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Abstract.: In this paper, we define two different kinds of neutrosophic
submodules over a classical quotigtimodule using single valued neu-
trosophic set. We also define neutrosophic submodule homomorphism and
study the features of neutrosophic set unffemodule homomorphism.
Finally we conduct an investigation for the image and inverse image of
neutrosophic submodule under classical homomorphif-ofodule.
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1. INTRODUCTION

The Oxford English dictionary defines the term fuzzy as not clear or vague. In 1965,
Lotfi A. Zadeh defined a fuzzy set which represent vague concepts and contexts expressed
in natural language by means of graded membership of elemejitsjrj19, 38]. In 1986
Attanassov put forward intuitionistic fuzzy set theory as a stereotype illustration of a set
in which each component is concomitant with a membership grades and non membership
grades [4]. In 1995, Smarandache outlined neutrosophic set in which each element of a set
is represented by three differing types of membership values [34]. Neutrosophic set is a
tool or a framework for sorting out vague, obscure and contrary data in the genuine world
pragmatic problems([37, 7, 39, 36]). Neutrosophy is another part of theory and rationale
that has focused nature’s provenance and equability features. [17]. Each element of a
neutrosophic set is defined by three contrasting types of registration estimates that talk to
condensed, imprecise and absurd information ([13, 30, 29, 1, 17]).

The algebraic structure in pure mathematics cloning with uncertainty has been studied
by some authors. In 1971, Azriel Rosenfield bestowed a seminal paper on fuzzy subgroup
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and W.J. Liu developed the idea of fuzzy normal subgroup and fuzzy subring. Consolidat-
ing neutrosophic set hypothesis with algebraic structures is a rising pattern in the region of
mathematical research. In 2011, Isaac.P, P.P.John [16] recognized some algebraic nature of
intuitionistic fuzzy submodule of a classical module. Neutrosophic algebraical structures
and its properties provide us a solid mathematical foundation to clarify connected scientific
ideas in designing, information mining and economic science([2],[26],[28]).

2. PRELIMINARIES

Definition 2.1. ([3]) A moduleM over a ring R, denoted as\/g, is an abelian group with
a law of composition writter+-" and the mapR x M — M, written (o, ) ~ p¥, that
satisfy these axioms

Q) 19=19

(2) (o7)0 = o(TV)

(3) (0 +7)0 =09+ 70

4) oW+ ) =00+ 0¥ Vo,7 € Randd, ¥ € M.

Definition 2.2. ([3]) A submoduléV of Mg is a nonempty subset that is closed under
addition and scalar multiplication.

Definition 2.3. [3] A homomorphisnt” : V' — W of R-modules copies that of a linear
transformation of vector spaces. It is a map compatible with the laws of compaosition:

YO +9) =TW) + () and T(09) = T (9)

denoted adiompr(M,N),V 9,¢ € V and ¢ € R. If T is bijective, then) is isomorphic
toWw .

Definition 2.4. [6, 3] The kernel of a homomorphisifi : V' — W, the collection of
elements) € V in which?'(9) = 0, is a submodule of the domain

The image of a homomorphisih: V' — W, the collection of elements in W such
thatY'(9) = w, forall 9 € V,is a submodule of the rang#'.

Definition 2.5. [12, 3] Let N C Mg. Then the quotient modulk//N is the group of
additive cosety + N, n € M.

Remark 2.6. [n] represents the coset+ N,V n € M
Remark 2.7. g[n] = [on] Vo € R

Definition 2.8. [22, 15, 11, 5] et R be an integral domain. Thely is said to be divisible
if Vi € M can be divided by € R, in the sense that,

0#£p0eR, neM=n=opn for somen e M

Definition 2.9. [23, 21, 14]A submoduleV of My, is said to be a prime submodule bf
if one€ N,pe€ R,ne N = cither p=0o0rn€ N.

