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Abstract. The main objective of this article is to establish integral iden-
tity relating the left side of Hermite- Hadamard type inequality. By using
this identity, we establish some new Hermite-Hadamard type integral in-
equalities for functions whose mixed partial derivatives are co-ordinated
preinvex. These consequences generalize numerous outcomes established
in previous studies for these classes of functions.
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1. INTRODUCTION

The investigation on extended convex functions has become a hot research topic in re-
cent years. The applications of various properties of extended convex functions in establish-
ing and improving numerous inequalities have attracted the attention of many researchers.
Suppose thatJ is a finite interval of real numbers. A functionh : J → R is said to be
convex if,

h(ξφ + (1− ξ)ψ) ≤ ξh(φ) + (1− ξ)h(ψ), (1. 1)

whereξ ∈ [0, 1], for all φ, ψ ∈ J .
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The most famous inequality in the literature for convex functions is known as Hadamards
inequality. This inequality was proposed in 1893 by Hadamard (see [10]). This double in-
equality is stated as:
Suppose thath is convex function on[φ, ψ] ⊂ R. Then the well known Hermite-Hadamard
inequality [1] states that

h

(
φ + ψ

2

)
≤ 1

ψ − φ

∫ ψ

φ

h(x)dx ≤ h(φ) + h(ψ)
2

(1. 2)

for all φ, ψ ∈ J .
Hadamards inequalities play a crucial role in various branches of science, including engi-
neering, economics, astronomy, and mathematics. Thus, due to its great utility in several
areas of pure and applied mathematics, much attention has been paid, by many mathemati-
cians, to Hadamards inequality. Consequently, such inequalities were studied extensively
by many authors. Also, numerous generalizations and extensions have been reported in a
number of papers [1, 3, 4, 5, 7, 9, 13, 15], [16]-[21], [25, 26, 34] and [35]-[39] the refer-
ences cited therein.
In recent years, lot of efforts have been made by many mathematicians to generalize the
classical convexity. A significant generalization of convex functions is that of invex func-
tions introduced by Hanson in [8]. Ben-Israel and Mond [11] introduced the concept of
preinvex functions, which is a special case of invexity. Pini [30] introduced the concept of
pre-quasi-invex functions as a generalization of invex functions. Noor [28] has presented
some estimates of the right hand side of a Hermite- Hadamard type inequality in which
some preinvex functions and log-preinvex are involved.

Theorem 1.1. Leth : [φ, φ + µ(ψ, φ)] → (0,∞) be a preinvex function on the interval of
the real numbersΩ0 (the interior ofΩ) andφ, ψ ∈ Ω0 with φ ≤ φ + µ(ψ, φ). Then the
following inequality holds:

h
(2φ + µ(ψ, φ)

2

)
≤ 1

µ(ψ, φ)

∫ φ+µ(ψ,φ)

φ

h(x)dx ≤ h(φ) + h(ψ)
2

. (1. 3)

The following Hermite-Hadamrd type inequality for co-ordinated convex functions on
the rectangle from the planeR2 was also proved in [6]:

Theorem 1.2. Leth : ∆ := [φ, ψ]× [γ, %] ⊆ R2 → R be convex on the co-ordinates on∆
with ψ < ψ andγ < %. Then, one has the inequalities:

h

�
φ + ψ

2
,

γ + %

2

�

≤ 1

2

�
1

ψ − φ

Z ψ

φ

h

�
x,

γ + %

2

�
dx +

1

γ − %

Z %

γ

h

�
φ + ψ

2
, y

�
dy

�

≤ 1

(ψ − φ)(%− γ)

Z ψ

φ

Z %

γ

g(x, y)dxdy

≤ 1

4

�
1

ψ − φ

�Z ψ

φ

h(x, γ)dx +

Z ψ

φ

h(x, %)dx

�
+

1

γ − %

�Z %

γ

h(φ, y)dy +

Z %

γ

h(ψ, y)dy

��

≤ h(φ, γ) + h(ψ, γ) + h(φ, %) + h(ψ, %)

4
.

