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1. INTRODUCTION

The beginning of the theory of convexity can be traced back to the ehgf’bentury
[1, 3, 9]. The theory of convexity has been extended in numerous directions using ad-
vanced ideas and techniques. Several inequalities have been obtained for convex function
but a very well-known is the Hermite-Hadamard inequality.
Hermite-Hadamard inequality was discovered by Ch. Hermite [83#8 and rediscovered
by J. Hadamard [6] in893. Hermite-Hadamard inequalities for convex functions and their
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several forms exist in literature [1, 5, 9, 10], [11]-[24], [27]-[36].

The generalization of convexity is the invexity, many researchers have done work on it.
Hanson [7] investigate and introduced the invex functions. Ben-Israel and Mond [4] worked
on invex set and preinvex functions. Pini [35] investigated another class of generalized in-
vex functions, named as preinvex functions. Mohan and Neogy [26] established some prop-
erties of generalized preinvex functions. Noor [33] introduced some Hermite-Hadamard
type inequalities for preinvex functions. Various integral inequalities for preinvex func-
tions have been established recently, see [30, 31]. Iscan [10] introduced the concept of
harmonically convex functions.

Noor et. al. [29] investigate a class of preinvex functions with respect to an arbitrary func-
tion h, which are said to be relative preinvex functions. He also introduced the class of rela-
tive harmonic functions with respect to an arbitrary nonnegative function h and established
an innovative class of convex function with respect to an arbitrary nonnegative function h,
which is known as relative harmonic preinvex functions [30, 34]. We also obtain diverse
classes of harmonic convex and harmonic preinvex functions such as Breckner g¢pe of
harmonic preinvex functions, Godunova levin typesdiarmonic preinvex functions and
harmonicP-preinvex functions [27, 28, 30, 32].

2. NOTATIONS AND PRELIMINARIES

Definition 2.1. [30]. Leth : [0,1] € I — R be a non-negative function. A function
fiK=[l1,l1+n(l2,l1)] SR\ {0} — R is known as relative harmonic preinvex function
with respect to an arbitrary functioh andn(., .), if

f ( Ii(ly +n(l2, 1y))
I+ (1=t 1)
Remark 2.2.
e Ift = 1, then we get

(A <1 (s e

which is known as Jensen type relative harmonic preinvex function.

o If h(t) = ¢, h(t) = ¢°, h(t) = t~%, h(t) = 1, then relative harmonic preinvex
functions reduces to harmonic preinvex functioftharmonic preinvex functions,
s-harmonic Godunova-Levin functions and harmaRipreinvex functions respec-
tively.

) < h(l — t)f(ll) + h(t)f(ZQ), t e [0, 1], Vil € K.

Definition 2.3. Let K C R be an invex set with respect to bifunctigf, .) : K x K— R.
For anyl;,l; € K and anyt € [0, 1], we have

n(la,lo +tn(l,l2)) = —tn(ly, l2)
n(l,le +tn(l,l2)) = (1= t)n(l, 12)
Note that for every,, I € K, t1,t2 € [0, 1] and from conditiorC', we have
nlz +tan(ly, l2), Iz + tin(ly, l2)) = (t2 — t1)n(l, l2)
This condition is automatically satisfied for the convex functions.
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Theorem 2.4. [30]. A functionf : K = [l1,l1+ n(l2,11)] CR\ {0} — R is relative
harmonic preinvex function whete, i1 + n(l2, 1) € K with iy < l1 + n(l2, ). If f €
L[l1,11 +n(l2,11)] and condition C holds,

L 2h(h+n(l2:h))\_h(bn(lz,h)) lﬁ"(b’h)f() !
f( )< /l1 dx <[f(ll)+f(l2)%h(t)dt. (2. 1)

2h(3)"\ 2h+n(l2,4) n(la,k)
Remark 2.5. If h(t) = %, h(t) = t~%, h(t) = 1, then Theorem 2.4 becomes Hermite-

Hadamard type integral inequalities ferharmonic preinvex functios;-harmonic Godunova-
Levin function and harmoni€-preinvex functions respectively.

Definition 2.6. [34]. lets Fy[r, s, t, ] denote the hypergeometric function given by
o (1)p(8)p 27
Fir,s t,x] = E ; z| <1
2 1[ ] = (t)p p| | |

It is not defined if¢ equals a non-positive integer. Hefe), is the Pochhammer symbol,
which is given by

[, p=0
(©)p —{ v(v+1)...(v+p—1), p>0.

Definition 2.7. [2]. In the product of two hypergeometric functiond’ («; 5;7; ),
oF1 (o 854" y), we obtain a double series , resulting in four kinds of functions which are
shown as follows:

(a)T+S(ﬁ)T(ﬁ/)S r, s

Fi(a; 8,85vim,y) =YY z"y’, |2, |y <1
Ig!
r=0 s=0 s (7)T+S
rTs ﬁ/)s r,,S
Fols B, 577y 0,y) = ZZW“/ |z + [yl <1
r=0 s=0 ’}/ v
F (6/)5 r,s
(a,a's 3,87 2,y) ZZ T,S, LY |, [yl <1
r=0 s= T s
S r+s ﬁr s r s 1 1
F4(04;6;%7';w,y)zzzwm Y, z|d + Jy|¥ < 1.

= sl (9)r(7)s

Definition 2.8. [36]. Given a generalized hypergeometric or hypergeometric func-
tion ,Fy(au, ..., ap; B, ..., Bg; ), the corresponding regularized hypergeometric function
is given by
- F (aq,...;ap; B1y .y By; )
Folon,...;ap; 1, .0y Bgs ) = 2 P LA
pFales, s g3 Bty B ) T30)--I(5,)

where I'(z) is a gamma function.

