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Abstract.: The special non-autonomous Birkhoffian equations with con-
sistent algebraic structure are studied and it has been shown that the spe-
cial form of integrable Birkhoffian vector fields are equivalent to the Hamil-
tonian vector fields. For a quasi Hamiltonian equation, conserved quanti-
ties are computed from some of the symmetries. Finally the Birkhoffian
evolution equations are constructed.
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1. INTRODUCTION

Birkhoffian mechanics is the generalization of Hamiltonian mechanics, which can be
applied to biophysics, atomic and molecular physics, space mechanics, statistical mechan-
ics, engineering and so on [14, 15]. All conservative or non-conservative, un-constrained,
non-holonomic constrained and selfadjoint systems, usually admit a representation of Birk-
hoff’s equations [15, 7]. Recently, many results are obtained in related to the Birkhoffian
mechanics such as the integral theory [8, 6], stability of motion [21, 9], inverse problem
[10], as well as the symmetry [11, 20, 22, 16, 23].

Since the Birkhoffian dynamics is more general than theHamiltonian dynamics, then
the Birkhoffian dynamics is expected to play an important role in modern physics as they
have played in non-linear systems [2, 3] and quantum systems [17, 18]. It is known that
the Hamilton approximation system is used in biophysics, relativity, and the rotational
relativistic system [24].

The Birkhoffian and Hamiltonian systems considered in this paper are finite dimen-
sional. In sections 3, a special type of non-autonomous Birkhoffian systems with Poisson
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bracket which is called quasi-Hamiltonian system are considere and the conditions of in-
tegrability of Birkhoffian systems are obtained. In last section the Birkhoffian evolution
equations constructed by such systems.

2. GENERAL PROPERTIES

The Birkhoff’s equation or Birkhoffian system has the general form

Kij(x, t)
dxj

dt
−

(
∂B(x, t)

∂xi
+

∂Ri(x, t)
∂t

)
= 0. (2. 1)

WhereKij := ∂Rj/∂xi − ∂Ri/∂xj . The functionB(x, t) is called the Birkhoffian and
functionsRi, i = 1, 2, 3, · · · , 2n, are called Birkhoffian functions.

In autonomous Birkhoffian system the functionsRi and B and in semi autonomous
system the functionsRi do not have explicit dependence on time variable. The Birkhoffian
system (2. 1 ) is nonautonomous when both the functionsRi and B depend explicitly on
time [15].

The Birkhoffian system is regular ifdet(Kij)(<̃) 6= 0 in the region considered. The
necessary and sufficient condition for an analytic first order system

Kij(x, t)
dxi

dt
+ Dj(x, t) = 0 i = 1, 2, · · · , 2n,

to be self adjoint on star shaped region<̃∗ of points ofT ∗M × R, is that satisfies [18]:

∂Kij

∂xk
+

∂Kjk

∂xi
+

∂Kki

∂xj
= 0, Kij + Kji = 0, (2. 2)

∂Kij

∂t
=

∂Dj

∂xi
− ∂Di

∂xj
, i, j, k = 1, 2, · · · , 2n.

Here,T ∗M is the cotengent bundle of the2n−dimentional manifoldM . Let Dj(x, t) =
∂B/∂xj +∂Rj/∂t, clearly the Birkhoff system (2. 1 ) will be self adjoint. For autonomous
and semi autonomous Birkhoffian systems, consider a symplectic two form in local coor-
dinates

Ω =
2n∑

i,j=1

Kij(x, t)dxi ∧ dxj . (2. 3)

Note that the form ( 2. 3 ) has the propertydΩ = 0.
For non-autonomous case, all of conditions in ( 2. 2 ) must be considered and the

coresponding geometric structure can be obtained by replacing symplectic geometry on
T ∗M with local coordinatesxi by contact geometry on the manifoldM × R with local
coordinates̃xi, i = 1, · · · , 2n + 1,x̃2n+1 = t. Then we have an exact contact2−form

