polarizability. Several crystalline
materials, nano-materials and drugs which are used in many industries are analyzed with
the help of TI's, see [15, 1, 3, 5, 4, 13, 20, 24]. As far as the organic compounds are con-
cerned, the physicochemical characteristics of organic compounds are frequently demon-
strated in terms of molecular graphs depend on its structural descriptors, which are also
mentioned as TI's [19, 7].

In the last few decades, many TI's are introduced but degree based TI's got much more
attention of the researchers, see the latest survey [2]. In 1947, the very first Tl is introduced
by Winer to compute the boiling point of the paraffin [12]. After that, Trinajsti and Gutman
(1972) [6] defined the first and second Zagreb indices that are used to compute the different
structure base characteristics of the molecular graphs. In 2013, Shirdel et al. [8] defined
the concept of hyper-Zagreb index HM) as a new degree-based TI. In addition, the re-
sults for the HMI") of the cartesian product, compaosition, join and disjunction of graphs
can be found in [25, 8]. Wei Gao et al. [26] calculated HM for titania nanotubes. For
further different results, we refer to [13, 3, 13, 5, 4, 20, 24].

The different operations on graphs perform a fundamental role in the formation of new
classes of graphs, see [14]. Yan et al. [15] introduced the four subdivided operations
S1, Ry, Q1 andT; and formulated the Wiener index of the graphs which are obtained by
using these operations. Taeri and Eliasi [16] gave the concept of F-sum graphs by using
the above four subdivided operations. Moreover, Deng et al. [21] computed the first and
second Zagreb indices, Imran and Shehnaz [22] calculated the forgotten index and Liu et
al. [29] obtained the first general Zagreb index of F-sum graphs. Recentaly, Liu et al. [30]
defined the generalized version of these subdivided operations of graphs which are denoted
by Sk, Rk, Qr and Ty, wherek > 1 is some integer. They also defined the generalized
F-sum graphgl'; ., T'2) by using these generalized operations and computed the first
and second Zagreb indices of newly obtained generalized F-sum graphs. Furthermore,
Awais et al. [28] computed the forgotten index and Xiujun Zhang et al. [27] calculated the
multiplicative Zagreb indices of generalized F-sum graphs.

In this paper, the Hyper-Zagreb index is computed for the generalized F-sum graphs.
The remaining portion is managed as; Section Il covers the very elementary definitions,
Section Ill includes the results and Section 1V contains the applications and conclusions.
In fact, the obtained results are the general extension of the results Anandkumar et al. [9]
who worked only for k=1.
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2. NOTATIONS AND PRELIMINARIES

LetT' = (V(I'), E(T")) be a simple graph having vertex 3&(I") and edge seE(T") C
V(') x V(T'). Every vertexy € V(T') in graph theory is consider as atom and link within
the two atoms is known as edge. The cardinality of verteX18€I')) and edge set&(T))
recognize as order and size of the graphrhe number of edges which are incident on a
vertex is known as degree (- (y)). Now, we discus some famous Tl's are given:

Definition 2.1. LetI" be a simple graph, the first and second Zagreb indices are defined as

My(T') = Z [dr(y)]* = Z [dr(y) + dr(z)],

yeV (T) yzeE(T)

My(T) = 3 [dr(y) x dr(2)].
yzeE(T)
In 1972, Trinajsti and Gutman [6] defined the first and second Zagreb indices that are used
to compute the different structures based characteristics of molecular graphs like energy,
connectivity, complexity, chirality, branching and hetero-systems, see [17, 18].
However, the Hyper-Zagreb index of a grafih is represented as H{W) and defined by
G.H Shirdel et. al. in 2013 [8].

HM =HMT)= Y [dr(y) +dr(2)]
yzeE(T)

The generalized F-sum graphs defined in [30] are given as follows:
¢ S;.(I") is the generalized sub-division of grafh).

e R (T) is generalized semi-total (point) graph.

¢ Q1 (T") is generalized semi-total (line) graph.

e Finally, T}, (T") is the generalized total graph.

