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1. INTRODUCTION

The beginning of the theory of convexity can be traced back to the end of19th century
[1, 3, 9]. The theory of convexity has been extended in numerous directions using ad-
vanced ideas and techniques. Several inequalities have been obtained for convex function
but a very well-known is the Hermite-Hadamard inequality.
Hermite-Hadamard inequality was discovered by Ch. Hermite [8] in1883 and rediscovered
by J. Hadamard [6] in1893. Hermite-Hadamard inequalities for convex functions and their

75



76 Sadia Afzal, Sabir Hussain, Muhammad Amer Latif

several forms exist in literature [1, 5, 9, 10], [11]-[24], [27]-[36].
The generalization of convexity is the invexity, many researchers have done work on it.
Hanson [7] investigate and introduced the invex functions. Ben-Israel and Mond [4] worked
on invex set and preinvex functions. Pini [35] investigated another class of generalized in-
vex functions, named as preinvex functions. Mohan and Neogy [26] established some prop-
erties of generalized preinvex functions. Noor [33] introduced some Hermite-Hadamard
type inequalities for preinvex functions. Various integral inequalities for preinvex func-
tions have been established recently, see [30, 31]. Iscan [10] introduced the concept of
harmonically convex functions.
Noor et. al. [29] investigate a class of preinvex functions with respect to an arbitrary func-
tion h, which are said to be relative preinvex functions. He also introduced the class of rela-
tive harmonic functions with respect to an arbitrary nonnegative function h and established
an innovative class of convex function with respect to an arbitrary nonnegative function h,
which is known as relative harmonic preinvex functions [30, 34]. We also obtain diverse
classes of harmonic convex and harmonic preinvex functions such as Breckner type ofs-
harmonic preinvex functions, Godunova levin type ofs-harmonic preinvex functions and
harmonicP -preinvex functions [27, 28, 30, 32].

2. NOTATIONS AND PRELIMINARIES

Definition 2.1. [30]. Let h : [0, 1] ⊆ I −→ R be a non-negative function. A function
f :K=[l1, l1+η(l2, l1)] ⊆ R \ {0} −→ R is known as relative harmonic preinvex function
with respect to an arbitrary functionh andη(., .), if

f

(
l1(l1 + η(l2, l1))

l1 + (1− t)η(l2, l1)

)
≤ h(1− t)f(l1) + h(t)f(l2), t ∈ [0, 1], ∀ l1, l2 ∈ K.

Remark 2.2.

• If t = 1
2 , then we get

f

(
2l1(l1 + η(l2, l1))

2l1 + η(l2, l1)

)
≤ h

(
1
2

)
[f(l1) + f(l1)], ∀ l1, l2 ∈ K.

which is known as Jensen type relative harmonic preinvex function.
• If h(t) = t, h(t) = ts, h(t) = t−s, h(t) = 1, then relative harmonic preinvex

functions reduces to harmonic preinvex functions,s-harmonic preinvex functions,
s-harmonic Godunova-Levin functions and harmonicP -preinvex functions respec-
tively.

Definition 2.3. Let K ⊂R be an invex set with respect to bifunctionη(., .) :K×K−→R.
For anyl1, l2 ∈ K and anyt ∈ [0, 1], we have

η(l2, l2 + tη(l1, l2)) = −tη(l1, l2)
η(l1, l2 + tη(l1, l2)) = (1− t)η(l1, l2)

Note that for everyl1, l2 ∈ K, t1, t2 ∈ [0, 1] and from conditionC, we have

η(l2 + t2η(l1, l2), l2 + t1η(l1, l2)) = (t2 − t1)η(l1, l2)

This condition is automatically satisfied for the convex functions.
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Theorem 2.4. [30]. A functionf : K = [l1, l1+ η(l2, l1)] ⊆ R \ {0} −→ R is relative
harmonic preinvex function wherel1, l1 + η(l2, l1) ∈ K with l1 < l1 + η(l2, l1). If f ∈
L[l1, l1 + η(l2, l1)] and condition C holds,

1
2h(12 )

f

(
2l1(l1+η(l2,l1))
2l1+η(l2, l1)

)
≤l1(l1+η(l2,l1))

η(l2,l1)

∫ l1+η(l2,l1)

l1

f(x)
x2

dx≤ [f(l1)+f(l2)]
∫ 1

0

h(t)dt. (2. 1)

Remark 2.5. If h(t) = ts, h(t) = t−s, h(t) = 1, then Theorem 2.4 becomes Hermite-
Hadamard type integral inequalities fors-harmonic preinvex function,s-harmonic Godunova-
Levin function and harmonicP -preinvex functions respectively.

Definition 2.6. [34]. let 2F1[r, s, t, x] denote the hypergeometric function given by

2F1[r, s, t, x] =
∞∑

p=0

(r)p(s)p

(t)p

xp

p!
; |x| < 1

It is not defined if t equals a non-positive integer. Here(v)p is the Pochhammer symbol,
which is given by

(v)p =
{

1, p = 0
v(v + 1)...(v + p− 1), p > 0.

Definition 2.7. [2]. In the product of two hypergeometric functions2F1(α; β; γ;x),
2F1(α′; β′; γ′; y), we obtain a double series , resulting in four kinds of functions which are
shown as follows:

F1(α; β, β′; γ; x, y) =
∞∑

r=0

∞∑
s=0

(α)r+s(β)r(β′)s

r!s!(γ)r+s
xrys, |x|, |y| < 1

F2(α; β, β′; γ, γ′; x, y) =
∞∑

r=0

∞∑
s=0

(α)r+s(β)r(β′)s

r!s!(γ)r(γ′)v
xrys , |x|+ |y| < 1

F3(α, α′; β, β′; γ; x, y) =
∞∑

r=0

∞∑
s=0

(α)r(α′)s(β)r(β′)s

r!s!(γ)r+s
xrys, |x|, |y| < 1

F4(α; β; γ, γ′; x, y) =
∞∑

r=0

∞∑
s=0

(α)r+s(β)r+s

r!s!(γ)r(γ′)s
xrys, |x| 12 + |y| 12 < 1.

Definition 2.8. [36]. Given a generalized hypergeometric or hypergeometric func-
tion pFq(α1, ..., αp;β1, ..., βq; x), the corresponding regularized hypergeometric function
is given by

pF̃q(α1, ..., αp; β1, ..., βq;x) = pFq(α1, ..., αp; β1, ..., βq;x)
(Γ(β1)...Γ(βq))

,

where Γ(x) is a gamma function.

Definition 2.9. [34]. The beta function is special function, also known as the Euler integral
of the first kind is denoted as

B(m,n) =
∫ 1

0

zm−1(1− z)n−1dz =
Γ(m)Γ(n)
Γ(m + n)

; where m, n are real numbers.
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Definition 2.10. [32]. Letf ∈ L[l1, l2]. The Riemann-Liouville IntegralsJβ
l1+

f andJβ
l2−f

of orderβ > 0 with l1 ≥ 0 are given by

Jβ
l1+

f(x) =
1

Γ(β)

∫ x

l1

(x− t)β−1f(t)dt, x > l1

Jβ
l2−f(x) =

1
Γ(β)

∫ l2

x

(t− x)β−1f(t)dt, l2 > x

Here,Γ(β) =
∫ +∞
0

e−aaβ−1da.