Ω̂ =
2n+1∑

i,j=1

K̂ijdx̃i ∧ dx̃j = Ω + 2Didxi ∧ dt, K̂ =
(

K D
−DT 0

)
, (2. 4)

in (2n+1) dimentional space. On the manifoldT ∗M × R, we have the contact formη =
R̃i(x̃)dx̃i such that

R̃i =
{ −B i = 2n + 1

Ri i 6= 2n + 1



On Birkhoffian systems with Poisson bracket 85

It can be seendη = Ω̂. Moreover, the non-autonomous system

dx̃i

dt
= −B(x, t)/R̃i(x, t),

is the geodesic equation on manifoldM × R.

3. ALGEBRAIC PROPERTIES

For non-autonomous Birkhoff’s equation ( 2. 1 ) we define an algebraic product

∂A

∂xi
Kij

( ∂B

∂xj
+

∂Rj

∂t

)
:= A.B, (3. 5)

whereKij is the covariant tensor ofKij andA, B are Birkhoffian.
In autonomous and semi-autonomous Birkhoff systems product ( 3. 5 ), satisfies the left

and right distributive and scalar laws

A.(B + C) = A.B + A.C, (A + B).C = A.C + BC,

(λA).B = A.(λB) = λ(A.B) λ is constant

and lie algebraic axiom, so it defines a generalized Poisson bracket. We say in this case the
Birkhoffian equations possess a lie algebraic structure [12, 4]. Letx = (x1, x2, · · · , x2n)
be the local coordinates on M, the associated Birkhoffian vector field will be of the form
v̂B = Kij(∂B/∂xi)(∂/∂xj). Then such as Hamiltonian systems, we will have[v̂B , v̂A] =
v̂B.A.

But in non-autonomous case, the product ( 3. 5 ) doesn’t satisfy the left distributive law,
so an algebraic structure for these equations can’t be expressed by the product ( 3. 5 ).

We consider the special case of non-autonomous Birkhoff’s equation( 2. 1 ) satisfying

Kij ∂Rj

∂t
= T ij ∂B

∂xj
, (3. 6)

where(Tij) is a diagonal matrix.
Then the Birkhoffian system ( 2. 1 ) takes the form

ẋi − Sij ∂B

∂xj
= 0, where Sij = Kij + T ij . (3. 7)

We define a product

∂A

∂xi
Sij ∂B

∂xj
:= A ∗B. (3. 8)

From the product ( 3. 8 ) we define a Poisson bracketA ◦B = A ∗B −B ∗A as [4]. The
special non-autonomous Birkhoff equations (3. 7 ) not only possess a consistent algebraic
structure according to the product ( 3. 8 ) but possess a cosistent lie algebraic structure [4].
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The system (3. 7 ) can be written asxt = v̂B(x) = B ∗ x. Let

(Sij) =




T 11 . . . 0 −f1 . . . 0
...

. ..
...

...
.. .

...
0 . . . Tnn 0 . . . −fn

f1 0 T (n+1)(n+1) 0
...

. ..
...

...
.. .

...
0 . . . fn 0 . . . T 2n2n




,

wherefis are real functions on M, then we call the corresponding system a quasi Hamil-
tonian system.

Here the associated Birkhoffian vector field will be of the form

v̂B = Sij ∂B

∂xi

∂

∂xj
. (3. 9)

We denote the space of Birkhoffian vector fields (3. 9 ) byB. If T iis (i = 1, · · · , 2n) dont
depend onX, then

[v̂A, v̂B ] = fj
∂A

∂xj
v̂∂B/∂xj+n

+ gj
∂B

∂xj+n
v̂∂A/∂xj

− fj
∂A

∂xj+n
v̂∂B/∂xj

− gj
∂B

∂xj
v̂∂A/∂xj+n

+ T j ∂A

∂xj
v̂∂B/∂xj

+ T j+n ∂A

∂xj+n
v̂∂B/∂xj+n

− Sj ∂B

∂xj
v̂∂A/∂xj

− Sj+n ∂B

∂xj+n
v̂∂A/∂xj+n

,

for everyv̂A, v̂B ∈ B. Note that,fj , T
j , T j+n(j = 1, ..., n) are the entries of the matrix of

v̂A andgj , S
j , Sj+n belong tov̂B .