Definition 2.9. [34]. The beta function is special function, also known as the Euler integral
of the first kind is denoted as

L(m)I'(n)

1
B(m,n) = 21— )l = ;. where m,n are real numbers.
( ) /0 ( ) L(m+n)
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Definition 2.10. [32]. Letf € L[i1,l2]. The Riemann-Liouville Integral’ f and.J;_ f
of orderg > 0 with [, > 0 are given by

I flw) = ﬁ /: (x —t)P~Lf)dt, =>1

l2
O f(x) = ﬁ/ (=) f (e, 1> o
Here,['(8) = [,"*° e~*a’~'da.

o If =0, then I flx) =) _f(z) = f(x).
e If 3 =1, then the fractional integral becomes the classical integral.

3. MAIN RESULTS

For establishing some new Hermite-Hadamard type inequalities connected with the right
and left part of ( 2. 1) for functions whose derivatives are relative harmonically preinvex,
we need the following lemma:

Lemma 3.1. Assuming thaf : M = [h,4+ n(l2,4)] € R\ {0} — Ris differentiable on
the interior, M° of M where f' € Li[l, 4 + n(le, k)] for 4,4+ n(la, ) €M with i <
b+ n(ls,h), A\, €[0,1],g(z) = 2 and g € (0,1] such that{—1)® € R, then

\I]f()‘7 a, B, b, L+ 77([2, L

)
o (ll{ll a ”(12’“)}) (8+1) B {h + iz, 1)
A (2, 12)"

1 1
Rasgonontgn 129 (i ) s Bl
{“ sacongan S0\ o DY hera oy Jo0\ g

Tt —a 114 2,0
= hnla,b){h + iz, )} [ / t(gﬁ);f/ h{! +Zfl l>}) "

L= = (=D, (0{h +nzb)}
+‘/1704 (At)2 f ( At >dt

fort € [0,1] andA; = (1 — ), + t(l, +n(l2, b)) .

Proof. Let

B - tﬁ_a)\ , ll{ll"‘n(ZQall)})
ne S ()

_ 1 oo h{b+n(l2,h)}
= e D ) {{(1 i (az1+ T-a) +n<zz,zl>>>

l1{l1+77127l1 - ag 1 b{h +n(l,h)}
rar (AL ) o [Ty (SR ) @] @2
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; _ (A=l +t(h+n(2,h)) _ n(l2,h)
Settingz = z1{11+n}12711)2} L sothatdr = R0 +n2(l12 )
For 0 <t <1-a, wehave ;i < o < 2etloaOlh)) and hence3.2)
becomes

_ 1 BRI (S USS(CTY); 1 {tn(la,b)}
Ii= l177(127l1){11+77(12,l1)}ﬁ(l Sy (l T )Mf <l )

hot(A—a)(+n(l2,h))

7ﬂl1ﬁ{ll+ n(l2,0)}° URURICNR) . { B 1 r !
{n(l2,0)}P /zl+n(11211) (fog)(a)|@ h+n(l2,h) e

T reron | O (e s Y e

B (b +n(l2, 1)} { 3 ( 1 )}
) A o) [——— V@3
(ﬂ) ll(wrli{11+)7§éll;r,l1(§?l1)> _ (f g) L+ 77(l2a ll) ( )

{n(l2,0)}?

Let

-0 (e DA (Wb (b))
12*/1,a @y ( A, )dt

_ 1 ()P (1—a h{htn(le, h)}
lm(lzall){lﬂrn(lz’h)}{ {1 =a))f <all+(1—a)(l1+77(lz>ll))>

h{btn(la,b)} ! 1 h{b+n(lz,h)}
s (M) (e e 0

Lhot(1—a)(b+n(z,h))
Forl —a <t <1, wehave = {l1+n(1l2 zl)f 2 <r < and hence€3.4) becomes

1
b= mh ey e - -
AURSCNIS IR (UGN,
(M) 1 oy (MR
B 4 (e, 0)) [ ] e
Tyl MRNCL LT
I = - [_{(1 - Ck)ﬂ —(1—a)A}

(e, b){h + n(l2, b))}

d (W) +(1—a)Af (W) iy

Bl + (12, 4)}° {
{n(la,h)}P

h{h+nl2,)}

1
F(ﬁ)Jﬁaﬂl—a)(zﬁn(za,h))+(f°9) (11) }] (3.5)
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Adding Equationg3.3) and(3.5), we have

\Ilf()\a «, /6'711: ll + n(l27 ll))

a)\<l1{l1+77(lz,ll)}) DB+ D4 ot n(lh)} {J feg ( )
A, iz, h)’ BT e )

1
+(_1)5Jfa+(1 o) {4 nlg.)} | fo 9<11>H

h{h+n(a,h)}
l—a 43

t7 —a Wil +n(l2,h)}
= n(lz, b){h +n(l2,h)} [/0 ()2 f ( e dt

Vo= = (a=DA,, (h{h +n(,h)}
+/1,Oé (At f ( At ) dt

)2
0
Remark 3.2. @ IftA=0,a= % andg = 1, then Lemma.1 reduces to the following
result
hih +n(l2,0)} hnlizh) ( ) _y ( 20 {h +n(l2,h)} )
n(l2;h) I b+ (b +n(l2,h))
B =t (b{h +ns b))}
=hn(la, h){h +n(l2,h)} [/O (At)Qf ( , dt
1
t-1), <11{11 + 77(12711)}>
+ dt| . 3.6
/; ar U 59

b)) fx=1,a= % andj = 1, then Lemma.1 reduces to the following result

)+ f(h+n02,0))  b{h +nl, )} 27 1)
2 n(la, h) u 2

1 l,
— o, )+ (T )} [ / (an ) (ll“l +Zfl2’ll)}) dt} .

Now we establish new integral inequalities of Hermite-Hadamard type for relative har-
monically preinvex functions.