• If β = 0, then J0
l1+

f(x) = J0
l2−f(x) = f(x).

• If β = 1, then the fractional integral becomes the classical integral.

3. MAIN RESULTS

For establishing some new Hermite-Hadamard type inequalities connected with the right
and left part of ( 2. 1 ) for functions whose derivatives are relative harmonically preinvex,
we need the following lemma:

Lemma 3.1. Assuming thatf : M = [l1,l1+ η(l2, l1)] ⊆ R \ {0} −→ R is differentiable on
the interior, Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1, l1+ η(l2, l1) ∈M with l1 <
l1 + η(l2, l1), λ, α ∈ [0, 1], g(x) = 1

x and β ∈ (0, 1] such that(−1)β ∈ R , then

Ψf (λ, α, β, l1, l1+ η(l2, l1))

:= −
[
f

(
l1{l1+ η(l2, l1)}

Ā1−α

)
[(1−α)β− (−1)βαβ−λ]+(1−α)λf

(
l1{l1+η(l2, l1)}

Ā1

)

× αλ

(
l1{l1 + η(l2, l1)}

Āo

)
−Γ(β + 1) lβ1 {l1 + η(l2, l1) }β

η(l2, l1)
β

{
Jβ

l1α+(1−α){l1+η(l2,l1)}
l1{l1+η(l2,l1)} −f◦g

(
1

l1+η(l2, l1)

)
+(−1)βJβ

l1α+(1−α){l1+η(l2,l1)}
l1{l1+η(l2,l1)} +

f◦g
(

1
l1

)}]

= l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1−α

0

tβ − αλ

(Āt)2
f ′

(
l1{l1 + η(l2, l1)}

Āt

)
dt

+
∫ 1

1−α

(t− 1)β − (α− 1)λ
(Āt)2

f ′
(

l1{l1 + η(l2, l1)}
Āt

)
dt

]

for t ∈ [0, 1] andĀt = (1− t)l1 + t(l1 + η(l2, l1)) .

Proof. Let

I1=
∫ 1−α

0

tβ − αλ

(Āt)2
f ′

(
l1{l1 + η(l2, l1)}

Āt

)
dt

=− 1
l1{l1+η(l2, l1)}η(l2, l1)

[
{(1−α)β− αλ}f

(
l1{l1+η(l2, l1)}

αl1+ (1− α)(l1 + η(l2, l1))

)

+αλf

(
l1{l1+ η(l2, l1)}

l1

)
−β

∫ 1−α

0

tβ−1f

(
l1{l1 + η(l2, l1)}

(1− t)l1+ t(l1 + η(l2, l1))

)
dt

]
. (3. 2)
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Settingx = (1−t)l1+t(l1+η(l2,l1))
l1{l1+η(l2,l1)} , so thatdx = η(l2,l1)

l1{l1+η(l2,l1)}dt

For 0 ≤ t ≤ 1− α, we have 1
l1+η(l2,l1)

≤ x ≤ l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)} and hence(3.2)

becomes

I1=− 1
l1η(l2,l1){l1+η(l2,l1)}

[
{(1−α)β−αλ}f

(
l1{l1+η(l2,l1)}

Ā1−α

)
+αλf

(
l1{l1+η(l2,l1)}

Āo

)

−βlβ1 {l1+ η(l2, l1)}β

{η(l2, l1)}β

∫ l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)}

1
l1+η(l2,l1)

(f ◦g)(x)
[
x− 1

l1+ η(l2, l1)

]β−1

dx

]

I1=− 1
l1η(l2,l1){l1+η(l2,l1)}

[
{(1−α)β−αλ}f

(
l1{l1+η(l2,l1)}

Ā1−α

)
+αλf

(
l1{l1+η(l2,l1)}

Āo

)

βlβ1 {l1 + η(l2, l1)}β

{η(l2, l1)}β

{
Γ(β)Jβ

l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)} −(f ◦g)

(
1

l1 + η(l2, l1)

)}]
(3. 3)

Let

I2=
∫ 1

1−α

(t− 1)β − (α− 1)λ
(Āt)2

f ′
(

l1{l1 + η(l2, l1)}
Āt

)
dt

=− 1
l1η(l2, l1){l1+η(l2, l1)}

[
−{(−α)β+(1−α)λ}f

(
l1{l1+η(l2, l1)}

αl1+ (1− α)(l1+η(l2, l1))

)

+(1−α)λf

(
l1{l1+η(l2, l1)}

l1+η(l2, l1)

)
−β

∫ 1

1−α

(t−1)β−1f

(
l1{l1+η(l2, l1)}

(1−t)l1+t(l1+η(l2, l1))

)
dt

]
(3. 4)

For1− α ≤ t ≤ 1, we have l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)} ≤ x ≤ 1

l1
and hence(3.4) becomes

I2 = − 1
l1η(l2, l1){l1 + η(l2, l1)}

[−{(−α)β − (1− α)λ)

f

(
l1{l1 + η(l2, l1)}

Ā1−α

)
+ (1− α)λf

(
l1{l1 + η(l2, l1)}

Ā1

)

−βlβ1 {l1 + η(l2, l1)}β

{η(l2, l1)}β

∫ 1
l1

l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)}

(f ◦g)(x)
[
x− 1

l1

]β−1

dx

]

I2 = − 1
l1η(l2, l1){l1 + η(l2, l1)}

[−{(1− α)β − (1− α)λ}

f

(
l1{l1 + η(l2, l1)}

Ā1−α

)
+ (1− α)λf

(
l1{l1 + η(l2, l1)}

Ā1

)
− (−1)β−1

βlβ1 {l1 + η(l2, l1)}β

{η(l2, l1)}β

{
Γ(β)Jβ

l1α+(1−α)(l1+η(l2,l1))
l1{l1+η(l2,l1)} +

(f ◦g)
(

1
l1

)}]
(3. 5)
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Adding Equations(3.3) and(3.5), we have

Ψf (λ, α, β, l1, l1 + η(l2, l1))

:= −
[
f

(
l1{l1 + η(l2, l1)}

Ā1−α

)
[(1−α)β− (−1)βαβ−λ]+(1−α)λf

(
l1{l1+η(l2, l1)}

Ā1

)

×αλ

(
l1{l1+η(l2,l1)}

Āo

)
−Γ(β+1)lβ1 {l1+η(l2,l1)}β

η(l2, l1)
β

{
Jβ

l1α+(1−α){l1+η(l2,l1)}
l1{l1+η(l2,l1)} −f◦g

(
1

l1+η(l2,l1)

)

+(−1)βJβ
l1α+(1−α){l1+η(l2,l1)}

l1{l1+η(l2,l1)} +
f◦g

(
1
l1

)}]

= l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1−α

0

tβ − αλ

(Āt)2
f ′

(
l1{l1 + η(l2, l1)}

Āt

)
dt

+
∫ 1

1−α

(t− 1)β − (α− 1)λ
(Āt)2

f ′
(

l1{l1 + η(l2, l1)}
Āt

)
dt

]

¤

Remark 3.2. (a) If λ = 0, α = 1
2 andβ = 1, then Lemma3.1 reduces to the following

result

l1{l1 + η(l2, l1)}
η(l2, l1)

∫ l1+η(l2,l1)

l1

f(z)
z2

dz − f

(
2l1{l1 + η(l2, l1)}
l1 + (l1 + η(l2, l1))

)

= l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1

2

0

t

(Āt)2
f ′

(
l1{l1 + η(l2, l1)}

Āt

)
dt

+
∫ 1

1
2

(t− 1)
(Āt)2

f ′
(

l1{l1 + η(l2, l1)}
Āt

)
dt

]
. (3. 6)

(b) If λ = 1, α = 1
2 andβ = 1, then Lemma3.1 reduces to the following result

f(l1) + f(l1 + η(l2, l1))
2

− l1{l1 + η(l2, l1)}
η(l2, l1)

∫ l1+η(l2,l1)

l1

f(z)
z2

dz

= l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1

0

(1
2 − t)
(Āt)2

f ′
(

l1{l1 + η(l2, l1)}
Āt

)
dt

]
.

