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Abstract.: We have defined a new generalised closed set called;
closed sets in nano ideal topological spaces. Also, associatiohcaf
closed sets with various existing closed sets are studied. Characterisations
and equivalent conditions efl/ag closed sets are proved. Normality via
nlag closed sets are also been studied in this paper.
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1. INTRODUCTION

Introduction of ideals in topology was initiated by Kuratowski [10]. Ideals we mean a
subsey satisfying
i. P €jgandif@ c P forany subset,thenQ €
ii. P e€jyandQ € y, thenP U Q should also be in.
Jankovic et al. [7] defined the local functi@®T, in ideal topology.P*={z € x : v NP ¢
2,Yv € 7} . Herer(x) = {v € 7 : € v}. Kuratowski's closure operator is defined
ascl*(P) = P U P* in thex-topologyT*(I, 7). I-open sets were introduced by Jankovic
et al. [8] and the work was extended by Hamlett et al. [7]. Various decompositions in
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ideal spaces under various closed sets are endeavoured by Ekici [4]. A significant approach
on Ig*-openness akg*-openness can be placed between topology and Levine’s openness
in ideal spaces was made by Erdal [2]. Recently, generalised closed sets in ideal spaces
have been studied in some papers [[2],[3],[4],[5],[6], [9], [13], [14]]. The initiation of nano
topology was done by Lellis Thivagar [12]. He has defined nano topology by considering
a subsety of the the universal set and its equivalence relation an combined with
approximations and the boundary regions. Bhuvaneshwari et al. [1] initigtebbsed sets

in nano topology. Parimala et al. [15] had worked on ideals in nano topological spaces.
Characteristics of nano local function were studied by Parimala et al. j15j.closed

sets were best studied by Parimala et al. [16]. This work aims the introductiofoaf

closed sets in nano ideal topological spaces (NITS). Theg closed sets are compared

with some existing sets. Many equivalent condition on these sets are prolegnormal

spaces are also discussed.

2. NOTATIONS AND PRELIMINARIES

In the following sequel the following notations are used.
i. nano topological spaces - NTS.
ii. nano ideal topological spaces - NITS .
iii. nano open sets - NOS.
iv. nano closed set - NCS.
v. open set - OS.
vi. closed set - CS.
Definition 2.1. [11] Whenv be the universal set arld, the equivalence relation defined
onwv, then lower approximatioow ), Upper approximatio/ppx, and the boundary
region Boux) are defined as follows.
) Lowgw) = U{R(x) : R(x) € x,z € v}

i) Uppwy = U{R(X) : R(x) N x # ¢,z € v}

III) BO’LL(§R) = LOU}QR) - Upp(gye)
Definition 2.2. [12] Properties ofLow(y), Uppx) and Bou () are stated below.

i) Lowsry € L C Uppg(r)-
i) Lowx)(¢) = Upp)(¢) = ¢
iif) Low) (v) = Uppw)(v) = v
V) Uppry (LU M) = Upp) (L) U Uppw) (M).
V) Uppwy (LN M) C Uppewy (L) N Uppewy (M).
Vi) LOU}(§R)(L UM)D LOU)(§R)(L) U LOU}(ER (M).
vii) LOU}(§R) (LNM)= LOU}(?R) (L)n LOU}(ER (M).
viii) Low(y) (L) C Lowwy (M) andUppx)(L) C
iX) Uppew) (L°) = [Loww) (L)]¢ and Low ) (L) = [Upp(m)(L)]C-
X) Upp)[Upp)(L)] = Loww) [Uppw) (L)] = Uppew) (L).
XI) LO’LU(§R) [LOU)(;}Q)( )] = Upp(g%) [LOU)(;R) (L)] LOU}(%)(L).
Definition 2.3. [12] Let (v, ) be the approximation space and thersgtX ) = {v, ¢, Low), Upp(x), Bou) },
X C v is called nano topology based oraccording toX. Herers (X) satisfies the ax-
ioms of topology. (v, To(X) is called NTS. The members af;(X) are NOS and the
complements are NCS.



46 M. Parimala, D. Arivuoli, R. Udhayakumar

Remark 2.4.[12] In (v, T»(X), the set3 = {v,, Low ), Bou ()} is called the basis.

Definition 2.5[15] The nano local function ofv, ', I) can be defined af = {z €
v,G, NP ¢ I, foreveryG, € G,(x)}.

Definition 2.6. [15] In (v, \) let the ideals be, 7. P, Q be subsets of. Then
i) P subsetQ = P subsetQ?.
i) 7Sy =Pr() S P
i) P = n-cl(Pr) subset-cl(P) whereP’ C n-cl(P).
v) (P3)5 < P
V) PruUQ; = (PUQ).
Vi) Pr— Q. =(P-Q), -2, < (P-Q).
Vi) Ve N =VnP:=VYn(VNP):subse(VNP):.
vii) JelI= (PUJ)L=P:=(P-J):.
Lemma 2.7. [15] In (v, N, I) if P C P, for any subseP, thenP; = n-cl(P};) = n-
c(P).