Theorem 3.3. Assuming thaf : M = [4,4 +n(l2,4)] € R\ {0} — Ris differentiable
on the interior,M° of M wheref’ € L[ + n(l2,4)] for i, 4 +n(l2, ) € M with; <
h+n(le,h), 8€(0,1] and X, « € [0,1]. If | f'|* is relative harmonically preinvex o/
for u > 1with = + & = 1, we have
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@) If (aN)? <1—a <1+ ((a—1)A)7,then
(N o, Byl b+ (2, b))
< hn(la,b){h+n(l2,0) (k1 (A a,B,h 12 )+ ka (Ao, 0, ll,lg)) {(k7(\,8,l,l2,h)
+ks (A, a, ol I )| () 1P+ (kg (N, o, Bl 12,k )+ k1o (A, i, Bl le,h))| (l2)|“}f1‘
+(ks(\, o, Byl o)+ ke(N, v, 6,[1,12))%{(]{15 (N, B4 ,l0,h) + k16 (N, 8,0 ,l2,h))
| ()] (kar (N, Bl k) + kis (N, o, B0 b)) | £/ (12) 9]
() If (a\)® <1+ ((a—1)A)F <1 - q, then
V(A o, B, b, 0+ n(l2, b))
<hnla,h){lotnl2,0) (kL (A a,B8,h 1) + ko (Mo, B, l1,lz)) {(k7(X\a,B,h,l2,h)
s\ @, Byl )| (1) P4+ (ko (A, 8,0 l2,h) + Ko (A, @B,k o k)| £ (1) )
(ks @, B500)) 7 { (ks Bl Jo,h) (1) [P kra Qo B Lo B) £ (12) ) } 7.
© If1—a < (a\)? <1+ ((a—1)A)7, then
[Wr(A o, B, b, 0 +n(la, )|
< bl ) (o) (ks (N0, 8.0,02)) 7 { (ki (N, 802, B F/ ()P
Hh1a OBk, h) | (B) [P0 (s O, 8.0 bk (i B, 1) (ks v B, B, )
+h16 (Bl o )| (0) [P+ (kar (N, B o s (e B, o, 1)) (1) 3.
Proof. By using Lemma&B.1 and power mean integral inequality, we have
|Wr(\ o, B, 0,0 +n(la, i) Q3.7

< bl + i)} [ (Mgt

(Ar)? A,
-1 —( (bl + e, b)Y
[ - <1 EL Y )‘dt
1 « ﬁ_a 1 a8 N
< ll"](ZQ,ll){ll—F’f](lQ,ll)}( |t /\| ( It t)2>\|

, (ll{ll +Zt(lg,l1)})

“dt>i+</11a|<t—1>ﬂ(—t)< DA )

a,)2
</11a |(t1)ﬁ(;1t)(31) ,(zl{mn I, 1) }) ) .8)

@ () If (a)\)ﬁ 1 — «, then

e —a) @7 _ (18 — a\) L=a 4B _ o\
dt = — dt + Ry avE dt
0 (Ar)? 0 (At) (@n? (Ar)
kl()‘7aaﬂa l17l2) +k2()\7a76a l17l2) (3 9)
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where

(NH) 18, P 1,148, 21, — <22 L 0N (= ((@A7)? — o))

k1(>\7 Oévﬁa llle) =

BF(1+0) Ll + coz/\%)
1— )8 4 fa) BB 4 L
ks (M a, 8,1, 1) 1= C(l IO‘) thod  dad?) T+ ha
1c(h + ¢ — ca) he(lh + ca?)

Lt ela 1)1~ )" H5R[1, 145,24 6, o=l
B(h+c—ca)(l+p)
(@AF) OB, Fi[1,1+ 5,2 + 6, —%]
2(1+3)

+

(i) If (a\)? > 1 — a, then
e e e

/O ST dt—/o =k fhl). (10
where
(—1+a)(h(1+)((1 - @)’ —aN)

(b +c—ca)(l+0)
(—1+a)(1—a)ﬁ(ll+c—ca)52F1[1,1+572+ﬁ,c(%1+a)])

B(h+c—ca)(l+p)

k?)()‘a a7ﬁa ll7 l2> =

(b) (4) If 1+ ((a—1)A\)% < 1—a,then
Lt = 1)°= (a—1)A
/1—a|< >(At§§ ) |dt=k4(A,a,5, h,ls). (3. 11)

where

[t =D = (=1
k4()\7 a, 3, b, l2) T /1704 (1 - t)l1 +t(h +¢)

(i) If 1+ ((a — 1)A)® > 1 — q, then

1 B8
/ |(t71) j(ai1))\|dt:kS()Havﬂvllle)+k6()‘7avﬂvllvl2)'(3' 12)
l1-—a (At)z

where

. 1+((a=1)N) 7 —((t=1)" = (@ =1)N)
ks(A, o, B4, 1o)== /1—a (1=t +t(h +¢)

1 B
(t=1)7 = (a— 1A
ke(N\, o, B, 0,1 ::/ .
6( ! 2) 1+((a—1)A) B (1 — t)ll + t(l1 + C)
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Since|f’|* be relative harmonically preinvex on the inter{ial ; + n(l2, )] with respect
to an arbitrary nonnegative functidnand foru > 1, ast € [0, 1]

y ( W{h +n(l,4)} )
th +n2,h)+ (1 -0k
hence, by simple calculation, we obtain some inequalities

© (i) If (a)\)? <1 — a, then

m

<A@ @)+ h(1 = 1)1 f ()"

m

e |tﬁ B a)“ / ll{ll +77(127l1)}
[ ()|
(a)\)% _(t,@ — Oé)\) ! m 1 o
< / g O @+ A 01 )

I=a 48 _ q\ - B / )
*/w); Ay PO @+ =111 (1) ]dt

= [k7()\7 Q, ﬁ»lla 127 h') + kS()\vavﬁv l17127 h)]‘f/(l1)|u

+lko(\, 0, B, i, 12, B) + kio(N, o, B, 1, 1o, )] | f/ (12) | (3.13)
where
kr(\ o, B, 1o, h) ::/O(aw (11(1:%[:(?42 Sophttt
Falds o B br b 1) = /(;; (L(1 —i[; ; 31)\-&- c)t)? hlz)ds
ko(\, @, Bk, 12, ) = /O o i :Ef)i_(l?i) St -t
Fuold e, b, 1) = /(;; (h(1 —i[; ; 31)\-&- c)t)? AL = t)dt