4. GEOMETRIC PROPERTIES

Since the Birkhoffian system is self adjoint, then the phase flow of the Birkhoff’s equa-
tion conserves the symplecticity and we get

d

dt
Ω =

d

dt
(Kijdxi ∧ dxj) = 0.

Let (x̂, t̂), be the phase flow of the Birkhoffian system ( 2. 1 ), thenKij(x̂, t̂)dx̂i ∧ dx̂j =
Kij(x, t)dxi ∧ dxj . Also, the symplectic formΩ is an integral invariant of any Birkhoff’s
equationLX̂B

(Ω) = 0. Therefore, the Birkhoffian vector field̂vB preserves the rank on
manifoldM ×R i.e the rank ofM ×R at (exp(tv̂B)x, t) is the same as the rank ofM ×R
at (x, t).

If we consider to the canonical form of the Poisson bracket, then the Birkhoffian system
( 3. 7 ) takes the form

ẋi = J ij ∂B

∂xj
(4. 10)
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with canonical matrix

(Jij) =




T 1 . . . 0 −1 . . . 0
...

. ..
...

...
.. .

...
0 . . . Tn 0 . . . −1
1 0 Tn+1 0
...

. ..
...

...
.. .

...
0 . . . 1 0 . . . T 2n




,

and BirkhoffianB s.tT i∂2B/∂xi
2 = 0, for i = 1, ..., 2n.

Suppose that̃B is the space of Birkhoffian vector fieldŝvB = J ij(∂B/∂xi)∂/∂xj , then
it can be easily proved that[v̂A, v̂B ] = v̂A◦B for everyv̂A, v̂B ∈ B̃.
Theorem 1.The Birkhoffian flow of special type non-autonomous Birkhoff equations(4. 10 )
preserves the Poisson bracket onM × R.

Proof: If F , B andP are real valued functions, andφt = exp(tv̂B). By differentiating the
Poisson conditionF (φt) ◦ P (φt) = F ◦ P (φt) with respect to t and using the fact

∂(F ∗B)
∂xi

=
∂F

∂xi
∗B + F ∗ ∂B

∂xi
,

we find

v̂B(F ◦ P )− v̂F◦P (B) = v̂B(F ) ◦ P − v̂F (B) ◦ P + F ◦ v̂B(P )− F ◦ v̂P (B),

at the pointφt(x). This is the same as the Jacobi identity. ¤
Theorem 2.Let M × R be a Poisson manifold. The system of Birkhoffian vector fieldsB̃
on M × R is integrable, so through each point(x, t) ∈ M × R there passes an integral
submanifoldN of B̃ satifyingTN |p = B̃|p for everyp ∈ N , such that is a contact subman-
ifold of the Poisson manifold, and, collectively, these submanifolds determine the contact
foliation of M × R. Also, for Birkhoffian functionB : M × R → R, any solution to
the corresponding quasi Hamiltonian system, with initial data inN , remains in a single
integral submanifoldN .

Proof: As mentioned, the Lie bracket of two Birkhoffian vector fields (3. 9 ) in canon-
ical form is a combination of such Birkhoffian vector fields, soB̃ is involutive. On the
other hand, for non-autonomous Birkhoff equations, a contact form can be found in each
point. Finally by the variable rank Frobenius’ theorem and last theorem, the proof will be
completed. ¤

Recall the similar foliation of manifold M related to Hamiltonian systems. Cosider
the Hamiltonian system in which its Hamiltonian is the same as the Birkhoffian of the
Birkhoffian system (4. 10 ). we will have these conclusions.
Theorem 3.The phase flow of a Hamiltonian system is symplectomorphic to the phase flow
of the corresponding quasi Hamiltonin system.