Now we establish new integral inequalities of Hermite-Hadamard type for relative har-
monically preinvex functions.

Theorem 3.3. Assuming thatf : M = [l1, l1 + η(l2, l1)] ⊆ R \ {0} −→ R is differentiable
on the interior,Mo of M wheref ′ ∈ L[l1 + η(l2, l1)] for l1, l1 + η(l2, l1) ∈ M with l1 <
l1 + η(l2, l1), β ∈ (0, 1] andλ, α ∈ [0, 1]. If |f ′|µ is relative harmonically preinvex onM
for µ > 1 with 1

γ + 1
µ = 1, we have
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(a) If (αλ)
1
β ≤ 1− α ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤ l1η(l2,l1){l1+η(l2,l1)}[(k1(λ,α,β,l1,l2)+k2(λ,α,β,l1,l2))

1
γ {(k7(λ,α,β,l1,l2,h)

+k8(λ, α, β,l1,l2,h)|f ′(l1)|µ+(k9(λ, α, β,l1,l2,h)+ k10(λ, α, β,l1,l2,h))|f ′(l2)|µ}
1
µ

+(k5(λ, α, β,l1,l2)+ k6(λ, α, β,l1,l2))
1
γ {(k15(λ,α,β,l1,l2,h)+k16(λ,α,β,l1,l2,h))

×|f ′(l1)|µ+(k17(λ, α, β,l1,l2,h) + k18(λ, α, β,l1,l2,h))|f ′(l2)|µ}
1
µ ].

(b) If (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β ≤ 1− α, then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤ l1η(l2,l1){l2+η(l2,l1)}[(k1(λ,α,β,l1,l2)+k2(λ,α,β,l1,l2))

1
γ {(k7(λ,α,β,l1,l2,h)

+k8(λ, α, β,l1,l2,h))|f ′(l1)|µ+(k9(λ, α,β,l1,l2,h)+k10(λ, α,β,l1,l2,h))|f ′(l2)|µ}
1
µ

+(k4(λ, α, β,l1,l2))
1
γ {(k13(λ,α,β,l1,l2,h)|f ′(l1)|µ+k14(λ,α,β,l1,l2,h)|f ′(l2)|µ)} 1

µ ].

(c) If 1− α ≤ (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤ l1η(l2,l1){l1+η(l2,l1)}[(k3(λ,α,β,l1,l2))

1
γ {(k11(λ,α,β,l1,l2, h)|f ′(l1)|µ

+k12(λ,α,β,l1,l2,h)|f ′(l1)|µ)}1
µ+(k5(λ,α,β,l1,l2)+k6(λ,α,β,l1,l2))

1
γ{(k15(λ,α,β,l1, l2,h)

+k16(λ,α,β,l1,l2,h))|f ′(l1)|µ+(k17(λ,α,β,l1,l2,h)+k18(λ,α,β,l1,l2, h))|f ′(l2)|µ}
1
µ ].

Proof. By using Lemma3.1 and power mean integral inequality, we have

|Ψf (λ, α, β, l1, l1 + η(l2, l1))| (3. 7)

≤ l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

+
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

]

≤ l1η(l2, l1){l1 + η(l2, l1)}
(∫ 1−α

0

|tβ − αλ|
(Āt)2

dt

)1− 1
µ

(∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

) 1
µ

+

(∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

dt

)1− 1
µ

(∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

) 1
µ

(3. 8)

(a) (i) If (αλ)
1
β ≤ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

dt =
∫ (αλ)

1
β

0

−(tβ − αλ)
(Āt)2

dt +
∫ 1−α

(αλ)
1
β

tβ − αλ

(Āt)2
dt

= k1(λ, α, β, l1, l2) + k2(λ, α, β, l1, l2) (3. 9)
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where

k1(λ, α, β, l1, l2) :=
(αλ

1
β )β+1β 2F1[1,1+β, 2+β,− cαλ

1
β

l1
]

l21 (1 + β)
+

αλ
1
β (−((αλ

1
β )β − αλ))

l1(l1 + cαλ
1
β )

k2(λ, α, β, l1, l2) :=
c(1− α)1+β + l1αλ

l1c(l1 + c− cα)
− c(αλ

1
β )1+β + l1αλ

l1c(l1 + cαλ
1
β )

+
(−l1 + c(α− 1))(1− α)1+ββ2F1[1, 1 + β, 2 + β, c(α−1)

l1
]

l21 (l1 + c− cα)(1 + β)

+
(αλ

1
β )1+ββ2F1[1, 1 + β, 2 + β,− cαλ

1
β

l1
]

l21 (1 + β)

(ii) If (αλ)
1
β ≥ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

dt =
∫ 1−α

0

−(tβ − αλ)
(Āt)2

dt = k3(λ, α, β, l1, l2). (3. 10)

where

k3(λ, α, β, l1, l2) :=
(−1 + α)(l1(1 + β)((1− α)β − αλ))

l21 (l1 + c− cα)(1 + β)

− (−1 + α)(1− α)β(l1 + c− cα)β2F1[1, 1 + β, 2 + β, c(−1+α)
l1

])
l21 (l1 + c− cα)(1 + β)

(b) (i) If 1 + ((α− 1)λ)
1
β ≤ 1− α, then

∫ 1

1−α

|(t− 1)β− (α− 1)λ|
(Āt)2

dt=k4(λ, α, β, l1, l2). (3. 11)

where

k4(λ, α, β, l1, l2) :=
∫ 1

1−α

(t− 1)β − (α− 1)λ
(1− t)l1 + t(l1 + c)

dt

(ii) If 1 + ((α− 1)λ)
1
β ≥ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

dt = k5(λ, α, β, l1, l2) + k6(λ, α, β, l1, l2).(3. 12)

where

k5(λ, α, β, l1, l2) :=
∫ 1+((α−1)λ)

1
β

1−α

−((t− 1)β − (α− 1)λ)
(1− t)l1 + t(l1 + c)

dt

k6(λ, α, β, l1, l2) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
(1− t)l1 + t(l1 + c)

dt
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Since|f ′|µ be relative harmonically preinvex on the interval[l1, l1 + η(l2, l1)] with respect
to an arbitrary nonnegative functionh and forµ > 1, ast ∈ [0, 1]

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
t(l1 + η(l2, l1)) + (1− t)l1

)∣∣∣∣
µ

≤ h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ.

hence, by simple calculation, we obtain some inequalities

(c) (i) If (αλ)
1
β ≤ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

≤
∫ (αλ)