Definition 2.10. [32, 35] A neutrosophic set P of the universal set X is defined as
P ={(n,tp(n),ir(n), fr(n):ne X}
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wheretp,ip, fp : X — (70,17). The three components,ip and fp represent mem-
bership value (Percentage of truth), indeterminacy (Percentage of indeterminacy) and non
membership value (Percentage of falsity) respectively. These components are functions of
non standard unit interval =0, 17) [25].

Remark 2.11. [32, 13]

(1) Iftp,ip, fp : X — [0,1], then P is known as single valued neutrosophic set(SVNS).
(2) In this paper, we discuss about the algebraic structidrenodule with underlying

set as SVNS. For simplicity SVNS will be called neutrosophic set.
(38) UX denotes the set of all neutrosophic subseXobr neutrosophic power set of

X.

Definition 2.12. [32, 24, 33]Let P,Q € UX. Then P is contained in Q, denoted BsC Q
if and only if P(n) < Q(n) Vn € X, this means that

tp(n) <tqn),ir(n) <ign), fr(n) = fon), Vne X
Definition 2.13. [32, 27, 18]The complement @ = {(n, tp(n),ip(n), fr(n)} is denoted
by P¢ and defined a®“ = {n, fp(n),1 —ip(n),tp(n)} and(P)¢ = P
Definition 2.14. [9, 32, 18]LetP,Q € UX.

(1) The unionC = {n,tc(n),ic(n), fc(n) : n € X} of P and Q[24] is denoted by
C = PUQ where

tc(n) =tp(n) Vig(n)
ic(n) =1ip(n) Vig(n)
fem) = fr(n) A fo(n)

(2) The intersectior = {n,tc(n),ic(n), fc(n) : n € n} of P and Q[24] is denoted
byC = PN Q@ where

tc(n) =tp(n) Atg(n
ic(n) =ip(n) Nig(n
fe) = fr(n)V fo(n)

Definition 2.15. [31] The sumP + Q = {n,tp+o(n).tr+o(n),tr+o(n) : n € Mg} of
two neutrosophic setB and @ is a neutrosophic set gl g, defined as follows

trro(n) = V{tr(0) Ato()ln = 0+ 9,0, € Mg}
ipro(n) = V{ip(0) Aig(#)n =0+ 9,0, € Mg}
frrom) = A fp(O)V fB(I)|n=0+19,0,9 € Mg}

Definition 2.16. [33, 24For any neutrosophic subs&t= {(n,tp(n),ip(n), fp(n)) : n €
X}, the supportP* of the neutrosophic set P can be defined as

P ={neX,tp(n) >0,ip(n) >0, fp(n) <1}
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Definition 2.17. [8, 20, 35, 18]The image of?, whereP € UX, underthemapg : X — Y
is denoted by;(P) and is defined ag(P) = {0,t,p)(0),igp)(0), fop)(0) : 6 € Y}
where

0 otherwise

top)(0) = {WP(”) in€g l(0) g '(0) #0

0 otherwise

i (6) = {vip(n) imegH(0)) g7'(0)#0

fop)(0) = {Afp(") tn€g l(0) g (o) #0

1 otherwise

Furthermore, the inverse af, denoted byy~! : Y — X is defined by

9 1Q) =A{ntg—10)()sig-1(0) (M), fo-1(0)(n) : 9(n) € Q}

where

tg-1@) (M) =tq(g(n), ig—1 () (n) =iqg(n), fo-1@(n) = folgn) Vne X

Definition 2.18. [9, 10]Let P € UM whereM & Mp. Then the neutrosophic subgebf
M is called a neutrosophic submodule/of if
(1) tp(0) =1,ip(0) =1, fp(0) =0
(2) tP(U +0) >tp(n) Atp(0)
ip(n+0)>ip(n) Nip(0)
fr(n+0) < fp(n)V fp(0), foralln,6in M
(3) tp(yn) = tp(n)
ir(yn) > ip(n)
fp(vn) < fp(n), forallnin Mg, forallyin R

Remark 2.19. We denote neutrosophic submodules over a classigabdule using single
valued neutrosophic set By(M).