For several recent results on Hermite-Hadamard type inequalities for functions that sat-
isfy different kinds of convexity on the co-ordinates on the rectangle from the planeR2 we
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refer the reader to [2, 12, 14, 23, 27, 29, 33].
The main aim of this present paper is to define preinvex functions on the co-ordinates and
to establish some Hermite-Hadamard type inequalities for functions whose mixed partial
derivatives in absolute value are preinvex on the co-ordinates. Our established results gen-
eralize those result proved in [24].

2. PRELIMINARIES

For convenience of our discussion in subsequent sections, let us reproduce some relevant
definitions and earlier results below and recall some well known results related to convexity
and preinvexity on the co-ordinates.
A modification for convex functions on∆, which are also known as co-ordinated convex
functions, was introduced by Dragomir [6, 31] as follows

Definition 2.1. Let us now consider a functionh : ∆ =: [φ, ψ] × [γ, %] ⊆ R2 → R is
convex on∆ if the following inequality:

h(ξφ + (1− ξ)z̄, ξγ + (1− ξ)w̄) ≤ ξh(φ, γ) + (1− ξ)h(z̄, w̄)

hold for all ξ ∈ [0, 1] and(φ, γ), (z̄, w̄) ∈ ∆.

Definition 2.2. A functionh : ∆ = [φ, ψ] × [γ, %] ⊆ R2 → R is said to be convex on
the co-ordinates∆ with φ < ψ and γ < % if the partial functionshy : [φ, ψ] → R,
hy(ū) = h(ū, y) andhx : [γ, %] → R, hx(v̄) = h(x, v̄) are convex for allx ∈ (φ, ψ) and
y ∈ (γ, %).

A formal definition for co-ordinated convex functions is stated below:

Definition 2.3. A functionh : ∆ := [φ, ψ]× [γ, %] ⊆ R2 → R is said to be convex on the
co-ordinates on∆ with γ < ψ andγ < % if the partial functions

h(ξφ + (1− ξ)z̄, δγ + (1− δ)w̄)

≤ ξδh(φ, γ) + ξ(1− δ)h(φ, w̄) + δ(1− ξ)h(z̄, γ) + (1− δ)(1− ξ)h(z̄, w̄)
(2. 4)

holds for allξ, δ ∈ [0, 1] and(φ, γ), (z̄, w̄) ∈ ∆.

Ben-Israel and Mond [32], established the idea of preinvex function as a special case of
invex function.

Definition 2.4. ConsiderΩ be a closed set inRn and leth : Ω → R andµ : Ω× Ω → R
be continuous functions. Letφ ∈ Ω, then the setΩ is said to be invex atφ with respect to
µ, if

φ + ξµ(ψ, φ) ∈ Ω, (2. 5)

holds for allφ, ψ ∈ Ω, ξ ∈ [0, 1], thenΩ is called an invex set with respect toµ if Ω is
invex at eachφ ∈ Ω. The invex setΩ is also called aµ-connected set.

Definition 2.5. The functionh on the invex setΩ is said to be preinvex with respect toµ, if

h(φ + ξµ(ψ, φ)) ≤ (1− ξ)h(φ) + ξh(ψ), (2. 6)
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holds for allφ, ψ ∈ Ω, ξ ∈ [0, 1]. The functionh is said to be pre-concave if and only if
−h is preinvex.
Note that every convex function is preinvex with respect to the mapµ(ψ, φ) = ψ − φ but
the converse is not true.
Latif et al. [22] gave notion of preinvex functions on the co-ordinates which generalize the
classical convexity on the co-ordinates.

Definition 2.6. LetΩ1 andΩ2 be non-empty subsets ofRn and letµ1 : Ω1×Ω1 → Rn and
µ2 : Ω2×Ω2 → Rn. We sayΩ1×Ω2 is invex with respect toµ1 andµ2 at (η, ν) ∈ Ω1×Ω2

if for each(x, z) ∈ Ω1 × Ω2 andξ, δ ∈ [0, 1], we have

(η + ξµ1(x, u1), ν + δµ2(z, ν)) ∈ Ω1 × Ω2. (2. 7)

Ω1 × Ω2 is said to be invex set with respect toµ1 and µ2 if Ω1 × Ω2 is invex at each
(η, ν) ∈ Ω1 × Ω2.