For further details, see Figure 1.

Throughout this paper, we are studying the different types of graph parameters and just
want to discuss finite, undirected, simple (multiple edges or without loops) and connected
graphs.

Definition 2.2. Assume thaf’; andT'; be two simple graphsyy, € {Sk, Rk, Qk, Tk}
andFy(I';) be a new graph obtained after usifigonT’; with edge seE (F(T'1)) as well
as vertex seV (Fy(I'1)). Then, the generalized F-sum graph (; 7, I'2) is a molecular
graph with vertex set

V(L1 15, T2) = V(EL(T1) x V(Ta) = (V(T1) UE(TY)) x V(Ts)

such that two vertice&y;, z1) and(ya, z2) of V(I'y 4, T'2) are adjacent ifff; = yo €
V([1) and(z1,22) € E(T)]or [21 = 20 € V(I'2) and(y1,y2) € E(Fx(I'1))], where
k > 1is consider a counting number. For detail clarification Figure 2 and 3.

3. MAIN RESULTS

Now, we compute the key outcomes of M for the above classes of F-sum graphs.



92 H. M. Awais, M. Javaid and Abdul Raheem

® @ @ @
1 2 3 4
(@)
e e, f fy 9 9 [¢] 9
XNV AN 9 9% \' e e \4 f fy 15 AN
1 2 3 4 1 2 3 4
(b) (c)

FIGURE 1. (@)L, (b)S4(T"), (C)Ra(T), (d)Q4(T') and (€¥4(T)

——0 @ @ @ @
b
) 3 4 a () c d
(e:3) (e,,a) (f2) (fya) (9,:2) (9,,3)
(fy2) (9,:2) (9,.2) 4a) .a) 17 % 1 2 1 2 @2)
@) g (2,a) (3,a)
(f,,b) (9,:b) (9,,b) (e4:b) (e,,b) (f:b) (f,.b) (94b) (9,,b)
2 v @) () 2 2 o @b
(3,b) (2,b) (3,b)
' (iy0) (94:¢) (9,,€) (e4.) (e,,€) (f,0) (f,c) (9,:¢) (9,,€)
2 ! 2 (4,c) (1,c) ! 2 ! 2 ! 2 (4,c)
3.0 (2,0) (3,
i .d (9,,d) (g,,d)
() RTINS ) 19 @, )
@ @d @.d)
) @

FIGURE 2. (a)F1 = Py, (b)FQ = Py, (C)F1+52F2, (d)F1+32F2

Theorem 3.1. Let 'y andI'; be two molecular graphs havindg/(I'y) |,| V(I'2) |> 4.
Fork > 1, we have

HM(T1+g,T2) =4 | E(I'2) | Mi(T1)+ | V(I'h) | HM(T'2)+10 | E(T'y) | M1 (T'2)

+ | V(T2) | HM(S1(I'1))+4 | E(I'2) | M1(S1(I'1))+16(k—1) | V(I'2) || E(T'1)- |
Proof. Letd(y,z) = dr,+g,1,(y,2) be the degree of a vertex s@f, z) in the graph
'y +s, Ta.

HM(Ty +5,T2) = > (dly) +d(2))*
(y,2)eE(T'1)

— > [d(y1, 21)+d(y2, 22)]

(y1,21)(y2,22)eE(C'1+5, T2)
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FIGURE 3. (a)H1+q, Ha, (O)'147, 12

= Z Z [d(y7 Zl)+d Y, Z2 Z Z [d(ylv Z)+d(y2a Z)]Q

yeV (') z122¢E(T2) zeV (T2) y1y26E(Sk(T'1))

Z Z [d(y, 21)+d(y, 22)]?

yeV (') z122¢ E(T2)

S 3 [d(y1, 2)+d(ys, 2))?

2eV (T'2) y1y2eE(Sk(I'1))
y1eV(T'1), y2eV (S, (I'1))=V(I'1)

. 3 [d(y1, 2)+d(ys, 2))?