1
β

0

−(tβ − αλ)
(Āt)2

[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

+
∫ 1−α

(αλ)
1
β

tβ − αλ

(Āt)2
[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

= [k7(λ, α, β, l1, l2, h) + k8(λ, α, β, l1, l2, h)]|f ′(l1)|µ
+[k9(λ, α, β, l1, l2, h) + k10(λ, α, β, l1, l2, h)]|f ′(l2)|µ. (3. 13)

where

k7(λ, α, β, l1, l2, h) :=
∫ (αλ)

1
β

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

h(t)dt

k8(λ, α, β, l1, l2, h) :=
∫ 1−α

(αλ)
1
β

tβ − αλ

(l1(1− t) + (l1 + c)t)2
h(t)dt

k9(λ, α, β, l1, l2, h) :=
∫ (αλ)

1
β

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

h(1− t)dt

k10(λ, α, β, l1, l2, h) :=
∫ 1−α

(αλ)
1
β

tβ − αλ

(l1(1− t) + (l1 + c)t)2
h(1− t)dt

(ii) If (αλ)
1
β ≥ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

≤
∫ 1−α

0

−(tβ − αλ)
(Āt)2

[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

= k11(λ, α, β, l1, l2, h)|f ′(l1)|µ + k12(λ, α, β, l1, l2, h)|f ′(l2)|µ. (3. 14)

where

k11(λ, α, β, l1, l2, h) :=
∫ 1−α

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

h(t)dt

k12(λ, α, β, l1, l2, h) :=
∫ 1−α

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

h(1− t)dt



84 Sadia Afzal, Sabir Hussain, Muhammad Amer Latif

(d) (i) If 1 + ((α− 1)λ)
1
β ≤ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

≤
∫ 1

1−α

(t− 1)β − (α− 1)λ
(Āt)2

[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

= k13(λ, α, β, l1, l2, h)|f ′(l1)|µ + k14(λ, α, β, l1, l2, h)|f ′(l2)|µ. (3. 15)

where

k13(λ, α, β, l1, l2, h) :=
∫ 1

1−α

(t− 1)β − (α− 1)λ
(l1(1− t) + (l1 + c)t)2

h(t)dt

k14(λ, α, β, l1, l2, h) :=
∫ 1

1−α

(t− 1)β − (α− 1)λ
(l1(1− t) + (l1 + c)t)2

h(1− t)dt

(ii) If 1 + ((α− 1)λ)
1
β ≥ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

≤
∫ 1+((α−1)λ)

1
β

1−α

−((t− 1)β − (α− 1)λ)
(Āt)2

[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

+
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
(Āt)2

[h(t)|f ′(l1)|µ + h(1− t)|f ′(l2)|µ]dt

= [k15(λ, α, β, l1, l2, h) + k16(λ, α, β, l1, l2, h)]|f ′(l1)|µ
+[k17(λ, α, β, l1, l2, h) + k18(λ, α, β, l1, l2, h)]|f ′(l2)|µ. (3. 16)

where

k15(λ, α, β, l1, l2, h) :=
∫ 1+((α−1)λ)

1
β

1−α

−((t− 1)β − (α− 1)λ)
(l1(1− t) + (l1 + c)t)2

h(t)dt

k16(λ, α, β, l1, l2, h) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
(l1(1− t) + (l1 + c)t)2

h(t)dt

k17(λ, α, β, l1, l2, h) :=
∫ 1+((α−1)λ)

1
β

1−α

−((t− 1)β − (α− 1)λ)
(l1(1− t) + (l1 + c)t)2

h(1− t)dt

k18(λ, α, β, l1, l2, h) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
(l1(1− t) + (l1 + c)t)2

h(1− t)dt

Wherec = η(l1, l2). By substituting(3.9) to (3.16) in equation (3.7) gives the required
result.

¤

If λ = 0, α = 1
2 andβ = 1, then identity(3.7) reduces to the following result:
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Corollary 3.4. Assuming thatf : M = [l1, l1 +η(l2, l1)] ⊆ R\{0} −→ R is differentiable
on the interior,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1, l1+η(l2, l1)∈M with
l1 < l1+η(l2, l1). If |f ′|µ is relative harmonically preinvex onM for µ > 1 with 1

γ + 1
µ = 1,

then∣∣∣∣∣
l1{l1 + η(l2, l1)}

η(l2, l1)

∫ l1+η(l2,l1)

l1

f(z)
z2

dz − f

(
2l1{l1 + η(l2, l1)}
l1 + (l1 + η(l2,l1))

)∣∣∣∣∣

≤ l1η(l2,l1){l1 + η(l2,l1)}[s
1
γ

5(λ, l1, l2){s1(λ,l1,l2,h)|f ′(l1)|µ+ s2(λ,l1,l2,h)|f ′(l2)|µ}
1
µ

+s
1
γ

6 (λ, l1, l2){s3(λ, l1, l2, h)|f ′(l1)|µ + s4(λ, l1, l2, h)|f ′(l2)|µ}
1
µ ].

where

s1(λ, l1, l2, h) :=
∫ 1

2

0

th(t)
(l1(1− t) + (l1 + c)t)2

dt

s2(λ, l1, l2, h) :=
∫ 1

2

0

th(1− t)
(l1(1− t) + (l1 + c)t)2

dt

s3(λ, l1, l2, h) :=
∫ 1

1
2

(1− t)h(t)
(l1(1− t) + (l1 + c)t)2

dt

s4(λ, l1, l2, h) :=
∫ 1

1
2

(1− t)h(1− t)
(l1(1− t) + (l1 + c)t)2

dt

s5(λ, l1, l2) :=
− c

2l1+c − log(l1) + log(l1 + c
2 )

c2

s6(λ, l1, l2) :=
c

2l1+c + log(l1 + c
2 − log(l1 + c))

c2
; where c = η(l2, l1).

Corollary 3.5. Assuming thatf : M = [l1, l1 +η(l2, l1)] ⊆ R\{0} −→ R is differentiable
on the interior,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1, l1+η(l2, l1)∈M with
l1 < l1 + η(l2, l1), β ∈ (0, 1] andλ, α ∈ [0, 1]. If |f ′|µ is s-harmonic preinvex onM for
µ > 1 with 1

γ + 1
µ = 1, we have

(a) If (αλ)
1
β ≤ 1− α ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤ l1η(l2, l1){l1+η(l2, l1)}[(k1(λ,α,β,l1,l2)+k2(λ,α,β,l1,l2))

1
γ {(k̂7(λ,α,β,l1,l2,s)

+k̂8(λ,α,β,l1,l2,s)|f ′(l1)|µ+(k̂9(λ,α,β,l1,l2, s)+ k̂10(λ,α,β,l1,l2,s))|f ′(l2)|µ}
1
µ

+(k5(λ,α,β,l1,l2)+ k6(λ,α,β,l1,l2))
1
γ {(k̂15(λ,α,β,l1,l2,s)+k̂16(λ,α,β,l1,l2,s))

×|f ′(l1)|µ+(k̂17(λ,α,β,l1,l2,s) + k̂18(λ,α,β,l1,l2,s))|f ′(l2)|µ}
1
µ ].