Definition 2.7. Let Ω1 × Ω2 be an invex set with respect toµ1 : Ω1 × Ω1 → Rn and
µ2 : Ω2 × Ω2 → Rn. A functionh : Ω1 × Ω2 → R is said to be preinvex if for every
(x, z), (η, ν) ∈ Ω1 × Ω2 andξ ∈ [0, 1], we have

h(η + ξµ1(x, η), ν + ξµ2(z, ν)) ≤ (1− ξ)h(x, z) + ξh(η, ν). (2. 8)

Definition 2.8. Let Ω1 × Ω2 be an invex set with respect toµ1 : Ω1 × Ω1 → Rn and
µ2 : Ω2 × Ω2 → Rn. A functionh : Ω1 × Ω2 → R is said to preinvex on the co-ordinates
if the partial functionshy : Ω1 → R, hy(η) = h(η, y) andhy : Ω1 → R, hx(ν) = h(x, ν)
are preinvex with respect toµ1 andµ2 respectively for ally ∈ Ω2 andx ∈ Ω1.

Remark 2.9. If µ1(x, η) = x − η andµ2(y, ν) = y − ν thenh will be a convex function
on the co-ordinates.

Definition 2.10. Let Ω1 × Ω2 be an invex set with respect toµ1 : Ω1 × Ω1 → Rn and
µ2 : Ω2 × Ω2 → Rn. A functionh : Ω1 × Ω2 → R is said to preinvex on the co-ordinates
Ω1 × Ω2, then

h(η + ξµ1(x, η), ν + δµ2(z, ν))

≤ (1− ξ)(1− δ)h(η, ν) + (1− ξ)δh(η, z) + (1− δ)ξh(x, ν) + ξδh(x, z),

where(η, ν), (x, z) ∈ Ω1 × Ω2.

Remark 2.11. Every convex function on the co-ordinates is preinvex on the co-ordinates
but the converse in not true. For example the functionh(η, ν) = −|η||ν| is not convex on
the co-ordinates but it is a preinvex function with respect to the functions

µ1(η, z̄) =

{
η − z̄, η ≥ 0, z̄ ≥ 0 and η ≤ 0, z̄ ≤ 0,

z̄ − η, otherwise.

µ2(ν, w̄) =

{
ν − w̄, ν ≥ 0, w̄ ≥ 0 and ν ≤ 0, w̄ ≤ 0,

w̄ − ν, otherwise.
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3. A KEY LEMMA

In this section, we present an identity associated with mixed partial differentiable func-
tion on co-ordinates, which plays an important role in establishing our main results.

Lemma 3.1. Let Ω1 × Ω2 be non-empty subsets ofR2 and letµ1 : Ω1 × Ω1 → R and
µ2 : Ω2 × Ω2 → R. Suppose thath : Ω1 × Ω2 → R be a mixed partial differentiable
function such that∂

2h
∂δ∂ξ ∈ L([φ + ξµ1(ψ, φ)] × [γ + δµ2(%, γ)]) with µ1(ψ, φ) 6= 0 and

µ2(%, γ) 6= 0, whereφ, ψ ∈ Ω1 andγ, % ∈ Ω2. Then the following equality holds:

Γ(φ, ψ, γ, %)(h) =
1

µ1(ψ, φ)µ2(%, γ)

∫ φ+µ1(ψ,φ)

φ

∫ γ+µ2(%,γ)

γ

h(x, y)dydx

+ h

(
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

)

− 1
µ1(ψ, φ)

∫ φ+µ1(ψ,φ)

φ

h

(
x,

2γ + µ2(%, γ)
2

)
dx

− 1
µ2(%, γ)

∫ γ+µ2(%,γ)