Remark 2.20. If P € U(M), then the neutrosophic componentsfo€an be denoted as

(tp(n),ir(n), fr(n))-

Definition 2.21. [9] Define the neutrosophic seP = {n,t,p(n),iyp(n), frp(n) : 1 €
M,~ € R} of M whereP € UM as follows

t,yp(n) = \/{tp(e) :0€ Mgp,n= ’79}
iryp(’l]) = \/{Zp(e) :0e Mp,n= ’)/9}

fyp(n) = Nfp(0) : 0 € Mg,n =0}
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3. CONSTRUCTION OFNEUTROSOPHICQUOTIENT SUBMODULES

In this precinct, we elucidate two different aspects or methods within the formation of
neutrosophic quotient submodule of the class{dd)/N)r whereN C M.
Method 1:

Theorem 3.1. If P = {n,tp(n),ip(n), fr(n) : n € M} € UM)and N C M, then
definew, a neutrosophic set in/ /N as follows.

w = {[nl, to([n)), i ([n)), fu([n]) : n € M}

where
tw([n]) = V{tp(u) : u e [}
iw([n]) = V{ip(u) s u € [n]}
fo(Inl) = AM{fp(u) s u € [n]}

Thenw € U(M/N)
Proof. We havet,,([0]) = V{tp(u) : u € [0]} = tp(0) = 1, similarly i,,([0]) = 1 and

fw([O])ZO
Now forn,0 € M
to([n] +[0]) = V{tp(u):uen+0}
= V{tp(C+&) ¢+ €[] +[0]}
> V{tp(C+&):Ce M€ b]}
> V{tp(Q)Atp(€) : ¢ € nl.§ € 10]}

(V{tP(C) € ) A (V{tr(€) : €€ [01})
tw([n]) + tw([0])

then correspondingly

i ([n] + [0]) = iw([n]) A iw([6])
and

fo(nl +10) < fu(ln]) v fu(16])
Now for all g in R,nin M,

tw(e[nl) tw([on])
V{tp(ou) : ou € [on]}
V{tp(u) 1 u € [n]}

tw([n])

v v

In the same way, we can conclude

iw(elnl) = iw([nl) and fu(elnl) < fu([n))

Thusw € U(M/N). O
Method 2:
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Theorem 3.2. Let R be an integral domain and/ be a divisible module ovek. Consider
a prime submodul&y of M. If P € U(M ), define a neutrosophic setin quotient module
M/N defined as, fon € M

tw([n])Z{l ) =N ,mn):{l | nl = N

MNMip(u) :u € [n)} otherwise Nip(u):u € [n]} otherwise

and

0 n =N

fw([n]) = {\/{fp(u) cu € [77]} otherwise
Thenw € U(M/N).

Proof. SinceN C M, the neutrosophic components[of = (1,1, 0)
Now forn, 8 in M, consider

)1 [l +[0] = N
tu(lrl +16)) = {/\{tp(u) cu € [n)+1[0]} otherwise
Case 1:If [n] + [0] = N, then clearlyt,, ([n] + [0]) > t.([n]) A tu([6]),
iw([n] + [0]) = iw(n]) A iw((0]) and fo([n] + [0]) < fu(ln]) v £ ((0))
Case 2: If [m] + [n] # N, then
to(ln +10) = Atp(u) - u e ] +[6]}
Mtp((n+¢) +(0+¢): (€N}

Mtp(n+ ) Ntp(0+E€):(,§ €N}
(Mtp(n+¢): e NYA(Mtp(0+8): &€ N})
(Mtp(v1) o1 € ml}) A (AMiEp(v2) = v € [0]})
tw([n]) A tu([6])

In the same manner,

iw([n] + [0]) > iw([n]) Adw([0])

v v

and

Jo(Inl +10]) < fo(ln) v fu([0]).