2eV (T'2) y1y2€E(Sk(T'1))
y1, y2eV(Sk(I'1))—V (1)

=> 14> 2+) 3.
Consider,

Yo=Y > Ay z) +dly, »)

yeV (') z122¢ E(T'2)

= > D (e, ()+dr, (1) +(dr, (y)+dr, (22))]?

yeV(T'1) z122¢E(T2)

= 3 Y [2de, (9)+dr, (1) +dr, (22)

yeV (') z122¢ E(T2)
= Y > [Adr, (1)’ +(dr,(21))*+(dr, (22))*+4dr, (y)dr, (21)
yeV (') z122¢E(T2)
+4dF1(y)dF2(22)+2dF2 (Zl)drz( )]
=4[ E([) | My(T)+ [ V() | H + Y > ddr, (y)ldr, (21)+dr, (22)]
JEV(F ) z122e E(T'2)
=4[ E[) [ My(Ty)+ | V(1) | HM(I2)+8 | E(T'y) | My (T2),

)LD ) Ay, 2) e, D)

zeV(I'z) y1y2€¢E(Sk(T'1))
y1eV(T1), y2eV(Sk(T1))—V(I'1)
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= Z Z [(dsk(rl)(y1)+d1‘2 (Z))+dSk(F1)(y2)}2
zeV (Ta) y1y2eE(Sk(I'1))
y1eV(T1), y2€V(Sk(T1))—V(T1)
= Z Z [(dSk(F1)(yl))2+(d1—‘2(Z))2+(d5k(r‘1)(y2))2
2V (T'y) y1y2¢E(Sk(T'1))

y1eV(T1), y2eV(Sk(T1))-V(T1)

+2ds, (ry) (Y1)dr, (2)+2ds, (0,) (Y1) ds,. (ry) (Y2) +2dr, (2)ds, (1) (¥2)]
Sincey, eV (T'y) andy2€eV (Sk(T'1)) — V(T'y), therefore

= V(L2) | HM(SL(T))+ Y > [(dr, (2))*+2dr, (2)

zeV (T'2) y1y2eE(Sk(I'1))
y1eV(T1), y2eV(Sk(T1)-T1)

[dsl(Fl) (y1)+d5'1 (1) (yQ)]]

=[V(T2) | HM(S1(I'1))+4 | E(T2) | M1(S1(I'1))+2 | E(T'1) | M1(T2),
and

Y- Y S ()P

2eV(T'2) y1y26E(Sk(T1))
y1, Y26V (Sk(I'1))—V(T'1)

= ) > [24-2]

26V (T'2) y1y2€E(Sk(T'1))
y1, Y2eV(Sk(I'1))—V(I'1)

Since in this caseE (S, (I'1))| = (k — 1)|E(T'1)]|, so
= (k=DIET)] Y (16) =16(k—1) | V(T2) || E(T) | .
zeV(I's)
Consequently,
HM(T1+5,I'2) =4 E(I'2) | Mi(I'y)+ | V(T'1) | HM(T2)+10 | E(I'y) | M1 (I2)
+ [ V(T2) [ HM(S1(T1))+4 | E(T2) | M1(S1(T'1))+16(k—1) | V(T'2) || E(T1) | -

Theorem 3.2.
LetI’; andI's be two molecular graphs having/(I'y) |,| V(T'2) |[> 4. Fork > 1, so

HM(Dy+7,T2) = 8 | V(T2) | [F(D)+My (D) +M(Ty)]+2 | B(TY) |
(L1M, (D)4 | V(D) [|48 | B(T2) | [5M1(T1)4+2 | BTy [+ | V(Ty) | HM(Ts)
+16(k—1) | V/(T2) || B(TY) |-

Proof.
Letd(y,z) = d(r,+x,1,)(y,2) be the degree of a nodg, z) in the molecular graph
I't +R, Is.

