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Abstract. In this study, the geometry of a first order tangent group and
of configuration chain complexes is proposed. First, the morphisms are
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1. INTRODUCTION

Researchers have often used configuration spaces and its chain complex as a tool in
active areas of pure mathematics. In the Grassmannian configuration chain complex, for
example, free abelian groups are connected through two types of differential boundary
mapsd andp [22]. Configuration spaces are naturally related to polylogarithmic groups
and its chain complexes; that is why many researchers have tried to find the relationship
between configurations and polylogarithmic group chain complexes.

Bloch [1] defined polylogarithmic grouB(F") for weight 1; it is a quotient of Z-module
Z[F-] and Abel’s five terms relation. For weight 2, Bloch [1] defined a group denoted by
B2 (F), generated by the cross ratio of four points, and introduced a chain complex called
Bloch-Suslin complex.

By (F) & A2 X
Goncharov introduced the concept of triple cross ratio to define the d#oup) for weight
3. He further generalized the Bloch group&s(F) creating a generalized version of the
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Bloch-Suslin complex that was called the Goncharov Complex

Bo(F) 2 By (F) @ F* 22h %2, By(F) @ A"2(F) 2 A™(FX)

First, Goncharov found geometry between configuration and Bloch-Suslin polylogarithmic
chain complex through homomorphisms for weight 2 and proved the commutativity of the
associated diagram [7]. Goncharov also extended his work to define the geometry of con-
figuration and the generalized polylogarithmic chain complex called Goncharov complex
for weight 3 [7]. On the other hand, Khalid et al. [12—-15,17-19] introduced the generalized
geometry between Goncharov polylogarithmic complex and configuration chain complex
for any weight n.

Later, Cathelineau introduced variant of Goncharov complex called Cathelineau complex
in two different ways: one was infinitesimal while other was in a tangential setting [2, 3].
B, (F) was the group for infinitesimal chain complex a@fi8,, (F') for tangential complex.
Cathelineau first introduced the Tangent to Bloch-Suslin complex(F') — F ® F* @

A?F* and then generalized the former.

571,5 51,5 TBQ(F)®/\H72FX 55

TB,(F) (F@ A" 'F*) @ (A"F)

53
FRBa(F)@A" 3 FX

Siddiqui introduced both the cross ratio of four points and the famous Siegel’'s cross-ratio
properties in tangential form and also showed that the Goncharovs projected five term rela-
tion can also be defined for tangent gralp, (F') [20]. With the help these constructions,
Siddiqui [20] defined the morphisms to connect the configuration sub complex and first
order tangential chain complex for both weight 2 and 3, in order to come up with commu-
tative diagrams [20].

Hussain [11] introduced second and third order tangent groups denoté®#3y") and
TBZ(F) for weight 2 and 3. Hussain [11] also found the relation of these groups with
configuration chain complexes through morphisms and proved the commutativity of the
associated diagrams.

Here in this article, some interesting morphisms are introduced to define the new geome-
try of configuration and tangential chain complexes for higher weights 4 and 5. Section 2
describes the basic concepts of configuration chain complexes, truncated polynomial ring,
cross ratio in dual numbers, classical polylogarithmic groups complexes, first order tangent
group and generalized tangential groups chain complex, geometry between configuration,
and the tangential complexes for weight 2 and 3. Section 3 provides the geometry and
commutative diagrams of the configuration and tangential complexes for weight 4 and 5.
The last section concludes the entire research work.

2. PRELIMINARIES AND BASIC CONCEPTS

2.1. Grassmannian Configuration Chain Complex. Let us haveGL,,(F') be a general
linear group of ordem, acting diagonally on a sét™. The elements of group action
GL,(F)+« V™ = V"™ are(u, ..., v,) called configurations ofi vectors inn-dimensional
vector spacé” defined some arbitrary field F.

Consider a free abelian grodp, (V') generated by all possible projective configuration of
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n points(vy, ..., v,) € V™. Letd be a differential boundary morphism, defined as

n

d: (00, 0n) = 3 (=1) (00, 00y By oeny ) (2.1)

=0
Another differential map is defined as

n

p:(Voy...,0n) = Z(—l)i(vihjo7 cey D4y, p) (2.2)
=0
Suslin [22] connected above free abelian groups using above two differential morphisms in
following way to define Grassmannian configuration chain complex

(A)

> G(n) ———> G (n) —F—> Gra(n)

o s Grin—1) — 5 Gra(n— 1) —E> Gps(n — 1)

p p P

L Gra(n—2) — > Gr_s(n — 2) —E> Grui(n — 2)

The above diagram is bi-complex and each square is commutative (see [16, 22]).

2.2. Tangential Configuration Spaces.Assume that F be a field with O characteristic,
we define the ring ofc'® truncated polynomial by[e], = Fle]/e*, k > 1. Now
define an affine spac:égg[s]n defined over truncated polynomil[c],,. Assumev =
(a1, as,as,...,a,)" € A%\(0,0,0,...,0)" andv. = (a1,¢,a2.6,a3., ..., ane)" € AL also
Vegn = (a17€k717a2’5k71,a3’6k71 R ...,an’ek—l)t S A% [11].

Let Gm(A’;;[E]k) be a free abelian group generated by, v3, v, ..., v, ) m vectors in affine
space(A’;;[E]k) [11], where the element* = v + v.e + ... + v—1£71. Now define the a
boundary map

d: Gm(AZ“[E] ) - Gmfl(ATIfﬂ[e]k,)

k

and another differential map
P Gu(Aby,) = G-t (G,
with the help of these maps following is Grassmannian tangential configuration chain com-
plex
Gm(A%[g]k) *d> Gmfl(A%[E]k) *d> Gme(A?:‘[E}k) (B)

lp ip lp

G-t (Af,) 4, Gn—2(Ap,) LN Grn-3(Afy,)
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2.3. Cross Ratio. Let us define the cross ratio ¢fpoints as
A(vg, v3)A(v1,v2)
A(’U(h UQ)A(Ul, ’()3)

where (vg, v1,v2,v3) € A% or PL. Siegel [21] defined the following most important
property of ratio

(v, v1,v2,03) =

A(’UQ7 ’Ug)A(’Ul, ’Ug) + A(Uo, ’Ul)A(’Ug, ’Ug)

1= .
A(’U(),UQ)A(’UM’U:;) A(UQ,UQ)A(UhUg)