Foroin R,nin M, consider

1 oln) =N
Nta(u):u € on]} otherwise

tu(on)) = {

Case 3:1f o[n] = N, tu(o[n]) =1 = tu([n]), similarly i, (o[n]) = i.([n]) and
foleln]) < fu(n))
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Cased:If o[n]| AN =0n¢ N=0+#0,n¢ Nand

tu(eln]) = tu(on))
= AMtp(u):u e [on]}
NMitp(on+v):v € N}
Ntp(on+ 00) : 0 € N}
NMtp(o(n+0)):0 € N}
(
(

= Atp(n+6):0 €N}
A{tp w):w € )}
— 1)

]
Correspondingly., (¢[n]) = i.([n]) and f.(e[n]) < fu(ln])
Hencew € U(M/N)

O

Corollary 3.3. If N is contained inM whereM € My andR is a field andP € U(M).
Then by the theorem 3.2, U(M/N).

Definition 3.4. If P € U(M) and N C M, then the restriction of a neutrosophic
submoduleP to N is represented byP|y and it is a neutrosophic set d¥ defined as
PIn =1{0,tp|x(0),ip|y(0), fp|5(0)} where¥ 6 € N and

tpiy(0) =tp(0)
ip|y(0) =1ip(0)
frin(0) = fp(0)
Proposition 3.5. If P € U(M) and N C M, thenP|y € U(N).
Proof. If P = {n,tp(n),ir(n), fr(n) :n € M} € U(M)andN C M then the
tpy(0) =tp(0) =1, ip|y(0) = ip(0) = 1 and fp|,(0) = fp(0) =0
Now g in R, nin M

tpin(on) = tp(on)

Similarly ip, (en) = ip|y (1) and fpy (en) < fpiy(n)
Now @, ¥ € N

tpy(@+19) = tp(0+9)
> tp(g)/\tp(ﬂ)
= tpy(0) Atpi (D)

Similarly ip (0 +U) 2 ip| (0) Nip|(0), frx(0+0) < fpy(0)V fp(9)
ThusP|y € U(N) O
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Remark 3.6. LetP,Q € U(M) and P C Q. ThenP* C Q* andQ|g- € U(Q*). Now
define, a neutrosophic set @)* / P* where forp € Q*

tw([]) = V{tp(C) : ¢ € [}
iw([n)) = V{ir(C) : ¢ € [n]}

fol]) = Mfp(Q) ru e [}
Then by the theorem 3.2, U(Q*/P*) and it is denoted a§)/ P.

Remark 3.7. We write Py for the neutrosophic quotient submodulef M /N, i.e. Py €
U(M/N)

4. HOMOMORPHISMS OFNEUTROSOPHICSUBMODULES

In this section we study about the inherent attributes of the image and inverse image of
a neutrosophic set and a neutrosophic submodule under classical module homomorphism
and the homomorphism properties of neutrosophic submodules.

Let M and N be theR modules and” € Homg(M,N). Also P € U(M) and Q €
U(N)

Definition 4.1. T € Homp(M, N) is called a weak neutrosophic homomorphism of P
onto Q ifY(P) C @ and we denote it a® ~ Q.

Y € Homg(M, N) is called aneutrosophic homomorphismof P onto Q if1'(P) = Q
and we represent it aB ~ Q.