HM(T1+5,T2) = > [d(y1, 21)+d(ys2, 22)]2
(y1,21)(y2,22)eE(T1+ R, T'2)

= > > ldyz)tdy. )P+ Y > Ay, 2)+d(y, 2))?

yeV(T'1) z122¢E(T2) z2eV(I'2) y1y2e E(Rk(T1))

=> 14> 2
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Consider,

Si= Y Y ) +d )P

yeV(T'1) z122¢E(T2)

= Y D> drry@)+dr, (21)+(dry ry) (¥) +dr, (22))]

yeV(T'1) z122¢E(T2)

= Z Z [2dR, (r,) (y)+dr, (21)+dr, (22)]?

yeV (') z122¢E(T2)
= Y > [Mdrury®)*+(dr,(21))*+(dr, (22))*+4dg, 0, (y)dr, (21)
yeV (') z122¢ E(T2)
+4dpg, r,)(y)dr, (z2)+2dr, (21)dr, (22)]
= Y > [16(dr, (1)*+(dr,(21))*+(dr, (22))*+8dr, (y)dr, (21)
yeV (') z122¢E(T2)
+8dr, (y)dr, (22)+2dr, (21)dr, (22)]
=16 | E(T2) | My(T'1)+ | V(T'1) [ F(I'2)+16 | E(I'y) | M1(T2)+2 | V(T'1) | M2(T2)
=16 | E(I'2) | My(T'1)+ [ V(I'1) | HM(T2)+16 | E(I'v) | Mi(T2),

and
> 2= ST [diyr, 2)+d(ys, 2)?
zeV(I2) y1y2eE(Ry (T'1))

= > > [dyr 2)Hd(y2, )P+ D > [d(y1, z)+d(y2, 2)]?

26V (T'2) y1y2€E(Ry (T1)) zeV(L2)  y1y2eE(Ri(T1))

y1,y2€¢V (1) y1eV(I'1)
y2eV (Ri(I'1)) =V (')

+ > > [d(y1, 2)+d(y2, 2)]?

zeV (T2) y1y26E (R (T'1))
y1,y2eV (Ri(T1))—V(T1)

=> 24> 2+) 2.

Fory,y2eV (T'1), we havey,yae E(R(T'1)) if and only if y1y2e E(Ty); for y1eV(T'y ), we
obtaindg, (r,)(y1) = 2dr, (y1) and foryseV (R (I'1)) =V (I'1), we havelg, r,)(y2) = 2.
Now, consider

22: Z Z [d(yy, 2)+d(ys, 2))* = Z Z [d(y1, 2)+d(y2, 2)]?

zeV(T2) y1y2¢ E(Rk(T'1)) zeV(T2) y1y2eV (')
y1y2¢V(I'1)

= > Y [dryrn W)t (2)H(dry o) (y2) +dr, ()]

zeV(T'2) y1,y2eV (1)

- Z Z [de(F1)(y1)+2dF2 (Z)+de(F1)(y2)]2

zeV(T2) y1,y2¢V (1)

= > Y (@R ) 4, () H(dry ) (42))*+4dy (0, (92)
zeV(I2) y1,y2¢V(I'1)

dry (2)+2d Ry (r,) (Y1) Ry (1)) (Y2) +4dr, (2)d Ry (01) (92)]

S Y Uiy () 4, (2)) 4y (52))?+8d ) (y1)dr, (2)

zeV (T2) y1,y2eV (I'1)
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+8d(r,)(y1)d(r,)(y2)+8dr, (2)d(r,) (y2)]
=4 | E(T1) | Mi(T2))+4 | V(D) | HM(T'1)416 | E(T3) | My(T1),

o= 3 > [d(y1, 2)+d(y2, 2))°

2eV(I'2)  y1y2eE(Ri(T1))

y1eV(I'1)
y2eV (R (T'1))—V (1)
= Y > [(dry(ry) (Y1) +dr, (2)+dr, 0, (42))?
zeV (Ta) y1y2¢E(Rk(T1))
y1eV(I'1)

y2eV(Ry(T1))—V (1)