(2.3)
Or
A(vg, v2)A(v1,v3) — A(vo, v3)A(v1,v2) A (v, v1)A(v2, v3)

A(007v2)A(7}1,v3) = A(UOaUQ)A('Ul,Ug)- (24)

2.3.1. Cross Ratio inF'[¢];. First we consider the following cases
a: Forn=2and k=1,

A(Urvvg) = A(”I)”S)EU = A('11177)2)
b : Forn=2 and k=2,
Avf,v3) = A(v],v3)e0 + AV, 03)c1E

whereA (v}, v3)a = A(v1,v2.6) + A(v1,6,02)

¢ : Forn=2 and k=3,
A}, v5) = A}, v3)e0 + AV}, v3)e1e + AV}, v5) 26>

whereA (v}, v3).2 = A(v1,v9.62) + A(vi,e,v2.6) + A(vq 02, 02).
Following is cross ratios iti'[¢], [11]
r(vy,vy,v5,v3) = (reo + 116 + ..+ rgk_lekfl)(va‘,vf,v;,vg)

Where
A(Uo, 'US)A('Ul; UQ)
A(vg, v2) A(vy,v3)’

Teo (US’UT7057U§) = T(’UO; ’Ul,’Ug,’Ug) = (25)

{A(vg, v5) AT, v3) }e
A(ﬂo, UQ)A('U17 ’Ug)
(2.6)

{A(vg, v3)Alvf, v3)}
Tal(U57UT7U§aU*) = A(I(])()’752)A(’()1177U23) z —7‘(’00,111,?1271)3)

* * * *\ {A(US’U?’:)A(UT’US)}E * * * * {A(US5US)A(/UI’U§)}E
e ) = TR g o) B o) ) A G ) Ao, v)
{Avg, v3) A(vT,v3)}e

A(’Um’Ug)A(’Ul,’Ug)

2.7)

- T(UO7U17’0231}3)

and so on
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2.4. Classical Polylog Chain ComplexesThe p-logarithm function is a series defined

asLiy(z) = Y, ;—p, z < 1, with propertylog (a) + log (b) — log (ab) = 0. Assume
n=0

thatZ[P1./{0, 1, 00}] is a free abelian group generated by a symbol [x] where syiafol

means logarithms aof [5].

Definition 2.5. B(F) is a Scissor congruence group definedd#®1./{0, 1, co}] is quo-

. . . Y 1—y~ 1—y

tient by expression called Abel five terms relatfiop- [y]+ [ﬂ [1 1 } + [1 — x} T F#

yandz,y # 0,1

2.5.1. Bloch Group for Weight-1Bloch [1] definedR; (F) c Z[PL/{0,1,00}], gener-
ated by the relatiodzy} — {z} — {y}, (z,y € F*). ThenB,(F) C Z[PL/{0,1,00}] is

called Bloch group for weight defined as3; (F) = Z[P/{0,1,00}] /<R1(F)>. He de-

fined amap; : B1(F) — F*, defined a9 : [x] — «. This map is also an isomorphism.
So,B:(F) = F*.

2.5.2. Bloch-Suslin Chain Complex.etRy(F) C Z[PL/{0,1,00}] is a sub group gener-

4
ated by the relatiory (—1)'r(vo, ..., %, ..., v4), define a morphisn, : Z[P}/{0, 1,00}
=0
] — A2F*, whered, : [x] — (1 — ) A x. This helped to defined a dilogarithm Bloch
group for weight2 asBy(F) = Z[PL/{0,1,00}]/(R2(F)) which connected, (F') with
A? F* to form a chain complex called the Bloch-Suslin complex [1, 10].

B (F) 0 a2
whered is an induced map defined as
d:fv]g— (1 —-v)Av

2.5.3. Goncharov Chain Complex for Weight-&oncharov [6,7] defineBs (F) ¢ Z[PL /{0,
1, 00}], such that

6

i ('Uo,111,1)3)(1)171)2,1)4)(’00,’02,’115)
R3(F) = —1)*Alt 2.8
3( ) ;( ) 6|:(U0,U1,'U4)(’U17'U27’()5)(’U0,U2,7}3) ( )

For weight 3 Goncharov [7-9] introduced a groBg(F) = Z[PL/{0,1, c}]/(R3(F)).
Chain complex for weigh? is given by

By(F) —= Ba(F) @ FX ——> p3
where
d:[v]s = 2@
Lemma 2.6. § o § = 0 (see [7])
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2.6.1. Weight-n. Goncharov [7] generalize8(F') as B, (F) = Z[PL/{0,1,00}]/ <
R.(F) >, whereR,(F) C Z[PL] is the kernel of the map,, : Z[PL/{0,1,c}] —
B,.-1(F) ® F*. Then Goncharov generalized Bloch-Suslin complex for any weight
called Goncharov complex

1

S
Bn(F) 22 By (F) @ F* 227L,

Sp_2
—_— .

L2 By (FY @ An2(F) 2 A (FX)
(2.9

Bn_2(F) ® A2(F)

Lemma 2.7. §,,_1 0 d,, = 0 (see [7,17])

2.8. Tangent Groups and Generalized Tangent Complexes.

2.8.1. First Order Tangent GroupFor any elements, 2 € F and<x;x/]2 = [z+a'e] -

[z] € Z[F[¢]2, Cathelineau [4] introduce@ B, (F') as a first order tangent group. Itis a Z-

module generated by the elemeéhs x] € Z|F[e]» an quotient by the five term relation
2

(o] = (o ]+ (B () ] - (2 G20 [+ Gz Gz )

wherex,y # 0,1 andz # y [4,11].

2.8.2. Tangent Complex to Bloch-Suslin Chain Complex for Weigl@&helineau [4] in-
troduced following Tangent complex to Bloch-Suslin complex

65
TBy(F) —= F ® F* ® N*F*

where

see [4,20].

2.8.3. Tangent Complex to Goncharov Chain Complex for Weight&thelineau [4] in-
troduced following Tangent complex to Goncharov chain complex for weight 3

TBs(F) —> (TBy(F) ® F*) @ (F @ Ba(F)) —> F @ \2FX @ A3 FX

2.8.4. Generalized Tangent Complex for any Tangent Grau, (F). Cathelineau [4]
generalized following Tangent complex to Goncharov chain complex for any weight

Sne TBn-1(F)®F™ §(n_1),e 61 TB2(F)RA"2F* 5. B
FQBn—1(F) FRBy(F)QA" 3 FX

2.9. Geometry of Tangent and Configuration Chain Complexes up to Weight 3.
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2.9.1. Geometry for Weight 2As defined in [20], the geometry of Grassmannian configu-
ration and Goncharov motivic in weight-2 is represented as

2

G5(3) —— G4(2) TBy(F) ()

o bk

g,s
Ga(3) —2> G3(2) —=> F @ F* @ A2FX

Lemma 2.10. The diagramBlis bi-complex and commutatiy20].