Proof: Suppose that̂x = g(x, t) is the flow andN is the phase flow of the Birkhoffian
system, and the graph of the phase flow of the Birkhoffian system isgt(x, t0) = g(x, t, t0),
i.e.

Γg = {(x̂, x) ∈ R4n|x̂ = g(x, t, t0), x ∈ R2n},
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and suppose that̃N andg̃t(x, t0) = g̃(x, t, t0),Γg̃ belong to the Hamiltonian system. Note
that the manifoldN × R2n is symplectic with symplectic two form

Ω̃ = K(x̂, t)dx̂i ∧ dx̂j −K(x, t0)dxi ∧ dxj ,

and we have the inclusion mapi : Γg ⊂ N × R2n such thati∗(Ω̃) = 0 [18]. ThusΓg will
be a lagrangian submanifold ofN×R2n. Thengt : R2n → N is a symplectomorphism[1].
Similarly we have the symplectomorphism̃gt : R2n → Ñ in Hamiltonian case. Sõgt ◦
g−t : N → Ñ is symplectomorphism. ¤

Now, consider a contact foliation ofM×R constructed from the symplectic Hamiltonian
foliation of manifoldM . Therefore we can say the solutions of the Birkhoffian system
(4. 10 ) lie on hypersurfaces of contact leaves of manifoldM × R up to diffeomorphism.
Theorem 4.The solution of quasi Hamiltonian system(4. 10 ), passing throughp ∈ M×R
lie on the hypersurface of a contact submanifold ofM × R in p. ¤
Example 1.The system of equationṡx1 = t2ex1 sin tx2+tex1 cos tx2 andẋ2 = −ex1 sin tx2+
tex1 cos tx2, is quasi hamiltonian whit BirkhoffianB = ex1 sin tx2 andT 11 = t2, T 22 = 1
. On the other hand it is a Hamiltonian equation with HamiltonianH = −tex1 cos tx2 +
ex1 sin tx2.

5. SYMMETRIES AND CONSERVATION LAW

Suppose that∆ is a Birkhoff system and forDj = ∂B/∂xj +∂Rj/∂t, D(i)
∆ = KijDt−

Dj , is the Frechet derivative of∆. By conditions in ( 2. 2 ),D(i)
∆ will be selfadjoint i.e.

D
(i)
∆ = D

(i)∗
∆ .

In fact, a general non-autonomous first order system is self sdjoint in region<̃∗ of points
of TR2n ×R if and only if it is of the Birkhoffian type [15]. As a result of self adjointness
we have the integrability condition for the contact structureΩ̂ = d(R̃idx̃i).

The adjointness, implies that∆ is the Euler Lagrange expression for some variational
problemL =

∫
Ldx. In which case∆ = E(L), a lagrangian for∆ can be constructed by

integration [13], or calculated by Pfaff action [5]. Indeed for Birkhoffian system, we have
Ldt = η.

Therefore, by Noether’s theorem we can get the conservation law for Birkhoffian equa-
tion from the variational symmetries of the variational problem. Also, the Noetherian sym-
metries form a closed subalgebra of Lie symmetries algebra [19].
Example 2.Consider the equations

ü1 = u2, ü2 = u1. (5. 11)

Let x1 = u1, x2 = u2, x3 = u̇2, x4 = u̇1, then the equation (5. 11 ) can be transformed
into the form of a quasi Hamiltonian equation with

R1 = −x3 − x1t, R2 = −x4 − x2t, R3 = R4 = 0, B = x3x4.
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The generators of symmetry algebra of the equation arev1 = ∂/∂t and

v2 = sinh t
∂

∂u1
+ sinh t

∂

∂u2
, v3 = cosh t

∂

∂u1
+ cosh t

∂

∂u2
,

v4 = sin t
∂

∂u1
− sin t

∂

∂u2
, v5 = cos t

∂

∂u1
− cos t

∂

∂u2
,

v6 = u1
∂

∂u1
+ u2

∂

∂u2
, v7 = u2

∂

∂u1
+ u1

∂

∂u2
.