-y ) [2dr, (y1)+dr, ()+2°
zeV(2)  y1y2eE(Ri(T1))

y1eV(I'1)
y2eV (Ri(I'1))—V(I'1)
= Y > [4dr, (y1)*+dr, (2)*+4+4dp, (y1)dr, (2)+4dr, (2)+8dr, (y1)]
zeV(T2)  y1y2eE(Ri(T'1))
y1eV(I'1)

y2eV (Rg (1)) =V (T1)
=4|V([g) | F(T'1)+2 | E(Ty) | M1(T2)+8 | E(L'g) | My(T'1)+8 | V(L) || E(Ty) |
+8 | V(T2) | My(T'1)+16 | E(T) || E(T'2) |,
and

Yo= 2 >, [d(y1, 2)+d(y2, 2)]°

zeV (I'2) y1y2e (R (T1))
y1,y2€V (R (T'1)) -V (T'1)

= (k—1) Z Z [de(Fl)(y1)+de(P1)(y2)]2

zeV (T'a) y1y2eE (R (T1))
y1,y2eV (R (I'1)) =V (I'1)

=16(k—1) | V(I'2) || E(T1) |-

Hence

HMT1+g,2) =8| V(Ty) | [F(T1)+M1(T1)+M2(T1)]+2 | E(T) |
[LIM(T2)+4 | V(T2) [[4+8 | E(T2) | [BM1(T'1)+2 | E(T) [+ | V(I'1) | HM(T'9)
+16(k—1) [ V(I'2) [| E(T'1) | .

Theorem 3.3.

LetT'; andT'; be two molecular graphs having/(T'y) |,| V(T'2) |> 4. Fork > 1, we

have

HM(T1+q,I'2) = V(T'2) | [K{HM(L(I'1))+8M1(L(I'y)+8M1(I'1)—16 | E(I'1) [}+5F(I'1)
+8M(I'1)]+10 | E(T'y) [ My(T2)+16 | E(I'2) | My(Iy)+ | VI(IT'1) | HM(T2)

+4(k=1) | V(T2) | HM(T).

Proof.
Letd(y,z) = dr,+,1,(y, 2) be the degree of a vertex gt z) in the graphl’; +g, I's.
HM(T1+q,T2) = > [d(y1, 21)+d(yz, 22)]?

(y1,21)(y2,22)eE(T1+q, T2)
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=Y ety Y [y, )i, o)
yeV(T'1) z122¢ E(T'2) 2eV(I2) y1y2e E(Qr (I'2))
=> 1+ 2

Now

doi= D D ldya)+dy. )P

yeV(I'1) z122¢E(T2)

= Y > gy W) +dr,(21))+(dg, (ry) (v)+dr, (22))]?

yeV(T'1) z122¢E(T2)

= Y Y [2dgur.)®)+dr,(21)+dr,(2))?

yeV (') z122¢E(T2)

= Y > [Mdg,r)®)*+(dr,(21))*+(dr, (22))*+4dg, vy (¥)dr, (21)
er(Fl) leQEE(Fg)

+4dq, (r,)(y)dr, (22)+2dr, (21)dr, (22)]

= 4| B(Ty) | My(T1)+ | V(T1) |[HM(To)+ Y Y Adr, (y)ldr, (21)+dr, (22)]

yeV(T'1) z122¢E(T2)

=4 | E(Ty) | My(T1)+ | V(T1) | HM(T2)+8 | E(T'y) | My(T'2),

and

Yo=Y Yo ldyr,2)+dy2, 2

zeV(T'2) y1y2e E(Qr (T'1))

= Z Z [d(yla Z)+d(y2a Z)]z
2eV(I'2)  y1y2¢E(Qr(T1))
y1eV(T1)
y2eV(Qi(T'1)) =V (I'1)
+ Y > [d(y1, 2)+d(y2, )]

zeV(I'y) y1y2¢E(Qr (T1))
Y192€V (Qr(T1)) =V (T'1)

=Y 24> 2.