2.10.1. Geometry for Weight 3The geometry of Grassmannian and Goncharov motivic
for weight-3 is presented in [20] as follows:

G7(3) —4> Gs(3) (D)

l

Go(2) —L> G5 (2 )LT&(F)@FX ® F @ By(F)

LA P

*>G4( ) FQN2F* @ NA3FX

Lemma 2.11. The diagramCiis bi-complex and commutatiy20].

3. GEOMETRY OF TANGENT GROUPS ANDCONFIGURATION CHAIN COMPLEXES FOR
WEIGHT 4 & 5

3.1. Geometry for Weight 4. Geometry for weight 4 is defined as follows

915

G7(‘A%[5]r) RN GG(A%‘[E]Q) E—— TBQ( ) QN F* D FQ® BQ(F) ® F* (B)

C as

GG(A%[E]T) > GS(A%[E]Q) F® AN3FX @ AN FX

o

where,gg_ (5, ..., vi) = g5, (V5 -, vf) + g5, (V55 .-, V)

4 - .
Z (—1yi+1 AV, ey V¥4, oy U )E ® A(Vgy ey Vit 1, ...,v4)/\

4 * *
9o, Vg, .3V ) = = ”
01( 07 4) A(vo,...,vi,...,m) A(U07...7Ui+2,...71}4)

i=j+1
A(?)(), ceey ’l:}i+27 ...,’U4) A A(’Uo, ...,Qi)i+3, ...,’U4) (’L mod 5)7
A(/U()a"'avi-i-37"'7’04) A(’an"'a/Ui-'r47"'7U4)

4 4
(U oey U oy U )E .
9o, (VG ey g /\ 2}0 vj vz) (i mod 5) (3.11)
= # ey Dy ey
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and
1 < .
G0 03) = =35 D (1) ({r (i vyl oy 81,5 05 e (07 05 o
oy
5
...,U*Z‘,U*j,...,’l);)}g®HA(Uo,...,QA}i,’lA)T,...,Ug))/\
iET
> > AW, oy 0%, 0 vE)
o e, VR U, e, U )
HA(U(),...,’UJ',’UT,...,’U5>—|—Z A&; ) AfA ; 75) 2
i ir 0y eevy Uiy Upy .oty Us

=0
[r(vi,vj\vo, ...,ﬁi,ﬁj, ...,’U5)]2®

5 5 A oa
A(vg, ..., v* 5, v* vE)
PN 07 7 Ty Y5 )€
HA(vO,...,vj,vr,...,vg,) + E A P ®
i p (V0y ey 0j, Dpy ooy Us)

Jj=0

5
[T‘(UZ‘,’U]“’U(), ceey ’lA)i,?}j, ...,1)5)]2 (024] H A(Uo, ...,’lA)i,lA)r, ...,1)5)) (mod 6)
i#ET
(3.12)

Lemma 3.2. The right square of diagrai& is commutative.

GolAb,) d Gs(Aby,)

4
\Lgl.s \ng.s

65
TBy(F)@ F* @ F Q@ Bo(F) @ F* ——=F @ A3FX @ N~

Proof. Let us assumeug, ..., v) € Ge(A%[E]r) and apply morphismd

5
d(vy, .. 03) = (1) (05, .., V%5, ., V3)
i=0

* * * * * * * * * * * * * * *
= (v, v3,v3,v1,v5) — (v5,v3, 03,05, v5) + (vg, 07, v3, V], U5)

~

- (vsavavsvvzvvg) + (UévaaUS,U§7U§) - (US,UT,US,U}’UI) (3.13)

now first apply mags,, we get,
4 * *\ __ 4 * ook ok ok k 4 kook ok kK
9o1 © d(vg, - v5) =go1(v1,v3,v3, V5, v5) — go1(vg, V3, V3, V5, V5 )+
4 * * * * * 4 * * * * *
9o1(vg, V1,03, v, v5) — Go1(vg, V1, V5, V5, v5)+
4 * * * * * 4 * * * * *
901(7)0,7}1,’02,’[)37’05) —901(’00,’017’02,’(}3,@4) (314)

Expand by applying magg,

5 ~
. RRAN (O AP 1 1
gél o d(vg, ..., v3) :Z(_l)wl A(ij : .
i#0 1
i=1

® A(’Uh ...,ﬁprl, veny 1}5)

= - A
...,’Ui,...,i}5) A(vl,...,vi+2,...,v5)



Geometry of Tangential and Configuration Chain Complexes for Higher Weights 37
A(Ul, vi+27...7v5) A(’Ul, .,’lA)i+3,...,’U5)+
A1y s Dig3, o, 05)  A(V1, 0, i, -, U5)
5 ~ N
Z( )it AV, ey V¥, .y VE )E ® A(vo, .,Ui+1,...,v5)/\
z;ﬁl A(Uo,. ﬁi,...,i}5) A(UO7 .,ﬁi+2,...,v5)
=0
A(Uo, .o ’ﬁi+27 7/05) A A(U(h '7@i+3;"'av5)+
A(UOa .- @i+37 '7U5) A(’UO7 '7’0i+4;"'av5)
5 ~ ~
Z( )Z+1A(U 71)*17. 71);)6 A(Ul, .,1)1'_;,_1,...,1}5)/\
i#2 A(’Ulw'w@ia ,U5) A(vh .,ﬁi+2,...,7)5)
=0
A(vy, ..., Dig2, ..., V5) A A(vr, ~717¢+3,---,7J5)+
A(Ul, .. ﬁi+3, .,1)5) A(’l}l, .,ﬁi+4,...,v5)
5 ~ ~
Z( )H_lA(v y ey U, ey UE )E @ A(vg, .,vi+1,...,v5)/\
1#3 A(”Oa"’vﬁiv ,’05) A(UOv '7@'L+23'°'av5)
=0
A(UOa .- @i+27 7U5) A A(’Uo, '7’0i+37"'av5)_~_
A(’UO, ooy Vi43, 71)5) A(UO? '7@i+4;'°';v5)
5 ~ ~
Z( )H_lA(U y ey U,y UE )E @ A(vo, .,vi+1,...,v5)/\
i#4 A(”Ov“wﬁia ,’U5) A(Uo, '71}1'-"-23"'31]5)
=0
A(Uo, .. 1A}i+27...7’l)5) A A(’Uo, .,’(A)i+3,...,’lj5>+
A(,UOa . ﬁi+37"'7v5) A(Uo, '7’01'-"-4;"'51}5)
5 ~ ~
Z( )it AV, ey V¥4, .y VE )E ® A(vo, .,vi+1,...,v5)/\
i#5 A(”O?' '7’0ia ,U5) A(’UO7 '71}i+25"'71]5)
=0
A(U(),...,@i+2,...,v5) A A(’Uo, .,@i+3,...,’l}5)
A(Uo,...,@i+3,...,v5) A(Uo, .,’LA)i+4,...,U5)(3 15)
now compose magg, with d(vg, ..., vi), we get,