The Noetherian symmetries correspond to the spanned subalgebra by the vector fields
v1, · · · , v5. So the corresponding conservation laws for the equation (5. 11 ) arep1 =
u̇2

1 + u̇2
2 − u1u2, and

p2 = sinh t(u̇1 + u̇2)− cosh t(u1 + u2), p3 = cosh t(u̇1 + u̇2)− sinh t(u1 + u2),

p4 = sin t(u̇1 − u̇2)− cos t(u1 − u2), p5 = cos t(u̇1 − u̇2)− sin t(u1 − u2).

6. EVOLUTION EQUATIONS

Suppose that M is an open subset of the spaceX × U in whichx = (x1, · · · , xn) ∈ X
is independent andu = (u1, · · · , un) ∈ U is dependent variable. Suppose thatA is the
algebra of differential functions overM andF is the quotient space ofA under the total
divergence.

In order to construct an evolution equation of Birkhoffian type we need various com-
ponents of Birkhoffian system (3. 7 ). For this we replace Birkhoffian function B with
Birkhoffian functionalB =

∫
Bdx ∈ F and gradient operation by the functional gradient

δB ∈ An.
According to quasi Hamiltonian matrix, we suggest associated linear operatorD :

An → An in the formD = f(t)D1 + D2 such thatD can be a linearn × n matrix
differential operator andf(t) a diagonaln × n matrix with real function entries.D1, D2

are self adjoint and skew adjoint(Hamiltonian) operators, respectively.
We define the corresponding poisson bracket as

R ◦L =
∫

δR.(D −D∗)δL dx. (6. 12)

Clearly the poisson bracket satisfies of the skew symmetryR ◦ L = −L ◦ R, and the
Jacobi identity(P ◦L ) ◦R + (R ◦P) ◦L = (L ◦R) ◦P for all functionalsP, L ,
andR.
Theorem 5.LetD be a Birkhoffian operator with poisson bracket(5. 11 ). There is an evo-
lutionary vector field̂vB which corresponds to each functionalB =

∫
B dx and satisfies

prv̂B(R)− prv̂R(B) = R ◦B for all functionalR ∈ F (See P.J. Olver[13]). ¤
In fact v̂B has characteristicDδB = DE(B). By exponentiating the Birkhoffian vector

field v̂B, we obtain the evolution Birkhoffian system corresponding to functionalB[u] in
the following form

∂u

∂t
= D .δB

Suppose that the Birkhoffian operatorD of the Birkhoffian evolution equation has the
propertyδD1.δB = 0, then for the generalized symmetry groupv̂P of the system we
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have[v̂B, v̂P ] = v̂B◦P . For example Burger’s equationut = 2uux +uxx is a Birkhoffian
evolution equation with the operatorD = 2u+Dx and is a Hamiltonian evolution equation
too. Specially in the case off(t) = c(c is constant), the functionalP satisfies

∂P

∂t
+ B ◦P = C

for some distinguished functionalC (DδC = 0).
So we can sayvP̃ with the characteristic(D −D∗)δP̃ determines a generalized sym-

metry group of the corresponding Hamiltonian evolution equation if and only if there is a
functionalC̃ with the propertyDδC = (D −D∗)δC̃ such thatP̃ = P − C̃ .

For example the symmetries of Burger’s equationut = 2uux +uxx can be derived from
the symmetries of the corresponding Hamiltonian evolution equation, i.e the heat equation
ut = uxx (See P.J. Olver [13]).

7. CONCLUSION

In this paper we begin the analysis of the integrable nonautonomous Birkhoffian systems
and we find the conditions that these systems are equivalent to the Hamiltonian’s. The study
of integral manifolds of these systems provide an effective way for the study of dynamics
of such systems .The result of this paper develops the evolution equations of Hamiltonian
type to the Birkhoffian evolution equations and make a relation between symmetries of an
evolution equation and the symmetries of its Hamiltonian evolution equation part.
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