Now we talk,

Yo= 2 > [d(y1, 2)+d(y2, 2)]°

zeV(T'2)  y1y2eE(Qx(I'1))

y1eV(T1)
y2eV (Qr(T'1))—V(I'1)
= >y > [dy 00y (Y1) +dr, (2)+dg, r,) (42))?
2eV(T2)  y1y2eE(Qx(T'1))
y1eV(T'1)
y2eV(Qr(T1))—V(T1)
= > > [do, (0, (1) +dr, (2)*+dg, 0y (Y2)*+2dg, (1)) (y1)dr, (2)
zeV(F2)  y1y2eE(Qr(T'1))
y1eV(T'1)

y2eV (Qr(T'1))—V(I'1)
+2dr, (2)dq, ) (Y2)+2dq, (r,) (y1)dg, ) (y2)]
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=[V(T2) | F(T1)+2 | E(T'y) | Mi(T2)+4 | E(T2) | My(T1)+2 [ V(I'2) | F(I'1)

+4 | V(Dg) | Ma(T1)+2 | V(Ta) | (F(T'1)+2M2(T1))+8 | E(T2) | M1(I'1)
S0,

ZQ =|V(I2) | (BF(I'1)+8Ma(I'1))+2 [ E(T'y) [ My(T2)+12 | E(I'2) | M (I'y),

and

>2= ) 3 [d(yy, 2)+d(ys, 2))2,

2eV (T'3) Y1Y2¢E(Qr(T'1))
y1,y2€V(Qr (T'1)) =V (I'1)

Now we divideZ” 2into )" 3and)_ 4 for the nodesy; andys, wherey; y2eV (Qr(T'1))—
V(). Sod, 2=>3+> 4,where)_ 3include the edges @, (I';) having the similar
edges of'; and)_ 4 of Qx(T'y) in two dissimilar adjacent edges bf.

Y3= > > [dq,.ry) (y1)+dg, ) (12)]

2eV (T'2) y1y2eE(Qr (1))
y1,y26V(Qr(T'1)) -V (I'1)

=4(k=1) > D ldr(wtde, (v)]* = 4(k=1) | V(T2) | HM(Ty),
zeV (T'2) uwveE(Ty)

and

Y=Y > [y () (1) 4oy (1) (42)]2

26V (T'2) Y1y2eE(Q (1))
y1y2eV(Qr(I'1)) -V (I'1)

= (k) Z Z [dF1 (’U,)-l—drl (U)+dp1 (U)+dF1 (w)]2

zeV (I'2) uveE(I'y)
vweE(T'2)

W andX are the nodes of(I';), so we have

= (k) Z [dL(rl)(W)+dL(F1)(X)+4]2
WXeE(L(T1))

= (k) Z [,y (W) 4+ dpr,)(X)?
WX eE(L(T1))

+16+2d . (r, ) (W)dp(r,y) (X)+8drry) (W) +8d L,y ) (X))
= K[ M(L(T)))8M, (L(T1)) +16(; My (D)~ B(T1),

S 4= k|| V(Ty) | (HM(L(T1))+8M; (L(T1))+8M, (T1)~16E(T'))].
Consequently, we have
HM (T4, T2) =| V(L) | [k{HM(L(T1))+8M; (L(T'1)+8M,(T'1)—16 | E(Ty) [} +5F ()
+8My(Ty)]+10 | B(y) | My(D2)+16 | E(Ts) | My(Dy)+ | V(Iy) | HM(T)
+4(k=1) | V(Ty) | HM(Ty).
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Theorem 3.4.
LetT'; andI'y be two molecular graphs having/(I'y) |,| V(I'z) |> 4. Fork > 1,

HM(T147,T2) =| V(T's) | [(k)HM(L(T1))+10H M (T'y)+4F(T1)+8(k) My (L(T1)48(k) M (T'1)
—16(k) | E(T'1) [[422 [ E(T1) [ M1(T2)+48 | E(T2) | M1(T1)+ | V(Ih) | HM(T'2)

+4(k-1) | V() | HM (T'y).