932 o d(vga ...,’Ug) 2932(1};5”37”;7”1(71);) - 932(U87U§7U§7UZ’U;)+
ggQ(vSavT’v;UZvU;)_902(US,UT7U;7027U;)+
932(1]6)”;7”;71];71);)_932(U87UT7U§7U§aU2) (316)

Expand by applying magg,
5 ~ ~
g o d(v] o) :Z(_l)HlA(UT,...,v*i,...,vg)s A A(vy, .,vi+1,...,v5)/\
02 07 s i20 A(’l}h.../&i,...,?}g)) A(?)l, .,@i+27...7’05)
=1
A(Ula---aﬁi+27~--7v5) A A('Ula ~-a@i+37~-~7v5)+
A(Ul,...,@i+37...7’05) A(’Ul, ..,@i+4,...,’l}5)
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A(UOa ) {}i+17 ---7'05)
A(UQ7...7’(A)¢,...,U5) A(Uo,...,ﬁi+27...7’05)

A(IUOV aﬁi+27 7’05) A A(UO,...,@i+3,...,U5)+
A(/UO"' uﬁi+37 705) A(UO7"'7@i+47"‘7v5)

5 A ~
Z(_l)i+1A(v6‘,...,v*i,...,vg)e A A(vy, ...,vi+1,...,v5)/\
i#£2 A(Uh 7613 ,’1)5) A(vla"'aﬁi+27"'vv5)
=0

A(Ula )ﬁi+27 7'()5) A A(Ul,---,@i+3,---,'[}5)+
A1,y Digegs ooy 5) - A(v1, e iy oons 05)

5 A ~
Z(—l)iHA(vg" SV 4y ey UE)E N A (vo, ...,vi+1,...,v5)/\
i£3 A(1)07 7’[)1’ ,’U5> A('l/o,...,’lA)i+27...,U5)
=0

AV, ey Vit 2, -+, U5) A A(Uo,---7@i+3,---,vs)+
A(IUOV aﬁi+37 7’05) A(’an"'a/[}i-'r47"'7v5)

5 “ ~
Z(*l)i+1&(v87“.70*1-7.“7@;)5 A A(vo, -.-,Ui+1,.-.,vs)/\
i A(Uo, ..,ﬁi,. ,1}5) A(Uo,...,f}i_i_g,...,’l)g))
=0

A(vo, .., Dit2, ..., U5) A A(an~~~7@i+3w~,v5)+
A(/UO; aﬁi-i-?n ,’U5) A(UOa"'aﬁi+47"'7’U5)
24:(71)1-+1A(v§,. Ui, U )E A A (v, ...,ﬁi+1,...,v4)A
i#£5 A(’U07 7{)747 77)4) A(UO;"'Jﬁi+27"'7U4)
=0
A(IUOa aﬁi+27 7U4) A A(’007"'alai-‘r37"'71)4)
A(/UOu uﬁi+37 704) A(007'~-7ﬁi+47'”>v4>.
(3.17)
Combine Eqi8.15) and Eq.8.17), then
5 o ~
1 AT, v, vE)e AV, e Dig1y e, U5)
4 _ 41 1o iy 00y U5 9 eeey Ui41y 000y U
9o © d(vg, ..., Dg) = -1 n ® ~ A
Oe ( B ) 17620( ) A(vl,...,vi,...,%) A(vl,...,vi+2,...,v5)
=1
A(vl,...,ﬁi+2, ...,1)5) A A(’Ul, ...,1A)2'+3,...,U5)+
A(Ul,...,ﬁi+3,...,’(}5) A(Ul7...,@i+4,...,’l}5)

5 - .
Z(—l)”lA(vS’ ey V¥, UE)E © A (v, ...,v,;+1,...,v5)/\
i1 A(’Uo,...,f)i,...,v5) A(Uo,...,@iJrQ,...,vs)
=0

A(/U()v"vﬁi-‘er"'7”5) A A(’l}o,...,’lA}i+37...7U5)+
A(Uo,...,@i+3,...,v5) A(Uo,...,ﬁi+47...7’v5)
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A(UO? >ﬁi+27 '7U5) A A(1}07"';797}#37~-~7’05)_’_
A(’Uo,. ,1A)Z‘+3, .,’U5) A(Uo,...,’lA}i+47...7U5)
5 ~ ~
Z( 1)i+1A(05‘, LU, o, VE e A A(Vgy ey Vit 1, ...,vg,)/\
4 A(U()v a’&la ,U5) A(”O)"'7ﬁi+2a"'av5)
=0
AV, -evy Vi, ons U5) A A(an~~-,@i+3,~~705)+
A(11107 7’ﬁi+3a ,’U5) A(an"'a@i-‘rélv"'vvf))
i(—l)”lﬁ(vg’ Uiy e U )E A A(vo,...,ﬁi_,_l,...,m)/\
25 A(’UO’---’/ﬁi,n-,’Uél) A(UQ,...,@i+2,...,U4)
1=0
A(vo, ..., Dig2, ..., Vg) A A(vo, .., Dig3, .y Va) (3.18)
A(Uo,...,@i+3,...,1}4) A(UO7...,17¢+47...7’U4)