(i) If (a\)® > 1 — a, then

l—«
[t? — a)
[ mr b

T (P — a)) PN OV (1)
/O — O WP + (=0l @)

= kll()‘aa,ﬁ7ll7l2ah)|f/(l1)‘p‘+k12(A7a76al17l27h)'f/(ZQ)"u- (3 14)

m
dt

, <ll{ll +A7_7512, ll)}>

IN

where
11—«
. f(tﬁ —a))
k(A o, 8,4, 12, h) -—/0 AEDFE c)t)2h(t)dt
i
_ [ —(t" —a))
kl?()‘a a76a lla 127 h) _/(; (ll(l — t) n (ll n C)t)Qh(l — t)dt
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d) () If1+ ((a—1)A)F <1—a,then

V=07 = (= DA, (Wb 4 e, 1)
/ ()2 / ( A, ) a
e I AT
= klg(/\,a,ﬁ,ll,ZQ,h)|f’(l1)|“—|—k14()\,a,ﬂ,ll,lg,h)|f’(l2)|“. (3.15)
where
ot =1 (a1
kis(\, a, B, b, 1o, h) o= /1701 AEDEC —&—c)t)Qh(t)dt
ot =1 —(a—-1)A
b B o) o= [ S —
(i) 1f 1+ ((a — 1)A)® > 1 — q, then
V=107 = (= DA |, (bfl + 0l )\ |
»/lfoc (At)2 f < At > dt
H@ DN (1) —a— )N .
< [ e O W + h( = 01 )

1 B
(t — 1) — (a — 1))‘ / I _ / I
s s CCUA NI RO
= [k15()\7a757 ll7 l2u h) + k16<)‘7a757 ll7 l27 h)]‘f/(llﬂu
+kir(\, @, B, 4, 1oy B) 4+ kis(A, o, B, 1, Lo, R)] | (L) M. (3. 16)

where

1+ ((a—1)n) ¥ —((t=1)" = (@ = 1))
o (L1 =8)+ & +)t)

1 B

(=17 — (a— DA
k /\,,,l,l,h::/ 1
wh oSl h)i= [ A GO 0T (T D2

N (1P (a - 1)A)
k17()\,a,5,11,l27h)'—/1_a (L(1—1t)+ (b + o)t)?

1 163

(t—1)% = (a — 1)A
kis(\ o, B, 1, I, h ;:/ )
whan Bl b h):= | GO T (T D2

Wherec = (4, 12). By substituting(3.9) to (3.16) in equation (3.7) gives the required
result.

kis(\, a, B, b, 12, h) 32/ h(t)dt
1

h(t)dt

h(1 — t)dt

h(1 — t)dt

O

If A=0,a =1 andg = 1, then identity(3.7) reduces to the following result:
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Corollary 3.4. Assuming thay : M = [, 4 +n(l2,4)] € R\ {0} — Ris differentiable
on the interior, M° of M where f' € Li[l, L + n(l2, )] for &, hi+n(l2,4) € M with
h < hi+n(le, k). If |f/|* is relative harmonically preinvex ob for x> 1 with %—s—% =1,
then
W{h +n(,h)} (27020 f(2) ( 20{k + (s, b)} )
—_ e odz — f

n(la, h) L z b+ (b +n(l2,h))

1
< hnla.b) {b +nl2.h) }sgO, b, ) {s1 bl h) | (B + 32(>\,11712,h)\f/(l2)|“}%
1
sd (I, 1) {ss (0 b, Lo, )L/ () |* + sa(h b, o, B)|F/ (L) [P} ).

where
: h
shhloyh) = /0 (11(1—t)t+(t()z1+c)t)2dt
3 h(l —
s2Ahlosh) = /O (zl(1tt)(1+(lf)+c)t)2dt
ss(Ahyloyh) = /; W —(175)_ i)gfi D2
sshbloyh) = /; (11(1(1—;;11((212)02’5
O ly) —5rre — log(l;) +log(lh + §)
s6 0k, lo) = ﬁJrlog(lltf_log(llJrC));wherec=77(12,11).

Corollary 3.5. Assumingthaf : M = [4,h +n(l2,h)] € R\ {0} — Ris differentiable
on the interior, M° of M where f' € Li[l,h + n(la, )] for &, hi+n(l2,4) € M with
h <b+n(le,b), B (0,1 and,« € [0,1]. If |f'|* is s-harmonic preinvex o/ for
p > Lwith & + & =1, we have

@) If (aN)F <1—a <1+ ((a—1)N\)7,then
|0 (N, o, By 1, 1+ 1oy 1)
< (o, 1) {hn (o, W)Yk (Mo 8ol 1o - ko (Ao, Bl 12)) 7 { (k7 (A, B, o, 8)
s (0Bl 1o, 8) | (1) (Ko (Mo, 8ol o, s) k1o (ae, Bl la,8)) | f (1) |}
(ks (N, Bl o )+ ke (A B, 12)) 7 { (K15 (A, Byl l2,8) + k16 (A, Bl la,5))
| F'(0) P+ (ks (Aol Jo,8) + kas (A8, d2,8)) | (12) [P ]
() If (@\)? <1+ (o — 1)A)7 < 1 — a, then
|W s (N a, B0 0 +n(l2,h))]
< bl ) {bn(l, 1) (kL (Ao Bl l2) + ko (o Bl 12)) 7 { (k7 (A, B, 1o, )
s (0 Bh lo,8)) | ()P o (o, Bl 12,8) + K10 (Ao, Bl 12,8)) | £ (To) [P}
(ka (000 B,01,02)) 7 { (k13 (A0, B, 1, 8) | () [P+ Bna (e, B, da,8) | (12) ) .
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© If1—a < (a\)? <1+ ((a—1)A)7, then
|\Ilf(Aa «, ﬁa Z17 ll + 77(12, ll))‘
< bl ) {b+n(la, ) (ks (A Boli ) 7 { (k1 (M, Byl o) ()]
k12 (\a, Bl 2,9 (12)|M)}‘“’r(k5()\ a,Bl,la+ke (N, 5,11,12)) {(k15 0.8 12,9)
+k16()\,06,5,l1,l2,5))|f (ll)‘M+(k17()\aaa/67[1;1273)+k18()‘304a6,ll71275))|f (12)|H}”]~