Proof.

Let d(y,2) = dr,+,,1,)(y:2) be the degree of a nodg, z) in the molecular graph
Iy +1, Is.

HM(T141,T2) = > [d(y1, 21)+d(ya2, 22)]?
(y1,21)(y2,22)eE(T1+71,T2)

= > > [y z)+dy, )P+ Y ST [dlyr, 2)+d(ya, 2))?
yeV(T'1) z122¢E(T2) zeV (T2) y1y26E(Tk(T'1))

= 14> 2

Consider,

Yo=Y > Ay z) +dly, »)

yeV (') z122¢ E(T2)

= > > dney ) tdry(20))Hdr ) (y) Hry (22)))

yeV(T'1) z122¢ E(T2)

= 3 Y Rdrey (@) tdr, (21) +dry (22))

yeV (') z122¢E(T2)
= Y D> [Adnay®)*+(dr, (21))*+(dr, (22))*+4dr, 0, (y)dr, (21)
yeV(T'1) z122¢E(T2)
+4dr, (r,)(y)dr, (22)+2dr, (21)dr, (22)]
= Y > [16(dr, (1)*+(dr,(21))*+(dr, (22))*+8dr, (y)dr, (21)
yeV (') z122¢ E(T2)
+8dr, (y)dr, (22)+2dr, (21)dr, (22)]
=16 | E(I'2) | My(T1)+ [ V(T1) [ F(T2)+16 | E(I'1) | M1(T2)+2 | V(') | M2(T'2)
=16 | E(T'g) | My(T1)+ | V(T'1) | HM(T2)+16 | E(T'1) | M1(T2),
and

Yo2= 3 Y ldyn2)+d(ye, )

26V (T'2) y1y2eE(T%(T1))

= > Y [dn2) +dye, o)

ZEV(F2) y1y26E(Tk (Fl))
y1,y2€V(I'1)

+ Z Z [d(y1, 2)+d(ya, 2)]?
zeV(T2)  y1y2eE(Tk(T1))
y1eV(T'1)
y2eV (T (T1))—V(T1)
+ 3 > [y, 2)+d(y2, 2))?

zeV (T'2) y1y2€E(T, (T'1))
y1,y26V (T, (T1)) =V (I'1)
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=D 24> 2+) 2.

Fory1y2¢V (T'1), we havey,y2eE(Ty(T'1)) if and only if y1y2e E(T'); for y1eV(T'1), we
Obtaindi(pl)(yl) = 2dr1 (y1) and forygeV(Tk(Fl)) — V(Fl), we haveka(Fl)(yg) =2.
Now, consider

2= Yl arde 2= S [ 2)d(ye, 2)?

ZEV(FQ)ylyQEE(Tk(Fl)) ZeV(Fg) yl,yQEV(Fl)
y1y2¢V(T1)

= > > (g (1) +dr, (2))+(dr, 0y (y2)+dr, (2))]?

zeV(T'2) y1,y2¢V (1)

= > Y ldran(y)+2dr, (2)+dnr,) (12))

zeV(I'2) y1,y2¢V(I'1)

= > > [y (9)+4(dr, (2)Hdr (o) (y2))*+4d oy (91)
zeV(I2) y1,y2¢V (I'1)

dr, (2)+2dr, (0,) (1) dy, (0, (Y2) +4dr, (2)dr 0y (y2)]

= > > [Adr,) ) +4(dr, (2))*+4(dr,) (y2))*+8d(r,) (y1)dr, (2)
z2eV(I'2) y1,y2¢V(I'1)

+8d(F1)(y1)d(F1)(y2)+8drz (Z)d(r1)(y2)]
=4[ E([) [ My(T2)+4 | V(L) | HM(I'1)+16 [ E(T2) | My (T),

Yo= 2 > [d(y1, 2)+d(y2, )]

zeV([2)  y1y2eE(Tk(T'1))
y1eV (')