Lemma 2.8.[15] In (v, N, I), the set operatas-ci*(P) = P U P} for P C y.

Definition 2.9[15] The characteristics of-c/* are as follows
i) P Cn-cl*(P).
i) n-cl*(¢) = ¢ andn-cl*(v) = v.
iy P c Q,impliesn-cl*(P) C n-cl*(Q).
iv) n-cl*(P)Un-cl*(Q) = n-cl*(PU Q).
V) n-cl*(n-cl*(P)) = n-cl*(P).
Definition 2.10[15] An ideal is called\/-codense ideal iV N 5 = {¢}.

Definition 2.11[15] A subsetP of (v, N, I) is nx-dense in itself (respnx-perfect) if
P C P (resp.P = Py).

Remark 2.12[15] If P is nx-dense in itself, the® = n-cl(P}) = n-cl(P) = n-cl*(P).
Definition 2.13. A subsetP of (v, N, I) is
i) nlg-closed, ifP; C V,P CV andV isn-open [16].
i) na-0S,ifP C N-int(n-cl(n-int(P))) [12].
i) ng-closed, ifn-cl(P) C V while P C V fora NOSV.[1]
iv) nga-closed , ifna-cl(P) C V while P C V for a nanoo OSV.[17].
Theorem 2.14.A set which is nano open is always a nanopen.[12]

Theorem 2.15.A na-open set is always@aga-open set.[17]

3. nlag-CLOSED SETS

In this article(v, /', I) represents nano ideal topological space.
Definition 3.1. In (v, NV, I), nano ideak-generalized closed set (briefiy ag-closed set),
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we mean if for a subsé®, P;; C V wheneverP C V andV is ana-open set.
P is anlag-open setifv — P is anlag-closed set.

Example 3.2.Consider the universal set= {z, y, z, w}, the approximation space/ R =
Hz}, {2} {y,w}}, X = {z,y} C v with the ideall = {¢,{z},{y},{y, 2}}. nlag-
closed sets arf{y}, {z}, {z, 2}, {y, 2}, {z, w}, {=, vy, 2},

{x7 Z’ w}) {y) Z7 w}? U’ ¢}'

Theorem 3.3In a(v, NV, I), the following implications are true and the reverse cases need
not be true in general.

i) All NCS arenlag-closed.
i) All n*-CS arenlag-closed.
iii) Allng-CS are anlag-CS.
iv) All nlag-CS arenlg-CS.
V) All nlag-CS arenga-closed only wherP is n*-dense in itself.

Proof.

i) Assume thav be a nanax-CS andP C v be a NCS. Then we may infer that
c(P) =P C o, impliesn-cl(P) C v. Alson-cl*(P) = P UP; C n-cl(P) C v,
leadsP C v andP U P} C v, implying P} C v andv is a nanax-OS. Therefore
Pis anlag-CS.

i) Assume thawv, a nanoa-OS andP, an*-CS. Therefore we ge C P C v,
which implyingP;; C v andP C v andv is nanoa-OS. HenceP is anlag-CS.

iii) Consider ang-CSP and a NOSv andP C wv. As P is ng-CS, we haven-
cl(P) C v. Also we haveP;: = n-cl(P}) C n-cl(P) C v, which impliesP;; C v
andP C v. v isn-0S. As every-OS is a nana-0S, proof follows.

iv) Considerv as a NOS an@® be a subset of. Referring Theorem 2.14 may be
ana-open set. Whenevé? is considered to bemal ag-closed set, we g&&; C v
andP C v. By assumption is NOS. HenceP is anlg-closed set.

v) Let P ana-OSwv. By Theorem 2.1% may be anga-OS. Assume thgP to be a
nlag-CS. Therefore we have; C v. Also P = n-cl(P). That is we lead that
n-cl(P) C v. Also na-cl(P) C n-cl(P) C v. v is a nanow-OS. HenceP is a
nga-CS.

The reverse implications of the results may not true in all occasions, examples below ex-
plains the fact.

Example 3.4. Consider the universal set= {z,y, z, w}, approximation space/R =

{{z}. {2z} {y, wh}, x = {z,y} and the ideal = {¢,{z}, {y},{y, z}}.

i) A={y}isanlag-CS and nota-CS.

i) A={zw}isanlag-CSandnota*-CS.

i) A= {y}isanlag-CS and not ag-CS.

iv) Considerthe universal set= {z,y, z, w, s}, approximation space/R = {{w}, {z,y}, {7, s}},
x = {z,w}, I = {é,{z},{s}, {x, s}}. In this exampleP = {z, z} is anlg-CS
and not anlag-CS.