where

R Byits fa( (49) —s(hd+-carB o F 1’1+572+57ﬁ
Bo(h 0Bl Iy, ) e LOADIH (A0 —s(ltcad?)a | ax’ |)
12 (h+ca?) 145

@X5)P (1 (1 5+0) — (h+cad?) (s+ Do F [1, -5+, 2+ m,%m
1+s5+8

S~—

R = (—H s+ a— sa)—s(+c—ca)oF [1,1— 52— Sty
FsOh 0, B, Ly, )= o (T s Jofil Cira))

1— )\ (=14 a)(l, + ¢ — ca)
B (a)\%l)l’s (76(*1‘|’S)O[)\%+S(11+COZ)\%)2F1[1,175,2 s ~hed ” 7 )\
h+ca\® }
1 () el -1+ 5 + )
A(-14+s+p) (h+c—ca)
(25) =P (s + B2Fi[1,1 =5 — 8,2 — 5 — B, 7))
+
(—14+a)
N 1 )
+(a)\ﬁ)1 ( Ca/\i( 1+S+6))+(a>\7)1757ﬁ(s+ﬁ)
b + cal?
X2F1[1,1—8—ﬁ,2—8—ﬂ,—11a2[3])
. @7 (48 o )
k9(>\7a7ﬂ7llal27s) :/0 (ll(l —(t) ¥ (Z—gc)t)Q (1 - t) dt
- 1o t? — a\ s
k10<>\aa757llal278) ::/(\a)\),(lf (ll(l — t) n (ll n C)t)2 (1 — t) dt

- 1— ) s Ao (H-9) — sli+c—ca)o Fi[1,14 8,2+ (1+a)
kﬂ%aghb)_é@iLmGaﬁ(Qsﬁcc?+g 5,24, 1)

(1= (4 (14 51— (e co) D)2 P2 [L1+ 18,2+ 1-,5))
1+s+p
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-«
. —(tP —a))
k A’ 9 )l 7l ) =
120X @ B, o s) /0 (L(1—1t) + (b + c)t)?
) (—1)P(1— ) Fi[l +5,-4,2,2+5,1 - a, 4519
klg()\,O{,ﬁ,l]_,lQ,S) Ea l12(1+8)

(1—t)°dt

(—1)P(1—a)*aFi[l+5,—,2,2+s,1—a, S5
21+ s)

1
((h+e)(—1438)(—14+a)(h+c —ca))
X(h(-14+ (1—a)®)+c(-1+(1—a)’+a)) = (h +c)s(—1+a)
><(lﬁ—c—ca)gFl[1,1—5,2—3,—%]—(ll—i—c)s(l—a)s(ll—i— c—ca)

h
e(—1 +a)])
. 1
((h+c)(=14s5)(—1+a)(h +¢c —ca))
X(h(—1+ (1—a)®) + e(—14+ 1—a)®* + @) — (h+ ¢)s(—1+a)

x (b + c—ca)gFl[l,l—s,Z—s,—%] —(h+c)s(1—a)®(h+ c—ca)
h
Te(—1+ a)])
(—DPT(1+ 8T+ B)2F1[2,14 5,2+ s + 3, —F]
Br(2+s+p)

. Y (VA R 2
kia(A o, B, 4, 1o, ) '7\/17a (L= 0)h +t(h 1 0))?
kis(\ o, B, 1, 1o, 5) = Maﬁ(((a - 1))\)‘13>'6< —(1-a)*™

< (a((—14+a)\) )P Fi[1+5,—3,2,2+5,1—a, C(O‘l: Y

+

AM=c(=149)(—1+a)

xoF1[1,1— 8,2 —s,

ar(—c(=1+s)(—1+a)

XgFl[l,l —572—8

(1—t)%dt

+aP (=14 a)N)F)P (1 + (=1 + a)AF) 1T

X Fi[145,-5,2,2+45,1+ ((a — 1)A)7, _cdl+ ((0}1— DA)? ]>

(=) | fell—9(—a) (et (1—aPsPi[l1=52- 5]

" e2(s—1) < htc—ca h+c—ca

+( 1 )15<c(1 +8)(1+ (=14 a)A)F)
1+((—1+a))\)% ll—l—c—&—c((—l—&—a))\)%

s [1, 1—5,2—3s, _l11:|
3 c(1+((—1+a)N) F) ))
b+c+c((—1+a)))?
1 B
i (t—1)7 = (a— 1)\
k (A,a,ﬂ,l,l,s)::/ s
1 b L (a-nn s (L=8h + 1tk +c))?

tdt

1+(A(a—1))% —((t — 1)5 —(a—=1)X)
(1 =tk +t(h + )

k17()\,a,ﬁ,l1,1278) ::/ (1 _t)gdt

11—«
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! (t— 1) (@=1)A
1+ ((a—1y 7 (1=t)h+t(h +c))?

k;S()\7a7ﬁall7l2a8): / ( —t)sdt;wherec: n(ZQall)'

Theorem 3.6. Assuming thaf : M = [4, 4 +n(l2,4)] € R\ {0} — Ris differentiable
on the interior, M° of M where f' € Li[li,4 + n(la,h)] for b, 4 +n(le, ) € M with
h <b+n(h),8€(0,1]andX, « € [0,1]. If | f/|* is relative harmonically preinvex on
M for > 1, we have