(b) If (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β ≤ 1− α, then

|Ψf (λ, α, β,l1,l1 + η(l2,l1))|
≤ l1η(l2,l1){l1+η(l2, l1)}[(k1(λ,α,β,l1,l2)+k2(λ,α,β,l1,l2))

1
γ {(k̂7(λ,α,β,l1,l2,s)

+k̂8(λ,α,β,l1,l2,s))|f ′(l1)|µ+(k̂9(λ,α,β,l1,l2,s)+k̂10(λ,α,β,l1,l2,s))|f ′(l2)|µ}
1
µ

+(k4(λ,α,β,l1,l2))
1
γ {(k̂13(λ,α,β,l1,l2,s)|f ′(l1)|µ+k̂14(λ,α,β,l1,l2,s)|f ′(l2)|µ)} 1

µ ].
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(c) If 1− α ≤ (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤ l1η(l2, l1){l1+η(l2, l1)}[(k3(λ,α,β,l1,l2))

1
γ {(k̂11(λ,α,β,l1,l2,s)|f ′(l1)|µ

+k̂12(λ,α,β,l1,l2,s)|f ′(l2)|µ)}1
µ+(k5(λ,α,β,l1,l2)+k6(λ,α,β,l1,l2))

1
γ{(k̂15(λ,α,β,l1,l2,s)

+k̂16(λ,α,β,l1,l2,s))|f ′(l1)|µ+(k̂17(λ,α,β,l1,l2,s)+k̂18(λ,α,β,l1,l2,s))|f ′(l2)|µ}
1
µ ].

where

k̂7(λ, α, β, l1, l2, s) :=
(αλ

1
β )1+s

l21 (l1+cαλ
1
β )


αλ(l1(1+s)−s(l1+cαλ

1
β )2F1[1,1+s,2+s,−cαλ

1
β

l1
])

1+s

−(αλ
1
β )β(l1(1+s+β)−(l1+cαλ

1
β)(s+β)2F1[1,1+s+β, 2+s+β,−cαλ

1
β

l1
])

1 + s + β




k̂8(λ, α, β, l1, l2, s):=
αλ

c2(1−s)

(
( 1
1−α)

−s(c(−1+s+α−sα)−s(l1+c−cα)2F1[1,1−s,2−s, l1
c(−1+α) ])

(−1 + α)(l1 + c− cα)

− (αλ
−1
β )1−s(−c(−1+s)αλ

1
β+s(l1+cαλ

1
β )2F1[1,1−s,2−s,−l1αλ

−1
β

c )])

l1+cαλ
1
β




− 1
c2(−1 + s + β)

(
− ( 1

1−α )−s−β(−c(−1 + s + β))
(l1 + c− cα)

+
( 1
1−α )−s−β(s + β)2F1[1, 1− s− β, 2− s− β, l1

c(−1+α) ])

(−1 + α)

+
(αλ

−1
β )1−s−β(−cαλ

1
β (−1 + s + β))

l1 + cαλ
1
β

+ (αλ
−1
β )1−s−β(s + β)

×2F1[1, 1− s− β, 2− s− β,− l1αλ
−1
β

c
]

)

k̂9(λ, α, β, l1, l2, s) :=
∫ (αλ)

1
β

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

(1− t)sdt

k̂10(λ, α, β, l1, l2, s) :=
∫ 1−α

(αλ)
1
β

tβ − αλ

(l1(1− t) + (l1 + c)t)2
(1− t)sdt

k̂11(λ, α, β, l1, l2, s) :=
(1−α)1+s

l21 (l1+c−cα)

(
(αλ(l1(1+s)−s(l1+c−cα)2F1[1,1+s,2+s,c(−1+α)

l1
]))

1 + s

−(1−α)β(l1(1+s+β)−(l1+c−cα)(s+β)2F1[1,1+s+β,2+s+β,c(−1+α)
l1

])
1 + s + β

)
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k̂12(λ, α, β, l1, l2, s) :=
∫ 1−α

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

(1− t)s
dt

k̂13(λ, α, β, l1, l2, s) :=− (−1)β(1− α)sF1[1 + s,−β, 2, 2 + s, 1− α, c(−1+α)
l1

]
l21 (1 + s)

+
(−1)β(1− α)sαF1[1 + s,−β, 2, 2 + s, 1− α, c(−1+α)

l1
]

l21 (1 + s)

− 1
(c2(l1+c)(−1+s)(−1+α)(l1+c−cα))

λ(−c(−1+s)(−1+α)

×(l1(−1+ (1−α)s)+c(−1+(1−α)s+α))−(l1+c)s(−1+α)

×(l1+c−cα)2F1[1,1−s,2−s,− l1
c
]−(l1+c)s(1−α)s(l1+ c−cα)

×2F1[1, 1− s, 2− s,
l1

c(−1 + α)
])

+
1

(c2(l1+c)(−1+s)(−1+α)(l1+c−cα))
αλ(−c(−1+s)(−1+α)

×(l1(−1+ (1−α)s) + c(−1+ (1−α)s + α))− (l1+ c)s(−1+α)

×(l1+ c−cα)2F1[1,1−s, 2−s,− l1
c
]−(l1+c)s(1−α)s(l1+ c−cα)

×2F1[1, 1− s, 2− s,
l1

c(−1 + α)
])

+
(−1)βΓ(1 + s)Γ(1 + β)2F1[2, 1 + s, 2 + s + β,− c

l1
]

l21 Γ(2 + s + β)

k̂14(λ, α, β, l1, l2, s) :=
∫ 1

1−α

(t− 1)β − (α− 1)λ
((1− t)l1 + t(l1 + c))2

(1− t)sdt

k̂15(λ, α, β, l1, l2, s) :=
−1

l21 (1 + s)
α−β(−((α− 1)λ)

1
β )−β

(
− (1−α)s+1

×(α((−1+α)λ)
1
β )βF1[1 + s,−β, 2, 2 + s, 1− α,

c(α− 1)
l1

]

+αβ(((−1 + α)λ)
1
β )β(1 + ((−1 + α)λ

1
β )1+s

×F1[1+s,−β, 2, 2+s, 1 + ((α− 1)λ)
1
β ,−c(1 + ((α− 1)λ))

1
β

l1
]
)

+
(1−α)
c2(s−1)

λ

(
c(1−s)(1−α)s

l1+c−cα
+

(c+ l1
1−α )(1−α)ss2F1[1,1−s,2−s, l1

c(−1+α) ]

l1+c−cα

+
(

1

1 + ((−1 + α)λ)
1
β

)1−s(
c(−1 + s)(1 + ((−1 + α)λ)

1
β )

l1 + c + c((−1 + α)λ)
1
β

−
s2F1

[
1, 1− s, 2− s,− l1

c(1+((−1+α)λ)
1
β )

]

l1 + c + c((−1 + α)λ)
1
β

))

k̂16(λ, α, β, l1, l2, s) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
((1− t)l1 + t(l1 + c))2

tsdt

k̂17(λ, α, β, l1, l2, s) :=
∫ 1+(λ(α−1))

1
β

1−α

−((t− 1)β − (α− 1)λ)
((1− t)l1 + t(l1 + c))2

(1− t)sdt
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k̂18(λ, α, β, l1, l2, s) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β− (α−1)λ
(1−t)l1+t(l1+c))2

(1−t)sdt;wherec= η(l2, l1).