Y2V (Ti(T1)) =V (T'1)
= Z Z [(di(F1)(y1)+dF2(2))+di,(F1)(92)]2
zeV(l2)  y1y2eE(Tk(T'1))

y1eV(I'1)

y2€eV (T, (T1))—V(T'1)

= Y > [4dr, (y1)*+dr, (2)*+drr,) (y2)* +4dr, (y1)dr, (2)
zeV(L2)  y1y2eE(Tk(T1))

y1eV(T'1)

y2eV(T%(T1))—V(T1)
+4dr, (y1)dr, (y2)+2dr, (2)dr, (y2)]
=4|V(I2) | F(T1)+2 | E(Ty) | Mi(T2)+2 | V(I'2) | HM(I'1)+8 | E(T'2) | M1(I')
+4 | V(I2) [ HM(T1)+2.2 | E(I2) | (2M1(T'1))
=4[ V(L) | F(T'1)+2 | E(I'1) | Mi(T'2)+6 | V(T'2) | HM(I'1)+16 | E(T'2) | M1(I'),
and

Y 3= 3 [d(y1, 2)+d(yo, 2)]?

zeV(I'2) y1y26E (T, (T'1))
y1y2eV (T, (T1))—V (1)
Now we dividez// 2intoy_ 3 and>_ 4 for the nodesy; andys, wherey; y2eV (T3 (T'1))—
V(). Sod . 2=> 34> 4,where)_ 3include the edges dfj (I";) having the similar
edges of'; and>_ 4 of T, (T';) in two dissimilar adjacent edges bf.
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d3= > > [dr, 0,y (1) +dr, (0, (42))?

2eV(T2)  y1y2eE(Tk(C1))
y1y2eV (Tx (1)) =V (I'1)

=4(k=1) Y D [dr,(w)dr, (v)]* = 4(k=1) | V(T2) | HM(T1),

zeV (T2) uveE(T'1)

doa= > > [dr, 0,y (1) +dr, (0 (42))?

zeV (T'2) y1y26E (T, (T'1))
y1y2€eV (T (I'1)) =V (T'1)

=(k) Y D> [ldr,(u)+dr, (v)+dr, (v)+dp, (w)]?
zeV (T2) uwveE(T'y)
vweE ()

W andX are the nodes of(I';), so we have

= (k) Z [dr(ry) (W) +dpr,) (X)+4]?
WXcE(L(T))

=) D ey (W) +dyr,)(X)?
WX eB(L(T1))

+16+2d ) (W)drr,) (X)+8drr, ) (W)+8drr,) (X))

= K[ M(L(T))48Mi (L(T1))+16(5 My~ E(T))],

S0,
Y 4=k V(T2) | (HM(L(T'1)+8Mi(L(I1))+8M1 (I')~16E(I'1))],
Consequently, we have
HM(D143,I'2) =| V(L2) | [(k)HM(L(I1))+10H M (I'y)+4F (I'1)48(k) My (L(T'1)+8(k) M1 (I')
—16(k) | B(Ty) [][4+22 | B(Ty) | My (D2)+48 | E(T2) | My(T1)+ | V(Ty) | HM(T)
+4(k=1) | V() | HM (T'y).
4. CONCLUSION

Foraq, a; > 4 andk = 4, we consider thalf, = P,, andI'y = P,, are specific examples
of alkane known as paths having ordefsanda, respectively. Then the following results
are the direct outcomes of the above four theorems.
° HM(Pa1+S4Pa2) = 184a1as — 198a; — 138ay + 124,
e HM(P,,+r, P.,) = 464a1as — 624a; — 338ay + 388,
e HM(P,,1q, Pa,) = 640a;as — 1262a; — 154ay + 156,
. HM(Pa1+T4Pa2) = 936a1as — 1724a, — 354as + 420,

In this paper, we computed the HM) of the subdivision related generalized F-sum

graphs. However the problem is still open for other topological indices on the generalized
F-sum graphs.
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