@ If (a\)? <1—a<1+((a—1)A)7,then
Ve a,B,h, 0 +n(l2,h))

< l177(127l1 {ll+77 l2,ll }[ ]ﬂlg )\ « ﬁ l1,127 )+k20(>\aaaﬁvl1al277))% ((1—&)

x{ (“‘1”12’11}) Ll }/Olha)dt)“+<k23<A7a757117z2,v>

Al @

() If (a\)? <1+ ((a—1)A\)F <1 - a, then

W r(A a, B, 0,0 +n(le, k)]

S lln(lg,1)1){[1+77(lg,l1)}[(]€19()\,Oé,ﬁ,l],l2,’}/)+k20()\,Oé,ﬁ,ll,lg,’}/))i<(1_a)
/ (ll{ll +77(12311)}) g

1 m .
x{ Y + |f’(12)|#}/0 h(t)dt) + (k22 (A o, B, b, 12, 7)) 7

« (a{|f’(l1)|“+ f (ll{ll +”(52’11)}) ”}/Olh(t)th].

Alfoz
© If 1—a < (a\)? <1+ ((a—1)A)7,then

‘\I/f()‘?a76all7ll + U(l2>ll))|

< 1177(52,11){114-77(12,11)}l(/€21()\ 045711,12,7))#((1 04){ I

(ll{llz?ilz, ll)}) a

1

)1 / ) (ks OB o) + ka3 doy)) ({If’(ll)l“

(S} L) .

Al—a
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Proof. By using Lemma3.1 and Hblder’s integral inequality, we have
|\I/f(/\,04,ﬁ,ll,ll—|—T](lg,l1))‘ (3 17)

< bnla, h){h 4+ n(l2, )} {/Ol_a e f/<l1{ll +A7‘7t(l27l1)}> ’dt

. / [ 1)‘2/;)(3 — D f,<l1$tfn(l2>l1)}) ‘ dt}

Ay

Ay

1
HoN\w
)

f,(ll{ll—l—n(lg,ll)}>

1 8 3 1 TN
|(t=1)" — (a = DA]" (/ /<ll{ll +71(12,l1)}> )“
T _ dt AV TI2IN g4 43. 18
(/la (At)}y 11—« f At )
@ (i) If (a\)? < 1— a, then
/1_awdt—k O, By kDo) + kao(h s Bols Do y). (3. 19)
0 (At)Q,Y 19\A, &, 0, 4, 02,7Y 20 A, O, O, 01, 02,7)- .
where
(—t8 + a))?

(an)
k )\7 9 7l 7l ’ = dt
19N, o, B0, 12,7) /0 (L —=0)h +t(h +n(l2,h)))*

-«
(tP — aX)?
k )\,Oé, al7l’ ::/ b ;
20(A o 0,4, 12,7) @n? (1 =0)h +t(h +n(l2,h)))*

(ii) If (a\)? > 1 — a, then

e B )|
/ |(A_t)2’ydt = k21(Aaaa6a ll,l2>’Y)- (3 20)
0

where

11—«
k21()\,a,6,l1,l2,'y) ::/O ((17“
() (i) f 1+ ((a—1)A\)? <1—a,then

/1 (= 1) — (@~ DAP
()%

where

(—t7 + a)?
h+t(h +n(l2,h)))*

dt

dt = k22()‘7a7ﬁ7 ll7l2a’)/)' (3 21)

! (t=1)" = (@=1)A)" it
—a (L=0)h + (b +n(l2,k)))*

(i) If 1+ ((a — 1)A) > 1 — o, then

1 B
t—1)" —(a—1)A|]”
/ |( ) (121 )(2’)’ ) | dt:k23()\70[7/671171277)+k24()\7a7ﬁ7l17l27’7)'(3' 22)
11—« i

k22(A;a7ﬁ7l171277) ::/
1
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where
PHE=DNT (= 1) + (= DAY
—a (A =h +t(h +n(l2,k)))*

1 B
._ (=17 = (= DA
k24()\7a7/67l17l277) = /174_(((%_1))\)[1f ((1 — t)ll +t(ll +7](12,l1)))27

dt

k23()‘7a7ﬁ7l17l277) ::/
1

dt

(c) Consider,

n
dt (3. 23)

11—
/0

Settingz = 7ll{ll+2512’11)}, so thatdt = 7’l1i§:(72(7l§*)11)}dx

For 0 <t <1-a,wehave) +n(ls,h) < o < 185000} and hencd3.23)
becomes

I (11{11 +A7zt(lg, ll)}>

Ll Io. 1 b+n(l2,h) ’ I
_ h{h+n(,h)} [f @), (3. 24)
7](12711) 11(11}11(12711)} z2

11—«

Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions,

we have
f <ll{l1 + 77(12,11)}>

11—«
J A

Wi+ n(le, 1)} ({11 +(la, 1)} — HAICR )

”w
dx

ULy {h +nls, b)} 1lEg=)L

[ 7 (W) QR n<12,11>>|”} / oy
< (1—a)[f’ (W)Hﬂf(zg)w] /Olh(t)dt (3. 25)

Above Inequality holds forr = 1.
(d) Consider,
1
L.