Take(vg, ..., v¥) € GG(Aj‘F[E]T) again and apply morphisgt,

5

1

*

gr(vs, ) = — 0 Z(—l)i(<r(vi7vj|uo, ey Dy Dy oy 05)5 7 (U], V5 [0,

i#J

o o *
o U U, ...,US)L®

5
H A(VQy wey Viy Dpry vey U

i#ET
5

AV ooy V5,0 oo, UE )

5
5) A H A(Uo, ...,’lA]j,lA}r, ...,1}5)+

AT

i A(’l)(),...,'l}i71}r7...
i=0

5
H A(vg, ooy Of, Opy ooy 0
it

71)5)

X [’I“(Ui,vjh)o, ...,f}i,f}j, ...,’U5)]2®

5 . A A
2 + Z A(UG, .y UF 5, 0%, ...,v§)5®
Jj#

A(Uo, ...,QA]j,’lA}T, ...,U5)
7=0

5
[r(vi,vj|v0, veny ’lA}i,IA)j, ...71)5)}2 ® H A(’Uo, ceey ’lA}i,IA)r, ...71)5)) (319)

now apply morphismvarepsilona then

iET

Djy -0 U5 )3 Te (V7 , V] Vg,

5
H A(Uo, ...,ﬁi,ﬁr, ...,U5) A H A(Uo, ...,QA}j,QA]T», ...,1}5)+

AT
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> AN(UE oy V%, 0y ey V)
A L A7 N A ® [T(Ui,’Uj|'U0,-.-,@i,ﬁj,~-~7v5)]2®
P (V0 «oey Diy Dy ovy U5)
=0
> > AW, ..o, 0%, 0% vE)

AV, evny D By . i D mn T e
H (00, -y Oy Dpy ooy U5) +Z Ao, b3 rn e 03) ®
JFr J#T

j=0
5
[T(Ui,vﬂ’l}o,...,”LA}Z',ZA)]',...,U{,)}Q®HA(’UQ,...,’LA}Z',ZA)T,...,"U5)>.
iET
(3.20)
Using wedge and Siegel cross ratio properties [21], then abova.Ef).becomes
5 N
o AT, v e vE)e A, ey Dig1y ey Us)
5 Og4 ’U* ’U* _ —1 i+1 1 AZ? » V5 ® ) 7A PR A
: 16( 0 5) #ZO( ) A(’Ul,...,U@,...,'U5) A(U17"'7U1+2a"'av5)
i=1
A(’Ul, ...7@i+2,...,7}5> A A(’l}17...7f)i+3, ...,7}5)+
A(’Ula"'a@i-‘r37"'7v5) A(v17"'7’[)’i+4a"'71}5)

5 A ~
Z(—l)wrl A('US, , V%, ,’U?—;)E ® A(’l}o,...7vi+1,...,’05)/\
itl A(11}07 7137;7 7U5) A(”Ov"'7ﬁi+2a-~-av5)
=0

A(’Uo, ..7’1/)i+2, .,’U5) A A(UQ7...71A)Z'+3,...,'U5)+
AV, s Dig 3y s V5) DV ey Vi oons Vs)

5 ~ ~
Z(—l)Hl AV, ey V¥4, oy VE)E ® A(V1y ey Vg1, ...,v5)/\
2 A(Ul? 7’{}1" aUS) A(U17“'7@i+27"'7v5)
=0

A(’017 "a@i+27 '7”5) A A(U17...,1A}1'+3,...,U5)+
A(’Ul, --7@i+3> ,’U5) A(v17...,ﬁi+4,...,v5)

5 A ~
Z(—l)H—l A(Us, ,’U*i, .,U;)é‘ ® A(Uo,...7’l}i+1,...,1}5)/\
o A(V0y ey Dy oeny U5) A(Vg, ooy Dig2, oey Us)
=0

A(UOa "a@i+27 '7U5) A A(U07"'71}i+3a"'av5)+
A(’Uo, ..77}i+3, .,’U5) A(U07...71A)1'+4,...,'U5)

5 A ~
Z(—l)i-‘rl A(US, ,’U*Z, ,’U;)E ® A(’l}07...7’l)i+17...,1}5)/\
i£4 A(/U()v 7{)’&7 ,’U5) A(U07...71A}1'+2,...,’ll5)
=0

A(/UCH "7@i+27 7U5) A A(UO7“'7@Z'+37""U5)+
A(’Uo, ..,’LA}i+3, .,1)5) A(U07...7’LA)1'+4,...,115)

4 ~ ~

Z(_l)iﬂ AV, ey V¥, oy U )E ® A(v07...7vi+1,...,v4)/\
A(11107 7@7;7 7U4) A(U07~-.,ﬁi+2,-.-,v4)



42 M. Khalid, Mariam Sultana, Javed Khan and Azhar Igbal

A(’Um ...71A)Z‘+37 ceny U4) +

A(1}07 ~"7’[)’L'+4a ey U4)
)/\
)

A(’Uo, ...7ﬁi+2, ...,’1}4)
A(’UOa "'a@i+37 "'7”4)
5 ~

Z(_l)iﬂ AV, ey V¥, .y VE)E A A(Vgy ooy Vit 1y oeny Us
20 A(UQ,...,QA}i,...,’U5) A(Uo,...,@i+2,...,1}5
i=1
A(Uo, ...,fl/)i+2, ...,’U5) A A(’Um ~'7@i+37 ...,'U5)+
A(UOa"'a@i+37"'7’U5) A(U07"'71}i+4a"'av5)
5 o ~
Z(fl)’”rl A(’UO, ,U*i,. ,U;)E A A(vg,...,vi+1,...,v5)/\
i#1 A(7}07 '76% aUS) A(U07"'7@i+27---77}5)
=0
A(7)07 a@i+27 ,1)5) A A(Uo,...,@¢+3,...,1}5)+
A(/U()a 7ﬁi+37 7U5> A(UO7~-~7ﬁi+47-~-;v5)
5 A ~
Z(—l)i+1 A(?]S, ,U*,‘,. ,U;)é‘ A A(’Ul, ...,U,’+1,...,U5)/\
P A1,y 0y oy v5)  D(V15 0 Dig2s ooy U5)
=0
A(’Ul, .,{}H_g,. ,1}5) A A(U17...7’f)i+3, ...,1}5)+
A1, Dig 3y oy U5)  A(VL, ooy Digdy oy Us)
5 A ~
Z(—l)i—"—l A(US,. ,’U*Z, ,’U;)E A A(’Uo, ...,Ui+1,...,1}5)/\
i#3 A(U(), 7{)1'7 7’05) A(an“-a@i—i-%'“’vf))
=0
A(/UCH aﬁi+27 71}5) A A(U07"'7ﬁi+37-~-7v5)+
A(’007 a@i+37 ,U5) A(v07"'7ﬁi+4a"'71}5)
5 A ~
Z( )it AV, ey V¥, .y VE)E A A(vo, ...,vi+1,...,v5)/\
i#4 A(11107 "7@7;7 7U5) A(an"'a{}i+27"'7v5)
=0
A(vo, -y Dig2, -5 V5) A A(v07...7@i+3,...,v5)+
A(’UO?' a@i+37 7U5) A(U07"'71}i+4a"'av5)
4 ~ ~
Z( 1)i+1 A(’UO, , V%5, ,UZ)&‘ A A(Uo, ...,’Ui+1,...,"04)/\
i#£5 A(Uo, "7’61" 7U4) A(U()a"'aﬁi+2,"'7v4)
=0
A(vo, .y Vig2, e, Va) A A(vo, .o, Dig3, -0, Vg)
A(’Uo, ,@i+3, ,’1}4) A(’Uo,...,f}i+4,...,v4)(3 21)