Theorem 3.6. Assuming thatf : M = [l1, l1 + η(l2, l1)] ⊆ R \ {0} −→ R is differentiable
on the interior,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1, l1+η(l2, l1)∈M with
l1 < l1 + η(l2, l1), β ∈ (0, 1] andλ, α ∈ [0, 1]. If |f ′|µ is relative harmonically preinvex on
M for µ > 1, we have

(a) If (αλ)
1
β ≤ 1− α ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|

≤ l1η(l2, l1){l1+η(l2, l1)}
[
(k19(λ, α, β, l1, l2, γ)+k20(λ, α, β, l1, l2, γ))

1
γ

(
(1−α)

×
{∣∣∣∣f ′

(
l1{l1 + η(l2, l1)}

Ā1−α

)∣∣∣∣
µ

+ |f ′(l2)|µ
} ∫ 1

0

h(t)dt

) 1
µ

+ (k23(λ, α, β, l1, l2, γ)

+k24(λ, α, β, l1, l2, γ))
1
γ

(
α

{
|f ′(l1)|µ+

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Ā1−α

)∣∣∣∣
µ}∫ 1

0

h(t)dt

) 1
µ


 .

(b) If (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β ≤ 1− α, then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|

≤ l1η(l2, v1){l1+η(l2, l1)}
[
(k19(λ, α, β, l1, l2, γ)+k20(λ, α, β, l1, l2, γ))

1
γ

(
(1−α)

×
{∣∣∣∣f ′

(
l1{l1 + η(l2, l1)}

Ā1−α

)∣∣∣∣
µ

+ |f ′(l2)|µ
} ∫ 1

0

h(t)dt

) 1
µ

+ (k22(λ, α, β, l1, l2, γ))
1
γ

×
(

α

{
|f ′(l1)|µ+

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Ā1−α

)∣∣∣∣
µ}∫ 1

0

h(t)dt

) 1
µ

]
.

(c) If 1− α ≤ (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|

≤ l1η(l2,l1){l1+η(l2, l1)}
[
(k21(λ,α,β,l1,l2,γ))

1
γ

(
(1−α)

{∣∣∣∣f ′
(

l1{l1+ η(l2, l1)}
Ā1−α

)∣∣∣∣
µ

+|f ′(l2)|µ}
∫ 1

0

h(t)dt

)1
µ

+(k23(λ,α,β,l1,l2,γ) + k24(λ,α,β,l1,l2,γ))
1
γ

(
α

{
|f ′(l1)|µ

+
∣∣∣∣f ′

(
l1{l1 + η(l2, l1)}

Ā1−α

)∣∣∣∣
µ}∫ 1

0

h(t)dt

) 1
µ

]
.
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Proof. By using Lemma3.1 and Ḧolder’s integral inequality, we have

|Ψf (λ, α, β, l1, l1 + η(l2, l1))| (3. 17)

≤ l1η(l2, l1){l1 + η(l2, l1)}
[ ∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

+
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

]

≤ l1η(l2,l1){l1+η(l2,l1)}
(∫ 1−α

0

|tβ−αλ|γ
(Āt)2γ

dt

)1
γ
(∫ 1−α

0

∣∣∣∣f ′
(

l1{l1+η(l2,l1)}
Āt

)∣∣∣∣
µ

dt

)1
µ

+

(∫ 1

1−α

|(t− 1)β − (α− 1)λ|γ
(Āt)2γ

dt

) 1
γ (∫ 1

1−α

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

) 1
µ

(3. 18)

(a) (i) If (αλ)
1
β ≤ 1− α, then

∫ 1−α

0

|tβ − αλ|γ
(Āt)2γ

dt = k19(λ, α, β, l1, l2, γ) + k20(λ, α, β, l1, l2, γ). (3. 19)

where

k19(λ, α, β, l1, l2, γ) :=
∫ (αλ)

1
β

0

(−tβ + αλ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

k20(λ, α, β, l1, l2, γ) :=
∫ 1−α

(αλ)
1
β

(tβ − αλ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

(ii) If (αλ)
1
β ≥ 1− α, then
∫ 1−α

0

|tβ − αλ|γ
(Āt)2γ

dt = k21(λ, α, β, l1, l2, γ). (3. 20)

where

k21(λ, α, β, l1, l2, γ) :=
∫ 1−α

0

(−tβ + αλ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

(b) (i) If 1 + ((α− 1)λ)
1
β ≤ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|γ
(Āt)2γ

dt = k22(λ, α, β, l1, l2, γ). (3. 21)

where

k22(λ, α, β, l1, l2, γ) :=
∫ 1

1−α

((t− 1)β − (α− 1)λ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

(ii) If 1 + ((α− 1)λ)
1
β ≥ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|γ
(Āt)2γ

dt=k23(λ,α,β,l1,l2,γ)+k24(λ,α,β,l1,l2,γ).(3. 22)
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where

k23(λ, α, β, l1, l2, γ) :=
∫ 1+((α−1)λ)

1
β

1−α

(−(t− 1)β + (α− 1)λ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

k24(λ, α, β, l1, l2, γ) :=
∫ 1

1+((α−1)λ)
1
β

((t− 1)β − (α− 1)λ)γ

((1− t)l1 + t(l1 + η(l2, l1)))2γ
dt

(c) Consider,

∫ 1−α

0

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt (3. 23)

Settingx = l1{l1+η(l2,l1)}
Āt

, so thatdt = −l1{l1+η(l2,l1)}
x2η(l2,l1)

dx

For 0 ≤ t ≤ 1− α, we havel1 + η(l2, l1) ≤ x ≤ l1{l1+η(l2,l1)}
Ā1−α

and hence(3.23)
becomes

=
l1{l1 + η(l2, l1)}

η(l2, l1)

∫ l1+η(l2,l1)

l1{l1+η(l2,l1)}
Ā1−α

|f ′(x)|µ
x2

dx (3. 24)

Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions,
we have

∫ 1−α

0

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dx

≤ l1{l1 + η(l2, l1)}
η(l2, l1)


{l1 + η(l2, l1)} − l1{l1+η(l2,l1)}

Ā1−α

{l1 + η(l2, l1)} l1{l1+η(l2,l1)}
Ā1−α




[∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Ā1−α

)∣∣∣∣
µ

+ |f ′(l1 + η(l2, l1))|µ
] ∫ 1

0

h(t)dt

≤ (1− α)
[∣∣∣∣f ′

(
l1{l1 + η(l2, l1)}

Ā1−α

)∣∣∣∣
µ

+ |f ′(l2)|µ
] ∫ 1

0

h(t)dt (3. 25)

Above Inequality holds forα = 1.
(d) Consider,

∫ 1

1−α

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt (3. 26)

Settingx = l1{l1+η(l2,l1)}
Āt

, so thatdt = −l1{l1+η(l2,l1)}
x2η(l2,l1)

dx

For 1− α ≤ t ≤ 1, we have l1{l1+η(l2,l1)}
Ā1−α

≤ x ≤ l1 and hence(3.26) becomes

=
l1{l1 + η(l2, l1)}

η(l2, l1)

∫ l1{l1+η(l2,l1)}
Ā1−α

l1

|f ′(x)|µ
x2

dx (3. 27)
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Using Hermite-Hadamard’s inequality for relative harmonic preinvex functions,
we have∫ 1

1−α

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣
µ

dt

≤ l1{l1+η(l2,l1)}
η(l2, l1)




l1{l1+η(l2,l1)}
Ā1−α

−l1

l12{l1+η(l2,l1)}
Ā1−α



[
|f ′(l1)|µ+

∣∣∣∣f ′
(
l1{l1+η(l2,l1)}

Ā1−α

)∣∣∣∣
µ]∫ 1

0

h(t)dt

≤α

[
|f ′(l1)|µ +

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Ā1−α

)∣∣∣∣
µ] ∫ 1

0

h(t)dt (3. 28)

Above Inequality holds forα = 0.