Settings = 11Uz} gq thayyy = ~ihtnzhll g,

¢ z2n(l2,h)

For 1 —a <t <1, we have i)} < 4 <) and hencé3.26) becomes

%
dt (3. 26)

7 <11{11 +Zt(lg,ll)}>

h{h+na.h)}

S SUR(CH1Y) oy et GO 3.27)

n(l2,h) h r
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Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions,
we have

/1 7 (zl{zl + n(lg,ll)})

m
dt
Ay

h{h+n(l2,b)}
W{btnleh)} (& 0\, AN
1
11—« 0

Above Inequality holds fory = 0.
By substituting (3.19) to (3.22), (3.25) and (3.28) in equation (3.17) gives the
required result. a
If A=0,a =4 andg = 1, then identity(3.17) reduces to the following result:

Corollary 3.7. Assuming thalf : M = [h,4 + n(l2,4)] € R\ {0} — R is differen-
tiable on the interiorA/° of M wheref’ € Ly[l;, b + n(l2,4)] for i ,h+n(l2, i) € M with
h <b+n(lse, k). If|f'|*is harmonicP-preinvex onM for > 1, then

hih (o )} [N f() ; ( 20 {l +n(l2, )} )‘
n(l2,h) i 22 h+ (b +n(la, k)

1 =u
< hn(le, b){b +n(l2, )} (WM)

{87 (O 0o, 0, 1) + 835\ iy 0, 0, 1)} (1 ()17 + 1 (1) )] 7
where

ST (N Llo,0,0) = ; wherec=n(la, lp).

1 1
77 e )\7l ’l 707 :7
L (20 +¢) 52" (Mh1,0.) (ht0) (2 +c)

Theorem 3.8. Assuming thaf : M = [i,4 +n(l2,4)] € R\ {0} — Ris differentiable
on the interior,M° of M Wheref’ € Ll[ll, L+ ?’](12, ll)] for ll,ll-i-’l?(lg, ll) eM with <
h +n(l2,h),8 € (0,1] and A\, € [0,1]. If |f’| is relative harmonically preinvex oi,
we have

@ If (a\)? <1-—a<1+((a—1)A\)7,then
| (N, o, By 1, 1+ n(lay 1)
<hn(lo ) b0 (o)) Y er O, Bl Lo ) s v B o - {ers O, B0 1, 1)
Fhis(Nan Byl by B) VY ()4 L ko (e, B, 1, 1o, ) +kro (A, @, By by T,y b))
{1z (N3, b, lo, h)+ ks (Moo B, 0, Lo, h) Y3 (12) ).
) If (a\)® <1+ ((a—1)A)7 < 1—a, then
(N, By, i, +n(lay 1)
<hn(lah Xhtn(la, b)Y er O, Byl o s O, Bl o 1) B (e B o )}
x| f1 () H-{{ ko (N0, 3,12, W+ ko (Ao, 8,0, lo h) H-kra (Ao, 8,02, k) ] f (12) ]
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© If 1—a<(a\)? <1+ ((a—1)A\)7,then
‘\I/f()V B7 «, l17 ll + 77(127 ll))'
gllnd%h){ll"_n(l%ll)}[{{klf)()\aavﬁJl7127h)+k16()\ua757l17Z27h)}+k11()‘70[7ﬂull7127h’)}

X |f/(ll)|+{{k17(>\7057ﬂall7123h)+k18()‘304367ll;l27h)}+k12(>\7a7ﬂvll712ﬂh)}|f/(l2)H'
Where the values ok, (\, «, 5,4,12,h) t0 kis(\, 0, 3,1, 12, h) are defined in Theorem
3.3.

Proof. By using LemmaB.1, we have

‘\Ilf()Vavﬁv llv ll + 7}(12,11)”
a8 _ )|

< hn(l2, h){b +nle, b))} [/0 (4,)2

+/11 |(t—1)5(;t)(2a—1))\| f,<z1{11 +Zt(12,zl)})‘dt

I <l1{11 —i—Zt(lQ,ll)})‘dt

—Q

Since| f’| be relative harmonically preinvex on the interfial i, + n(l2, 4 )] with respect to
an arbitrary nonnegative functignandt € [0, 1], we have
|\I/f()\, a, /6; lla ll + n(l27 ll))‘
1= 18 — )|

< bpllas 1) (b + n(la, 1)} [{ J O )

1 B 11—«
+ / () _(a_l)/\lh(t)dtlf'(lz)|}+{ /O 7=y pyan )

~a (Ar)? (Ap)?
(e e ek S P /
+/1_a T h(1 — t)dt|f (12| (3. 29)
@ (i) If (@\)? <1—aq,then
I-a 118 _ g
/O A h(t)dt
= k"r()\7 «, ﬁ, ll, lg, h) + k?g()\, a, ﬁ, ll, l2, h) (3 30)

and
11—«
[tP — a)
—————h(1 —t)dt
f s
= kg()\,&,ﬂ,ll,lg,h)+k10(>\,a,6,ll,lg,h). (3 31)

(i) If (a\)® >1— a, then
1—
“tP — a)|
————h(t)dt
[ e
= kll()\7a7ﬁal17l27h)' (3 32)
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and
11—«
[t? — a)|
———h(1 —t)dt
[ e
== le(AvaaBa l15127h)' (3 33)

() (i) If 1+ ((a—1)A)7 <1—a, then

1 1 (o —
/1_ (¢ 1)(At)(2 1)A|h(t)dt

= klg(A,O{,ﬁ,ll,lQ,h). (3 34)

and

=17 = (a =1\
Aﬁ a7 h(1 — t)dt

= k14()‘7057ﬂ7l17l27h)' (3 35)

—x

(i) If 1+ ((a—1)A)# > 1 — a, then

le()\7a7ﬁa ll7 l27 h) + klﬁ()\7a7ﬁ7 l17 l27 h) (3 36)

and

-0 —(a-DA,
1 vhE h(1 — t)dt

- k17()\7a,ﬂ,ll7l2,h)+k18(>\,0[7ﬂ,ll712,h)- (3 37)
By substituting (3.30) to (3.37) in equation (3.29) gives the required result. O

—Q

Corollary 3.9. Assumingthaf : M = [, 4 +n(l2,4)] € R\ {0} — Ris differentiable
on the interior , M° of M where f' € Lq[h, L + n(le,4)] for 4, 4+n(l2, 4 )e M with
h < b +n(h),8 € (0,1 and X\, € [0,1]. If |f'| is s-harmonic Godunova-Levin
preinvex onM, we have