So from EQq.8.15) and Eq/8.2]), it is proved that the above diagram is commutativel]
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3.3. Geometry for Weight 5. For weight 5 we have following commutative diagram

Gs(Afy,,) —= Cr(Mhy,) == TBy(F) @ NSF* @ F ® By(F) @ N°F* ()

ld o, :

Gr(ASy,) ——= Go(Afy,) F & AF* @ ASF*

where,go_ (v5, ..., vE) = g5, (V5 -, vE) + g5, (V55 .., )

5 ~ ~
1 AWE, v vE)e  A(vgy e, B4 v5)
5 * €\ i+1 0sV iy Us ) i+1y -5y UD
g5, (V5 ey U2 ) = -1 ~ ® A A
01( 0 5) ;1( ) A(7)07 s Uiy 7“5) A(’U()a Vi+2, ,’U5)
A(’UO7 .7@i+2,...,7}5) A A(7}07 ’lA}i+37 ’US)/\
A(1}07 '7’[)1'-"-3’"'71}5) A(IUO7 ﬁi+47 7’05)
A ity .-
(U07 7131-"-4’ av5)(i mod 6), (322)
A(U(h 7Ui+5a"'av5)

2 (i mod 6) (3.23)

=0 j#i
Jj=0
and
1
o (vg, .y vg) T Z(fl)l(<r(vi,vj,vj\vo, ey Diy 0y Dy ey 06)3 T (U, V75 V05 -y
i#]

e . I
v*“u*j,v*k’,..,vG)L(@ H A(V0y eey Dy Dy Dy eey Vg )A

TETES
6
H A(UOa"'a@ja@’mﬁsv"'vvﬁ)/\ H A(’UOa"'a@ka@’ra{}sw--yv6)
j#r#s ktrts
* Tk oatk T *
z : UO) y U4, U, U 87"'7’06)6 NN
+ ~  ~  ~ ®[T('Ui,'Uj,'Uk|’U0,.--,Ui,'Uj,'Uk,
itrts (U07 y Uiy Up,y Vg, '“,1)6)
i=0
6 6
6)}2® H A(vg,...,vj,vr,vs,...,v(;)/\ H A(vo,...,vk,vr,vs,
jobrks htrs

6
A(VF ey 0§, 0%y U vg)e
07" VR () Sy ey Vg ~
+ Z ®[T(vi7’0jvvk|v07"'avi7
A0, ...y 05, Op, g,y ...y Vg)

jFETF£S
j=0

ﬁj,@k,...,vﬁ)b@ H A(’Uo,...,@k,@T,@s,...,U6)/\ H A(Uo,...,f}i,
k#r#s iET#£S
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6 ~ ~ ~
A A(VF, ey Vg, Uy UF g, oo, U )E
Ur, Vs, -~-,U6) + Z AO(;} : @7 {)T’f} = ;} )6 oY [T(Uz‘,'Uj,rUk Vo,
ktrts 0y -y Uk, Ur, Usy ooy U
k=0
o 6
.,@i,f}j,f}k,...,vﬁ)]g(@ H A(’Um...7132',17,«,1757...7’[)6)/\ H A(Uo,
i#r#s jAr#s
05, O, Vs, ..., v6) (mod 6). (3.24)

Lemma 3.4. The right square of diagraifiis commutative.

5

Gr(Ahy,) s TBy(F) © NP FX & F @ By(F) © N2F

: -

Go(Af),) FQNF*@®NF*

Proof. Let us assumévg, ..., vg) € Gr(A%y, ) and apply morphisrd

6

A(VG, s 05) = D (1) (05, s V¥, o 07)

=0

d(vg, s v5) =(v1,v3, 03,0, 05, v5) = (vg, V3, v3, V3, V5, V) +
(v ,vi‘,vs,%vsv 6) — (vg, v1, v3, V1, v5, v6) +
( V) —
( )

* ok ok ko kK
(UO,U17U2,’L)3,’U4,’U6)+

vy, VT, U, Vs, Vs, VE (3.25)
now first apply mapyg,, we get
go1 © AV, .., vg) :ggl(viavzavwvbvsvvfs) 981(”87”57U§7027v;av2)+
931(U87U1av37v47v57 6) 981(”57vav§avlavg7vék)+
981(”&”1‘,”5,”3705»%) ggl(US,UT,U;,Ug,UZ,UZ)JF
981(037 T5U2>U§7U4vv5) (3.26)

U1, ey Vit2, ..., Up

( )
(U1, eey Vit 3y oes Vg)
( )
( )

V1, -5 Vitdq, .-, Vg

U1y ey Uity -0, Up
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6 ~
Z(—l)Hl AW,y ey V¥ o 08)E  AN(V0,y ey Dig 1, -
A(’Uo,...,’f)i,...,vﬁ) A(’l)()7...7’f)i+2,...