By substituting (3.19) to (3.22), (3.25) and (3.28) in equation (3.17) gives the
required result. ¤

If λ = 0, α = 1
2 andβ = 1, then identity(3.17) reduces to the following result:

Corollary 3.7. Assuming thatf : M = [l1, l1 + η(l2, l1)] ⊆ R \ {0} −→ R is differen-
tiable on the interior,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1,l1+η(l2, l1)∈M with
l1 < l1 + η(l2, l1). If |f ′|µ is harmonicP -preinvex onM for µ > 1, then

∣∣∣∣
l1{l1 + η(l2, l1)}

η(l2, l1)

∫ l1+η(l2,l1)

l1

f(z)
z2

dz − f

(
2l1{l1 + η(l2, l1)}
l1 + (l1 + η(l2, l1))

)∣∣∣∣

≤ l1η(l2, l1){l1 + η(l2, l1)}
(

1
2γ+1(γ + 1)

)1− 1
µ

[{s∗∗1 (λ, l1, l2, 0, µ) + s∗∗2 (λ, l1, l2, 0, µ)} (|f ′(l1)|µ + |f ′(l2)|µ)]
1
µ .

where

s∗∗1 (λ,l1,l2,0,µ) :=
1

l1(2l1+c)
, s∗∗2 (λ,l1,l2,0,µ) :=

1
(l1+c)(2l1+c)

; wherec= η(l2, l1).

Theorem 3.8. Assuming thatf : M = [l1, l1 + η(l2, l1)] ⊆ R \ {0} −→ R is differentiable
on the interior,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1,l1+η(l2, l1)∈M with l1 <
l1 + η(l2, l1), β ∈ (0, 1] andλ, α ∈ [0, 1]. If |f ′| is relative harmonically preinvex onM ,
we have

(a) If (αλ)
1
β ≤ 1− α ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2,l1)}[{{k7(λ,α,β,l1,l2,h)+k8(λ,α,β,l1,l2,h)}+{k15(λ,α,β,l1,l2,h)
+k16(λ,α,β, l1, l2, h)}}|f ′(l1)|+{{k9(λ,α,β, l1, l2, h)+k10(λ, α, β, l1, l2, h)}
+{k17(λ,α,β, l1, l2, h)+k18(λ,α,β, l1, l2, h)}}|f ′(l2)|].
(b) If (αλ)

1
β ≤ 1 + ((α− 1)λ)

1
β ≤ 1− α, then

|Ψf (λ, β, α, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2, l1)}[{{k7(λ,α,β,l1,l2,h)+k8(λ,α,β,l1,l2,h)}+k13(λ,α,β,l1,l2,h)}
×|f ′(l1)|+{{k9(λ,α,β,l1,l2,h)+k10(λ,α,β,l1,l2,h)}+k14(λ,α,β,l1,l2,h)}|f ′(l2)|].
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(c) If 1− α ≤ (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, β, α, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2,l1)}[{{k15(λ,α,β,l1,l2,h)+k16(λ,α,β,l1,l2,h)}+k11(λ,α,β,l1,l2,h)}
×|f ′(l1)|+{{k17(λ,α,β,l1,l2,h)+k18(λ,α,β,l1,l2,h)}+k12(λ,α,β,l1,l2,h)}|f ′(l2)|].

Where the values ofk7(λ, α, β, l1, l2, h) to k18(λ, α, β, l1, l2, h) are defined in Theorem
3.3.

Proof. By using Lemma3.1, we have

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|

≤ l1η(l2, l1){l1 + η(l2, l1)}
[∫ 1−α

0

|tβ − αλ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

+
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

∣∣∣∣f ′
(

l1{l1 + η(l2, l1)}
Āt

)∣∣∣∣dt

]
.

Since|f ′| be relative harmonically preinvex on the interval[l1, l1 + η(l2, l1)] with respect to
an arbitrary nonnegative functionh andt ∈ [0, 1], we have

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|

≤ l1η(l2, l1){l1 + η(l2, l1)}
[{∫ 1−α

0

|tβ − αλ|
(Āt)2

h(t)dt|f ′(l1)|

+
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(t)dt|f ′(l2)|
}

+
{∫ 1−α

0

|tβ − αλ|
(Āt)2

h(1− t)dt|f ′(l1)|

+
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(1− t)dt|f ′(l2)|
}]

(3. 29)

(a) (i) If (αλ)
1
β ≤ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

h(t)dt

= k7(λ, α, β, l1, l2, h) + k8(λ, α, β, l1, l2, h). (3. 30)

and
∫ 1−α

0

|tβ − αλ|
(Āt)2

h(1− t)dt

= k9(λ, α, β, l1, l2, h) + k10(λ, α, β, l1, l2, h). (3. 31)

(ii) If (αλ)
1
β ≥ 1− α, then

∫ 1−α

0

|tβ − αλ|
(Āt)2

h(t)dt

= k11(λ, α, β, l1, l2, h). (3. 32)
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and
∫ 1−α

0

|tβ − αλ|
(Āt)2

h(1− t)dt

= k12(λ, α, β, l1, l2, h). (3. 33)

(b) (i) If 1 + ((α− 1)λ)
1
β ≤ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(t)dt

= k13(λ, α, β, l1, l2, h). (3. 34)

and
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(1− t)dt

= k14(λ, α, β, l1, l2, h). (3. 35)

(ii) If 1 + ((α− 1)λ)
1
β ≥ 1− α, then

∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(t)dt

= k15(λ, α, β, l1, l2, h) + k16(λ, α, β, l1, l2, h). (3. 36)

and
∫ 1

1−α

|(t− 1)β − (α− 1)λ|
(Āt)2

h(1− t)dt

= k17(λ, α, β, l1, l2, h) + k18(λ, α, β, l1, l2, h). (3. 37)

By substituting(3.30) to (3.37) in equation(3.29) gives the required result. ¤

Corollary 3.9. Assuming thatf : M = [l1, l1 +η(l2, l1)] ⊆ R\{0} −→ R is differentiable
on the interior ,Mo of M wheref ′ ∈ L1[l1, l1 + η(l2, l1)] for l1,l1+η(l2, l1)∈M with
l1 < l1 + η(l2, l1), β ∈ (0, 1] and λ, α ∈ [0, 1]. If |f ′| is s-harmonic Godunova-Levin
preinvex onM , we have