Theorem 3.5. Consider(v, ', I) to be a NITS. Whenever the subgete I, thenP is a
nlag-CSinU.
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Proof. ConsiderP C K. K isna-OS. SinceP € I, we getP} = ¢ always. Which im-
pliesP: C P C K andP} C K andv is ana-OS. Thereforé® € [ is always anlag-CS.

Theorem 3.6.In a (v, N, 1), if P,Q C U arenlag-closed sets, the® U Q is also a
nlag-CS.

Proof. As P andQ arenlag-CS, P C K. P C K and K is a nanoa-OS. Also
QF subsetK and Q subsetK and K is ana-0OS. AsP,Q € K. PUQ C K. Also
(PUQ): =PxUQr subset ofK. K isna-OS. It means? U Q is anlag-CS.

Remark 3.7. P N Q may not be av/ag-CS in all occasions.

Theorem 3.8. In a NITS, if a set is botmIag-closed ancha-open set then it is a*-
closed set.

Proof. ConsiderP to be anl«ag-CS which is also aa-OS. SinceP is na-open, we get
P C P and henceP;; subsetP. HenceP is an*-CS.

Theorem 3.9. In (v, N, I), the necessary and sufficient condition for any subset to be
anlag-CS is that everyia-OS is an*-CS.

Proof. Necessary part.Let all subsets ob is anlag-closed sets and one of the sub&et

be ana-open set. By referring Theorem 3.8, the proof follows.

Sufficient part. Let everyna-open subset of be an*-CS. Let K be one such set such
thatP? C K C v. Then we infers thaP,;; C K C v. By definitionP is anlag-CS.

Theorem 3.10. Consider a NITS(v, NV, ) and K be a non empty nano operppen
set) subset of. Then the statements discussed below are equivalent to each other.

a) K isanlag-CS.

b) n-cl*(K) C V, V ana-open subset(-open) ofu.

¢) Eachz € n-cl*(K), there exists atleast one elementif-cl({x})NK (n-cl({z})N
K).

d) n-cl*(K) — K always contains an empty-CS.

e) K — K is always empty and a nareCS.

Proof. a) = b). Consider aulag-CS K of (v, N, I). Definition of n/ag-CS infers that
K} C VwheneveK C V andV isna-openin(v, N, I). Alson-cl*(K) = KUK C V.

V' is ana-0OSp-0S). which proves hypothesis b).

b) = ¢). Consider an element in n-ci*(K). Let us assume the contrary that-

d{z}) N K = ¢. (n-cd({z}) N K = ¢). So that we havé{ C (v — (na-cl({z}))).

By referring hypothesis b), it is possible thatcl*(K) C (U — (na-cl({z}))). which

contradicts to our assumption. Therefare-cl({z}) N K # ¢.

¢) = d). Consider ana-CS M which is non empty and le¥/ C n-cl*(K) — K. Let

x € M. As M is na-closed, we may writd/ C (v — K). K C (v — M). Therefore
na-cl({x}) N K = ¢, which contradicts to the hypothesis c). Hemeel* (K') — K always
contains an empty«a-CS.(-CS)

d) = e). Sincen-cl*(K) = K U K}, we getn-cl*(K) - K = (KUK}) - K =

(KUK NK®=(KNK®)U(K:NK®) =¢U(K:NK®) = K — K. Referring
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hypothesis d) it is concluded that: — K also contains no non empty naneCS.{-CS).
e) = a). Consider a-OSP C K. K is a nana-OS. Thenv — K C (v — P). Also
PiNn(v—K)CP:Nn(v—P)=P:N(vNP°) =P:—P. AsP; isn-closed, it is nano
a-closed also. Sinc&’ is na-open,v — K is nanoa-closed. Hencé: N (v — K) is a
na-CS contained irP); — P. ThereforeP;; N (v — K) = ¢. HenceP;, C K andP C K,
whereK is a nanax-open set, which leads the proof.

Theorem 3.11. In a (v, N, I), whenP is n*-dense in itself, the if and only if condi-
tion for a subseP to be anlag-CS is thatP is ng-CS.

Proof. NecessityConsiderP to benlag-CS. By the definitionP* C V wheneve® C V
andV is na-open. Whenl = ¢, referring Theorem 2.12* = n-cl(P). Thereforen-
cl(P) C V. HenceP is ang-CS.

Sufficiency. Consider ang-CSP. Thenn-cl(P) C V. P C V. AlsoP C n-cl(P) C V.
V isn-open. By Theorem 2.14 is nl«ag-CS.