Theorem 4.2. Let P, Q € UM andY € Homg(M, N). Then
Q) TP+Q)=7(P)+T(Q)
2 r(rP)=rr(P)VreR
(3) T(’I“lp + TQQ) = TlT(P) + T‘QT(Q) Vry,ro €R
Proof. (1): We have
T(P+Q)0) ={0,trp1q)(0),ir(p+q)(0), frprq)(0) : 0 € N}

and

(T(P) +7(Q))(0) = {8, tr(p)+7@) (0), irp)+7@) (0), fr(p)+r@)(0) : 0 € N}

If Y=1(0) = ¢, thentypig)(0) = 0, irpig)(8) = 0 and fripsq)(0) =
1 also,

trpy+r(@)(0) = V{trp) (k) ANr)(v);y =Kk +v,k,v € N} =0

sincel (k) =por T (v) = pasr1(f) = ¢
Thusty(p4q)(0) = trp)+r(e) (0)
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If Y=1(0) # ¢, then

trip+@)(0) = V{tpiqon):me M,0=g(n)}

V{V{tr(p) Ntq(s) i pys € Min=p+<}0=T(n)}
V{V{tp(p) Ntg(s) 1 p,s € M} : 0= () (<)}

V{V{tr(p) : 6 =T(p)}} AM{V{tQ(s) 1 v =T(s)}} : 0 =K +1v})
V{trp)(p) Atrq)(s) : 0 =k + v}

= trp)rtr(@)(0)
Thus in both casesy(pq)(0) = trp)+rq)(f). In the same way, we can prove
that
ir(p+@)(0) = irpy+r@) (0) and frp1+q)(0) = frip)+r@)(0)
(2) We have

Y(rP) ={0,trup)(0),irwp)(0), frep)(0) : 0 € N}
and
7AT(F)) = {evtrT(P)(e)virT(P) (9)7 frT(P)(a) IS N}
If T‘l(ﬁ) = ¢, then trp) (#) = 0. Also
tTT(p)(G) = \/{ty‘(p)(’ﬂ) € N,0= 7’19} =0
ThUStT(TP) (9) = trT(P) (9)
If Y=1(0) # ¢, then
trap)(0) = V{t.p(n):ne M,0=7(n)}
V{V{tp(u):uve M,n=ru}}
V{V{tp(u) :u e M,0 =7 (ru)}}
(u)
)

= V{V{tp(u):ue M,0 =rT(u)}}
= V{trrp)(u): 0 =rT(u)}
= Vi) (9)
Thus we gety(,.py(0) = t,rp)(0) V0 € N. Similarly we get
irrp)(0) = irrp)(0) frp)(0) = frrp)(0)
(3) This follows from(1) and (2). O

Theorem4.3.1f P € U(M) andY € Homg(M, N), thenY' (P) € U(N).
Proof. We havel’(P) = {(0,trp)(0), irp)(0), frpy(0)) : y € N}. Then
trpy(0) = V{tp(n) :ne€ M, T(n) =0} =tp(0) =1

Similarly iy(py(0) = 1 and frpy(0) = 0
Now, letk,v € N
If 7=1(k) = ¢ or T=(v) = ¢,: then correspondinglirp) (k) = 0 or ty(py(v) =
0
= tT(p)(Ii) A tT(P)(V) =0and SOlfT(p)(/Q +v) > tr(p) (k) A trp) (v).
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If Y=Y(k) # ¢ # T 1(v), then
trcpy(k+v) = V{tp(n):ne M,k+v="(n)}
V{tp(p+<):pseEM,k+v="(p+¢)}
Vitp(p+s):pe T Hk),c € T (1)}
V{tr(p+<):p.c€ M, T(p) =r7T(s)=r}
V{tr(p) Atp(s) : p,s € M, Y(p) = k,7(s) = v}
(Atp(p),p € M, T(p) = r}) A (V{tp(c) : < € M,T(c) =v})
tr(p) (k) Ny (v)
Similarly we can prove that

vV v

iT(p)(H +v)> iT(P)(K) A iT(p) (U)
and
Jrpy(k+v) < frpy(K) V frp)(v)
If 7=1(0) = ¢, 0 € N,: thentypy(0) =0 = tyrp)(00) > trp)(0),Yo € R
If Y=4(0) # ¢, 0 € N, then

trp)(rd) = V{tp(n):ne M, o0 =7(n)}

> V{tp(op):op€ M, 00 =2(0p)}
> Vi{tp(ep):rpe M,pe T (0)}
= V{tp(rp):rp € M,0=T(p)}
= V{tp(p):p€ M, 0 =T(p)}
= trp)(9)

Similarly we can prove that-p(06) > iy(p)(0) and frpy(00) < frp)(0),V8 €

N.