(a) If (αλ)
1
β ≤ 1− α ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, α, β, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2,l1)}[{{k∗7(λ,α,β,l1,l2,−s)+k∗8(λ,α,β,l1,l2,−s)}+{k∗15(λ,α,β,l1,l2,−s)
+k∗16(λ,α,β,l1,l2,−s)}}|f ′(l1)|+ {{k∗9(λ,α,β,l1,l2,−s)+k∗10(λ,α,β,l1,l2,−s)}
+{k∗17(λ,α,β,l1,l2,−s)+k∗18(λ,α,β,l1,l2,−s)}}|f ′(l2)|].
(b) If (αλ)

1
β ≤ 1 + ((α− 1)λ)

1
β ≤ 1− α, then

|Ψf (λ, β, α, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2,l1)}[{{k∗7(λ,α,β,l1,l2,−s)+k∗8(λ,α,β,l1,l2,−s)}+k∗13(λ,α,β,l1,l2,−s)}
×|f ′(l1)|+{{k∗9(λ,α,β,l1,l2,−s)+k∗10(λ,α,β,l1,l2,−s)}+k∗14(λ,α,β,l1,l2,−s)}|f ′(l2)|].
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(c) If 1− α ≤ (αλ)
1
β ≤ 1 + ((α− 1)λ)

1
β , then

|Ψf (λ, β, α, l1, l1 + η(l2, l1))|
≤l1η(l2,l1){l1+η(l2,l1)}[{{k∗15(λ,α,β,l1,l2,−s)+k∗16(λ,α,β,l1,l2,−s)}+k∗11(λ,α,β,l1,l2,−s)}
×|f ′(l1)|+{{k∗17(λ,α,β,l1,l2,−s)+k∗18(λ,α,β,l1,l2,−s)}+k∗12(λ,α, β,l1,l2,−s)}|f ′(l2)|].

where

k∗7(λ, α, β, l1, l2,−s):=
(αλ

1
β )1−s

l21 (l1+cαλ
1
β )


αλ(l1(1−s)+s(l1+cαλ

1
β )2F1[1,1−s,2−s,−cαλ

1
β

l1
])

1− s

+
(αλ

1
β )β(l1+cαλ

1
β )(−s+β)2F1[1,1−s+ β,2−s+β,−cαλ

1
β

l1
]

1− s + β

+
(αλ

1
β )βl1(−1+s−β)
1− s + β

)

k∗8(λ, α, β, l1, l2,−s):=
αλ

c2(1+s)

(
c(−1−s+α+sα)−s(l1+c−cα)2F1[1,1+s,2+s, l1

c(−1+α) ]

(1−α)s(−1 + α)(l1 + c− cα)

−(αλ
−1
β )1+s(c(1+s)αλ

1
β−s(l1+cαλ

1
β )2F1[1,1+s,2+s,−l1αλ

−1
β

c )])

l1+cαλ
1
β




+
1

c2(1 + s− β)

(
− ( 1

1−α )s−β(c(1+s−β))
(l1 + c− cα)

+
( 1
1−α )s−β(s− β)

(−1 + α)

×2F1[1,1+s−β,2+s−β,
l1

c(−1+α)
]+

(αλ
−1
β )1+s−β(−cαλ

1
β(−1+s+β))

l1 + cαλ
1
β

+(αλ
−1
β )1+s−β(−s + β)2F1[1, 1+ s−β, 2+ s−β,− l1αλ

−1
β

c
]

)

k∗9(λ, α, β, l1, l2,−s) :=
∫ (αλ)

1
β

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

(1− t)−sdt

k∗10(λ, α, β, l1, l2,−s) :=
∫ 1−α

(αλ)
1
β

tβ − αλ

(l1(1− t) + (l1 + c)t)2
(1− t)−sdt

k∗11(λ, α, β, l1, l2,−s) :=
(1− α)−s

l21 (l1 − cα + c)

(
(1− α)αλl1 −(1− α)1+βl1

+
(−1 + α)αλs(l1+c− cα)2F1[1, 1−s, 2− s, c(−1+α)

l1
])

s− 1

+
(1−α)1+β(l1+c−cα)(s−β)2F1[1,1−s+β,2−s+β,c(−1+α)

l1
]

−1 + s− β

)
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k∗12(λ, α, β, l1, l2,−s) :=
∫ 1−α

0

−(tβ − αλ)
(l1(1− t) + (l1 + c)t)2

(1− t)−s
dt

k∗13(λ, α, β, l1, l2,−s) :=
(−1)β(1− α)−sF1[1− s,−β, 2, 2− s, 1− α, c(−1+α)

l1
]

l21 (−1 + s)

− (−1)β(1− α)−sαF1[1− s,−β, 2, 2− s, 1− α, c(−1+α)
l1

]
l21 (−1 + s)

+
1

c2(1+s)
(1−α)λ

(
−c(1 + s) + (l1 + c)s2F1[1,1+s,2+s,− l1

c ]
l1 + c

+
(1−α)−s−1(−c(s+1)(α−1)−s(l1+c−cα)2F1[1,1+s,2+s, l1

c(−1+α) ])

l1+ c− cα

)

+
(−1)βΓ(1− s)Γ(1 + β)2F1[2, 1− s, 2− s + β,− c

l1
]

l21 Γ(2− s + β)

k∗14(λ, α, β, l1, l2,−s) :=
∫ 1

1−α

(t− 1)β − (α− 1)λ
((1− t)l1 + t(l1 + c))2

(1− t)−sdt

k∗15(λ, α, β, l1, l2,−s) :=
−1

l21 (−1 + s)
α−β(−((−1+α)λ)

1
β )−β((−(−1 + α)

×(1 + ((−1 + α)λ)
1
β ))−s)

(
− (−1 + α)(α((−1 + α)λ)

1
β )β

×F1[1− s,−β, 2, 2− s, 1− α,
c

−1 + α
l1]

−(1− α)sαβ(((−1 + α)λ)
1
β )β(1 + ((−1 + α)λ)

1
β )

×F1[1−s,−β,2,2−s,1+((−1+α)λ)
1
β,
−c(1+((−1+α)λ))

1
β

l1
]
)
+

λ(α−1)
c2(1+s)

×
(
(1−α)−1−s

(−c(1+s)(−1+α)
l1+ c−cα

− s2F1[1,1+s,2+s,
l1

(c(−1+α))
]
)

+
(

1

(1 + ((−1 + α)λ)
1
β )

)1+s(−c(1 + s)(1 + ((−1 + α)λ)
1
β )

l1 + c + c((−1 + α)λ)
1
β

+s2F1[1, 1 + s, 2 + s,− l1

c(1 + ((−1 + α)λ)
1
β )

]
))

k∗16(λ, α, β, l1, l2,−s) :=
∫ 1

1+((α−1)λ)
1
β

(t− 1)β − (α− 1)λ
((1− t)l1 + t(l1 + c))2

t−sdt

k∗17(λ, α, β, l1, l2,−s) :=
∫ 1+((α−1)λ)

1
β

1−α

−((t− 1)β − (α− 1)λ)
((1− t)l1 + t(l1 + c))2

(1− t)−sdt

k∗18(λ, α, β, l1, l2,−s) :=
∫ 1

1+((α−1)λ)
1
β

(t−1)β−(α−1)λ
((1−t)l1+ t(l1+c))2

(1−t)−sdt; wherec=η(l2, l1)
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Remark 3.10. If β = 1, h(t) = t andη(l2, l1) = l2 − l1, then our results coincide with the
results for harmonically convex functions[34].
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