@ If (@\)? <1—a <1+ ((a—1)\)7,then

|‘ij()‘7 @, ﬂv l17 ll + 77(125 ll))|
Sll’r/(l2711){l1+77(l2all)}[{{k; ()‘7a767l1al27_8)+k§ ()\,Oé,ﬁ,ll,lg,_s)}+{kT5()\,Oé,ﬁ,l17l2,—8)
+ki‘6()‘7aaﬁ7ll7127_8)}}|fl(ll)‘ + {{kg(Aua>57l17l27_3)+kT0(A7a757117127 _S)}
+{kr7(>‘7aaﬂvllvl23 _S)+k1<8 O‘vaaﬂall3127_8)}}|f/(12)|]'
(0) If (@\)? <1+ ((@—1)A)7 <1 — a, then

|\I/f<)\7 ﬁ7 «, ll? ll + n(ZQa ll))|
Slln(IQ;ll){ll"'n(l%ll)}[{{k; ()\70[757117127_8)+k§ ()\,Oé,ﬁ,l]7[2,—5)}+k1<3()\,0[,,6,11,127—8)}
X1 (0) H-{{kg O, 8,01 12, —8) +E o N, B0 Lo, — KTy e, B, ,1a,—9) ' (12) ]
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94
© If 1—a<(a\)? <1+ ((a—1)A\)7,then
U s(N, Bya, b, b +n(le, )
<bnla,h){h+nl20)} {{ks o, Bk 12, =)+ kg A\, Bl 2, =) H- K (Ao, B2, —9)}
X () HLEL N0 B0k Lo, =9+ KTg (N 8,012, —s) H kT o B0, 12,—9) H ' (12) ]
where

(@XB)1=s /ozA h(l- )+S(l1+ca/\%)2F1[1,175,2—57*0‘73‘?])
2 (l+cal?) \ 1-s

k;()‘va767 llal21 - )

=

(@A) (htcad®)(—s+3)2 F1[1,1—s+ 3.2~ s+0752
T 1—s+p

(X)) (~1+5—5)
1—s4+p
aX  [c1=statsa)—shtce—ca) 1[I 14524 s s 1+a)]
2 (Hs) l—a)$(-14+ a)(bh + ¢ — ca)

kg()‘7aaﬁa l17 l2; _S)::

AT (et JaXF— s(itcaXd ) Fi [1, 145,24+ 5, 24d 2 )y
L —|—coz/\%

1 (227 e4s =P) | (Z5)7 (s = h)
A(1l+s-0) (b +c—ca) (-1+a)

X7 Yis—h )\%7}% .
x2F1[1,1+S_672+S_6’C(_Ha)}+(a ) l S_m)\; s+03))
1 cx

+(aAF 5 )1+5 (—s+ B)2F1[1,14 s— 3,24+ s—0, —llai\T ])

. B (a/\)ﬁ f(tﬂ —a)\) .
kg(A, o, B, b, 1o, —s) -—/0 A ECET0E (1—1t)"°dt

Kio(h a, 8,11, o 07— o d

1 y O 9501, b2, =S8) 1= 1 1—¢)7%dt

10( 1502 ) /(a)\)[i (ll(l — t) + (ll I C)t)Q( )
(1—a)

krl()V aaﬁa l17 l2) _S) = l12(ll —ca+ C) (1 - Oé)O[All _(1 - Oé)1+5l1

(=14 a)ars(h+c— ca)aFi[1,1 —s,2 — s,
" s—1
+(1—a)1+6(l1+0—ca)( —B)2F1 (1,1 s+ 5,2— s+ B AT

—1+s5-p0

)
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-« _ t[} — a\ .
kIQ()‘aavﬁ7ll7l25_8)::/O (ll(].—(t)-f-(lolé—:c)t)z (1—t) dt

(1)L —a)*F[l—s,—-6,2,2-s51—a, 59

kTS()‘aavﬁv ll,l2, _8) =

B(—1+s)
(D’ -a)taR[l -5, 0,22 - 5,1 - a, )]
F(-1+s)
1 —c(1+58) 4+ (b + ¢)so F1[1,H8,24+5,— 4]
+02(1+5)(1a))\( ll i
(—a) ! (elsH) o )= s(h+c—ca)o Fy[1, 15,2+ 5,24 1)
- h+c—ca

(—1)PT(1 = s)L(L+ B3)2F1[2,1 — 5,2 — 5+ 3, — £]
FT(2—5+p)
(t—1" = (a—1)A

+

1
R R (= = er SU
Ko,y o, =) = s (L)) P (- (L + )

1

X1+ ((=1+a)A)7))77) ( — (14 a)(a((-1+a))?)”

l
—1+a1]

—(1—a)*a (=1 + )N )P (L + ((~1+a)A)7)

xFy [1_37—»3,2,2—s,1+((—1+a)>\)71’,_c(1+ ((_H_O‘))‘))ﬁw})‘(a_ 1)

XFi[l—s-8,22—s1-a,—

b e (1+9)
1o —c(I+5) (—1H+a) L
X <(1a) <ll—|—c—ca — 52F1[1,1+5,2+5,(C(_ —i—a))])
1 (L4 )L+ (L + a)N)P)
)

+<(1+((—1+a))\)f1’ L+c+e((=1+a)\)s

+soF1[1,1+5,2+s,— h T ])>
(14 (=1 + a)A)P)
1 _ B _ _
Fio(b, b, b, —8) = /1+((a—1)x>é (((I - 1))l1 - E(O; +1c))A)2t_Sdt
k(O a, B, b, b, —) = /1 1:«&1» ’ (((it_t;l)lﬂth((Zeri)))é)(l ) cdt
KO\ @, B, 1, 1o, —s) :/li(m1)»5((1(;)2:?1133)2 (1—)~*dt; wherec=n(la, b )
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Remark 3.10. If 5 =1, h(t) = t andn(l2, ) = lo — 4, then our results coincide with the
results for harmonically convex functiof].
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