(V0, v, Dig3, oo

(’U(), ...,@i+4,

6 .
B it DG, s vy v5)e Ao, ey Digt, -

g (-1) ® -
A(’UQ7 ey Vg2, oee

(V0, vy Dig3, oo

(’U(), ...,ﬁi+4,

6 R
B it DG, oy 05y v5)e Aoy ey Digt, -

E (-1) ® -
A(Uo, ey Ui 2,y oee

A(’Uo, ...,@1'_;,_3,
A(’Uo, ...,’(A)i+4,

6 - R
it AW,y ooy V55 o 08)E  AN(V0,y ooy Dig 1, -

E (-1) ® ~
A(Uo, ey Vg2, een

A(Uo, ...,’l}i+3,

A(vo, - -, V6)
A(Uo,...,f}i_i_g,...,’UG) A(UO7---761’+4;---
A )
- )

Z(_l)iﬂ AV, ey V¥4, -y UE)E ® A(”Ovmﬂi}z#l;
A(Uo,...,vi+2,...

A(’Uo, ...,@i+3,
A(Uo, ...,’LA)i+4,

i1 DG s V45 ey v3)E _ A(V0y ooy Dig 1,y -
> (=1 y ® ’
A(Uo,...7vi,...,’(}5) A(U07...71)i+2,...
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...,ﬁi+27...7v5) A A(’U(),...,’f)i+3, ...,’1}5)/\
"'a{}i+37"'7v5) A(UO,...,@i+4,...,U5)
"'a@i+47"'7v5) (3 27)
...,’lA)i+5,...,’U5)
, V), we get,
) O,UE)—982<US,U§,U§,UZ,Ug,Ug)+
U4,U5,’Ug) 7982(”870T7v>2ka1}231}gav§)+
’Ul,’l);7’03,’U;,UE) _982@87“;“57“;’”1»”;)- (328)
L U%, SUE)E A1y Vi1, ey Vg)
- A — A\
y Uiy 71]6) A(”lw")”i-‘,—?v"'avﬁ)
, Dig 2, 05 V6) A A(vg, ~~-,77i+3,~~~,1)6)/\
s 0ig3s s V6)  A(V1, 0, Disa, vy V6)
,1:1i+4, ,U6)+
, Vit5, 706)
Uiy ey UE)E ANV, ey Dig 1y ooy V)
= A — A
» Usy - av6) A(/U()7~'~7Ui-i-27"'7’06)
;0i425 -+ U6) A A (vo, -~-777i+37~-~7v6)/\
7172'-1-37 -706) A(rUOa'~'arDi—|-47~'~77J6)
71:]72-{-47 7U6)+
, Vit5, 7v6)
,UA*,L‘,. ,UE)E A(UQ,...,ﬁi+1,...,U6)
- N — A
, Vi, av6) A(”O?"'7vi+27"'7v6)
?ﬁi+27 7U6) A A(UO7 "'7@7;4»37“'71)6)/\
71A)’i+37 7”6) A(”O?"'af}i-‘r‘lw"?vﬁ)
71:}i+47 7U6)+
, Vit5, 706)
,UA*»L‘,. ,Ug)E A A(UQ,...,ﬁi+1,...,U6)/\
,@i,. ,’UG) A(vo,...,6i+2,...,v6)
Vit -, V6) A(vo, -~-717i+37~-~71)6)/\
A(vo,...,@i+4,...,v6)
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6 .
Z(_l)Hl AWy ooy V¥ ooy VG )E A A(Vgy vy g1y o
A(Uo, ...,’l/)iJrQ,

(UOa oy Vit 3, -

A
A(Uo, ...,@i+4,

6 ~
Z(*l)ile A(UE;, ...,’U*Z‘, ...,’Ug)&‘ A A(’Uo, ey U414 oen
6) A(UQ,...,@i+2,...

(UOa ooy U435 -

A
A(Uo, ceey ﬁi+4,

5 .
Z(*l)iﬂ AWy ooy V4 oy VE )E A A(V0y vy g1y o
5) A(UO)...,ﬁi+2’...

A(’Uo, ...,’lA)i+3,

)

UQ,...,ﬁi+3,...,U5) A(U07-~-7@i+47~-~
)
)

6 ~ ~
1 AT, v e ug)e A1, e Digay -
Od * ) *:Zflz+1 19 ) [X] y» Ug ® ) y Ui )
90,e (UOa 3U6) Z-#O( ) A(’Ul, 7@“ ,'UG) A(Ul,...,@iJrQ,...
1=1

A(’Ul, veey ’lA)H_g,
A(Ul, ...,ﬁi+47

6 ~
Z(*l)i+1 A(’Ug, ...,’U*Z', ...,’Ug)éf ® A(’Uo, cery Ui 1y ooe
6) A(UOa-“a@H—%'“

A(’Uo, ...,'Z}i+37
A(Uo, ...,’lA]l'_i_47

Z(—l)i+l A(US, ~~~7'U*i7 ...,’Ug){-f ® A(Uo, ceey '[A)i+17
) A(007-~-7@i+27~-~
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...71A)i+2,...,1}6 A(Uo,...,’f}iJrg,...,’UG)/\

vy Uig gy o0y Vg

)

...7131'_;,_3,...,’[}6) A(UO,...,ﬁi+4,...,Uﬁ)
)
)

cory Vig5, 005 Ug

...,U*Z‘7...7U (UO;-~-;vi+17~-~7UG)

A
A(voy -, Dig2, o V)

veiy Ugy ey U

...,’lA)Z'+2,...,U6 (Uo,...,ﬁi_i_g,...,’()ﬁ)

VAN
A(V0; vy Vi v Vg)

vy Uig gy .0y Vg

)
vy Dig 3y ees Ug)
)
)

cory Vig5, 0005 Vg

,U*i,. ,UE)E A(Uo,...,f}i_i_l,...,’l)ﬁ)
= ® — A
; Uiy 7”6) A(”Oa"'avi+27~~avﬁ)

(UOa "'7@7;4-37 .-.,'Uﬁ)

A
A(vOa ) ﬁi+47 "'706)

,U*i,. ,UE)E A(vo,...,@i_,_l,...,vg)
= ® — A
;, Uiy 71]6) A(’UOa“';vi+27'~7U6)

A(/UOa e @i+37 "'7U6)
A(,UOa "'71A)i+47 "‘71)6)

(UOa ) ﬁi+17 "'7U5)

A
A(vo, ceey 'lA}i+27 ...7’05)