Theorem 3.12. Consider a NITSv, N, I) andP C v. Then if and only if condition
for P to be anlag-CS isP = Q — N, where@ is an*-CS andN does not have no non
emptyna-CS.

Proof. NecessaryAssumeP to be anlag-CS. Referring Theorem 3.9 (&) — P does
not have non empty.a-CS. LetN = P} — P. WheneverQ = n-cl*(P) and Q is n*-
closed ther@ — N = (PUP}) — (P;; — P) = P. Hence the proof.

Sufficiency. AssumeP = Q — N with the given conditions tha@ is a n*-CS and
N contains no non emptya-CS. LetP C K for somena-OS K, which leads that
ON(x—K) C N. AlsoP C QimpliesP; C QF C Q sinceQ is n*-closed. Let
Pin(x—K) C 9:rn(x—K) C 9n(x— K) C N. Referring the hypothesis
Prn(x — K) = ¢. Which impliesP: C K. AlreadyP? C K and K is nanoa-open.
Hence the proof.

Theorem 3.13.In (v, N, I), the condition for a subsé® to be an/ag-OS is thaty C n-
int*(P), whenever C P andy is ana-closed set and the reverse implication is also true.
Proof. NecessaryAssume avl«ag-OSP and ana-CSjandy C P. So(x—P) C (x—2)-

By referring Theorem 3.9 by-cl*(x — P) C (x —7) andy C (x — (n-cl*(x — P))),
which implies) C n-int*(P).

Sufficiency. Let p be ana-OS and(x — P) C p. Then(x — p) C P. By hypothesis
(x — p) C n-int*(P), thereforen-cl*(x — P) C v. By referring Theorem 3.9P is a
nlag-0S.

4. NORMALITY VIA nlag-CLOSED SETS

Definition 4.1. nlag-normal space we mean, if for all pairs of ag-CS P, Q and
PN Q = ¢, there corresponds atleast two N@&ndw of (v, A/, I) andp Nw = ¢ satis-
fying P C pandQ C w.

Theorem 4.2.1n (v, NV, I), the equivalent implications am/ ag-normal-spaces are stated.
a) (v,N,I)is anlag-normal-space.
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b) Forallnlag-closed set and anlag-open sej such thatw C 5, there corresponds
an-OSV cvandw CV Cn-cl(V) C .

Proof. a) = b). Assumev be anlag-CS andj be anl«ag-OS andw C 5. Thenv — jis
anlag-CS. Thereforev N (x — j) = ¢. By hypothesis (a) of this theorem it is understood
that for any two disjoint NOS andQ such thatv C Pandx — 3 C QandP N Q = ¢.
ButP C (x — Q) impliesn-cl(P) C (x — Q). Hencew C P C n-cl(P) C (x — Q) C 3
which proves (b).
Proof. b) = a). Letw andj are disjointn/ag-CS andw C (x — 7). Reference on
hypothesis b) of this theorem infers the existence of@pen setP of (v, N, I) such that
wC P Cn-c(P) C(x—17). LetQ = v —n-cl(P). Sincen-cl(M) is a NCS,Q is an-
open set. ThesP andQ are the NOS#{-open sets) that containsandy. Which proves a).

Theorem 4.3. In (v, N, I), the equivalent implications onl/«g-normal-spaces are as
follows.

a) (v,N,I)is anlag-normal-space.

b) For any twon/ag-closed subset® andQ of (v, ', I), there corresponds a NOS
p of (v, N, I) satisfiesP C p, thenn-cl(p) N Q = ¢.

c) For any twonlag-CSP andQ andP N Q = ¢, there corresponds a NO5
satisfying? C p and a NOSw satisfyingQ C w thenn-cl(p) N n-cl(w) is an
empty set.

Proof. a)=—> b). Consider a pair afIag-CSP andQ andPNQ = ¢, thenP C (x— Q),
wherey — Q is anlag-OS. Referring Theorem 4.2, there corresponds a M@&ch that
P C p Cn-c(p) C x— Q. Thereforen-cl(p) andQ are disjoint sets. Hengeis the NOS
satisfies b).

b)=> c). b) of this theorem implies-cl(p) and Q are disjointn/ag-CS of the NITSuv.
Therefore there exists a NQScontainingQ such thati-cl(p) Nn-cl(w) = ¢ which proves
C).

c)—> a). Hypothesis c) proves a).

5. CONCLUSION

A new class of generalised closed namelitvg-closed set is introduced in nano ideal
topological spaces. A comparative study of thievg-closed set with existing closed sets
is endeavoured and the reverse implications are explained with counter examples. Charac-
terisations theorems and heredity propertiea big-closed sets are stated and proved. In
addition to that a new type of normal space calidd.g-normal space is introduced and its
characterisation is studied.
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