ThusY'(P) € U(N) O

Theorem 4.4.1f Q € U(N) and Y € Homg(M, N), thenY~1(Q) € U(M).

Proof. We havel'~(Q)(n) = {n, tr-1()(n), ir-1(0)(n), fr-1(@)(n) : n € M} where

tr-1@) () = tQ(T(n)), ir-1q)(n) = iq(T(n)) and fr-rq)(x) = fo(T(n)).
Now
tr—1(@)(0) = tq(T(0)) = tg(0) = 1. Similarly we can writéy -1y (0) = 1 and fr-1(g)(0) =
0
NowV n,6 € M

tr-1q)(n+6) t(Y(n+0))
to(Y(n) +7(6))
t(Y(n) ANtg(1(0))

)
tr-19(n) Ntr-10(0)

v

Similarly we can prove that
ir-1Q)(n+0) Zir-19(n) Nir-10(0)
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and
frev@+0) = fragn) A fr-1q(6)
NowVn € M,po € R

tr-1@)(on) = to(¥(en))

v
~
RS

= =
L 3
S

Similarly iy—1 gy (en) > ir-1()(n) and fr-vqy(en) < fr-1@)(n)-
Thus?—1(Q) € U(M) O

Theorem 4.5. LetY € Hompg(M, M®) be a neutrosophic module homomorphisniof
onto@, whereP € U(M) andQ € U(Y(M)) . Then the magl : M/N — M®, defined
by IT([n]) = T(n), n € M is a neutrosophic quotient module homomorphisrgfon to
Q,wherePy € U(M/N)andN C M.

Proof. Given thatY : M — M® be neutrosophic module homomorphism @fonto
Q, = Y(P) = Q. Then to prove thafl : M/N — M® where II([n]) = T(n) is
neutrosophic module homomorphismigf ontoQ.

First we prove thafl € Homgr(M/N, M®). Let o1, 02 € R, p,s € M, then

H([e1]p] + 02[s]) = H(o1(p+ N)+ 02(c + N))
II(01p+ 026 + N)

= II([o1p + 025])
T(01p + 025)

017 (p) + 027(s)

= odI([p]) + 0211 ([s])

Foranyr € R, [n] € M/N, then

H(r[m]) = I(r(n+N))
(rn+N)
([rn])
= Y(rn)
= rT(n)
= rII([n))

= II € Homg(M/N, M®). Then to prove thatl (Py) = Q, Now

I
17

H(PN)(ﬁ) = {197th]\] (ﬁ)aipr (ﬁ)aprN (19) UAS H(M/N)}
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where
tapy)(0) = Vitey () : [n) € H71(9),9 € II(M/N)}
= V{V{tp(¢): C € Il I ([n) =, ¥ € T(M)}
= V{tp(Q): C €M, T(n) =9,y € T(M)}
=ty (V)

Similarly, @'H(PN)(@) = iy(p) (’19), fH(PN)(ﬂ) = fy(p) (19)
= II(Py) = Y(P) = @Q = II is a neutrosophic module homomorphismRy§ onto
Q. O

5. CONCLUSION

Neutrosophic submodule is one among the generalizations of classical algebraic struc-
ture, module. Neutrosophic algebraic constructions provide additional preciseness and
mouldability to the classic algebraic structures as in contrast to the fuzzy or intuitionis-
tic fuzzy algebraic structures. This study has evolved the perception of quotient module in
neutrosophic set and defined the development of neutrosophic submodule from a quotient
module . The properties of homomorphism of neutrosophic submodules are additionally
examined. This work are often extended to the properties of isomorphism of neutrosophic
submodules.
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