7’&1'-&-2’ ,7./5) A A(an ---,171‘4_3,.-.,’05)/\
s 043y 05)  A(vo, .., Dia, ., U5)
71:)'L+4a' ,’U5)+
y Vit5, ,’U5)
,’UAl',. ,’Ug)é‘ A(Uh...,f}l‘_;'_l,...,l}ﬁ)
- A — A
, Uiy ,’U6) A(v17“‘7vi+27-~-7v6)
"'761'-"-2""’”6 A A(vla-"a?i+3v-"vvﬁ)/\
A(?)l,...7’l}i+4,...,’l}6)

cory Vigdqy ooy Ug

)
ey Vit 3y ey Vg)
)
)

...,ﬁi+5, ..., Ug
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U07...71A)7;+27...7U5 (Uo,...,’IA}iJrg,...,UE,)

A A
( - ) A - A
A(U07...7U1+3,...,’U5) A(an"'avi+47"'7v5)
A(U07"'7’[}i+47"'7v5) (3 30)
A(UQ,...7’lA}Z‘+5,...,’U5)
Take(vg, ..., v5) € G7(A‘}[E]T) again and compose with morphig/m_, then
1S
97 (05, . vg) = s Z(—l)l(<r(vi,vj,vj|vo, ey Diy Dy Dy vy 06)3 T (V75 0], U |0
i#J
6
...,v*i,v*j,v*k,...,vé)} ® H A(Vgy evy Tiy Dpy Dy ooy V) A
2 IFETFES
6 6
H A(Uo,...,’LA)j,iA)T,’LA)S,...,’Uﬁ)/\ H A(UO7...76]C7@T7@S,..."Uﬁ)‘i’
JjF#r#£s k#r#s

* . 5 8 *
UGy eey VR, U, Vg, o, U )E
A(V0)y «ery Uiy Dy Dy ooy Ug)

® [T(Uivvj7vk VO +ey Uiy Uy Vky -ovy

Mo
B

IETES
=0
6 6
’UG)]2® H A(U07...7@j7@r7@5,...,7}6)/\ H A(’l}o,...,’f]}c,’f]r,ﬁs,...,
JF#r#£s k#r#s

6 N N ~
A(VG, oy V¥ 5, 0%, V%, o, UG )E
1)6) =+

= & [r(v;, v, vi|vg, ..., Vs, D4
A(Vgy ey 0, Dy, Vs, oovy Vg) [r(vis g, vi[vo, ... B3, B,

JF#r#£s
J=0

6 6
’lA)k,...,’U(;)]Q@ H A(UO7...7ﬁk7ﬁr7ﬁs,...,'Uﬁ)/\ H A(Uo,...,’[)i,’f)r,
k#r#s 1#r#S

A(VE, o U e, V¥, V¥ g,y o, U )E
~--7'Uﬁ)+ z : (07 I ) () CEl ) 6)

PPN ® |r(vi, v, Vi |vg, ...
A(Uo,...,’Uk,vr’vs’m’,l%) [(17 R | gy

k#r#s
k=0
6 6
@i7@j,@k,...,vﬁ)]2® H A(’Uo,...,’f)i,f}r,’f)s,...,1}6)/\ H A(U07...7
i#rs j#r#s
0j, Op, Vg, .., Ug) (3.32)
now apply morphisnd., then
1< .
62097 (U5, o V5) -1 Z(—1)1(<r(vi,vj,vj|vo, ey Diy 0y Dy oy 06); T (V] 5 V]

i#j

6
x|k “ S A * A A ~
Uk|UO’"'av*iav*jyv*ka-~"U6):|2® || A(Vgy ey Oy Opey Dy oons
1£r#s
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6 6
U6)/\ H A(’Uo,...,@j,f}r,f}s,...,l}(;)/\ H A(’UQ,...,’[}k,’[}r,
jFET#£s k#r#£s

® [T(Uivvjv

6 . A A oA
; v) + Z AV ey V5,05, V¥ 5, oy UF)E
39 ese 6 ~ ~ ~
srmn , A(Vgy eey Dy Dy Dy vy Vg)

TETES
i=0
6
V| V0, ooy Viy Djy Dy oo, V6 ) ]2 @ H A(vg, ..., Vj, Op, Vg, ..oy U )A
itrs

6
II 2o, .bn, 0y ios, .o v6)+

X [T(vi,vj,vk VOy ey 171‘7

6 * . . - *
Z A(Ug, ..y U, 0%, V¥, L, VE)E
AV, ..oy 0f, Op, Vg, oy Vg)
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6 6
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k#r#s IETES
6 ~ ~ ~
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A A ~ 0y ks T Sy Vg
cees Dy Oy Dy oy Ug) + E A s ®
ol (V0 +eey Vky Vpry Dy vovy Vg)
k=0

6
[’)"(’Ui,l)j,’l)k|’l)0, ...,@i, ”LA}j, ’lA)k, veey 1)6)]2 X H A(Uo, ...,’LA)Z',’lA)T,’lA)S7
1#r#S

6
s 6) A ] Aoy ey By, B, s, on, v6) (3.32)
jAT#s

Using wedge and Siegel cross ratio properties [21], then abov8.Eg).pecomes

6 ~ ~
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A(’Uo, ...,f)i+2, ---7U6) A A(’Um ...7’(A)Z‘+37 ceny 1}6)/\
A(”Ov"'vlai-‘r:ﬁa'“?v(}) A(UO,...,{)¢+4,...,’U6)
A(’007---a@i-§-4;---77]6)
- +
A(Uo,...,’l]i+5,...,’l}6)
5 A ~

Z(—l)iﬂ AV ey V¥4 oy UE)E A A(vg, ...,vi+1,...,v5)/\

i£5 A(”O)"'aﬁiv"'vv5) A(Uov"'7®i+2;"'7v5)

=0
A(’Uo, ...,f}H_g, ...,U5> A A(U07 ...7’lA)Z'+3, ...,1}5)/\
A(UQ,...,@i+3,...,U5) A(U07...71A}1'+4,...,’U5)
A(UQ,...,’L:)i+4,...,U5). (333)
A(UO7...7UZ'+57...7’U5)

0

From Eqg.B8.30) and Eq.8.39), it can be seen that the map of morphism between the
tangential and configuration chain complex for weight 5 is commutative.

4. CONCLUSION

In this research work, new morphisms have been presented for 4 and 5 dimensional
affine space to define the geometry between tangential and configuration chain complexes.
The composite maps for weight 4 and 5 are found to be commutative. In a similar tech-
nique, the tangential groups,, (F) for any weight “n” can be defined by relating them
with suitable complex.
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