γ

h

(
2φ + µ1(ψ, φ)

2
, y

)
dy (3. 9)

= µ1(ψ, φ)µ2(%, γ)
∫ 1

0

∫ 1

0

K(ξ, δ)
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ,

where,

K(ξ, δ) =





ξδ, (ξ, δ) ∈ [0, 1
2 ]× [0, 1

2 ],
ξ(δ − 1), (ξ, δ) ∈ [0, 1

2 ]× ( 1
2 , 1],

δ(ξ − 1), (ξ, δ) ∈ ( 1
2 , 1]× [0, 1

2 ],
(ξ − 1)(δ − 1), (ξ, δ) ∈ ( 1

2 , 1]× ( 1
2 , 1].

Proof. Since

µ1(ψ, φ)µ2(%, γ)
∫ 1

0

∫ 1

0

K(ξ, δ)
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ

= µ1(ψ, φ)µ2(%, γ)
∫ 1

2

0

∫ 1
2

0

ξδ
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ

+ µ1(ψ, φ)µ2(%, γ)
∫ 1

2

0

∫ 1

1
2

ξ(δ − 1)
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ

+ µ1(ψ, φ)µ2(%, γ)
∫ 1

1
2

∫ 1
2

0

δ(ξ − 1)
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ

+ µ1(ψ, φ)µ2(%, γ)
∫ 1

1
2

∫ 1

1
2

(δ − 1)(ξ − 1)
∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ

= J1 + J2 + J3 + J4.

(3. 10)
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Now by integration by parts, we have

J1 = µ1(ψ, φ)µ2(%, γ)

Z 1
2

0
ξ

"Z 1
2

0
δ

∂2

∂ξ∂δ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδ

#
dξ

=
1

4
h

�
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

�
− 1

2

Z 1
2

0
h

�
φ + ξµ1(ψ, φ),

2γ + µ2(%, γ)

2

�
dξ

− 1

2

Z 1
2

0
h

�
2φ + µ1(ψ, φ)

2
, γ + δµ2(%, γ)

�
dδ +

Z 1
2

0

Z 1
2

0
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))dδdξ.

(3. 11)

If we make use of the substitutionsx = φ + ξµ1(ψ, φ) andy = γ + δµ2(%, γ), (ξ, δ) ∈
[0, 1]× [0, 1], in ( 3. 11 ), we observe that

=
1

4
h

�
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

�
− 1

2µ1(ψ, φ)

Z ψ

2φ+µ1(ψ,φ)
2

h

�
x,

2γ + µ2(%, γ)

2

�
dx

− 1

2µ2(%, γ)

Z %

2γ+µ2(%,γ)
2

h

�
2φ + µ1(ψ, φ)

2
, y

�
dy +

1

µ1(ψ, φ)µ2(%, γ)

Z ψ

2φ+µ1(ψ,φ)
2

Z %

2γ+µ2(%,γ)
2

h(x, y)dydx.

Similarly, by integration by parts, we also have that

J2 =
1

4
h

�
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

�
− 1

2µ1(ψ, φ)

Z ψ

2φ+µ1(ψ,φ)
2

h

�
x,

2γ + µ2(%, γ)

2

�
dx

− 1

2µ2(%, γ)

Z 2γ+µ2(%,γ)
2

γ

h

�
2φ + µ1(ψ, φ)

2
, y

�
dy +

1

µ1(ψ, φ)µ2(%, γ)

Z ψ

2φ+µ1(ψ,φ)
2

Z 2γ+µ2(%,γ)
2

γ

h(x, y)dydx,

J3 =
1

4
h

�
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

�
− 1

2µ1(ψ, φ)

Z 2φ+µ1(ψ,φ)
2

φ

h

�
x,

2γ + µ2(%, γ)

2

�
dx

− 1

2µ2(%, γ)

Z %

2γ+µ2(%,γ)
2

h

�
2φ + µ1(ψ, φ)

2
, y

�
dy +

1

µ1(ψ, φ)µ2(%, γ)

Z 2φ+µ1(ψ,φ)
2

φ

Z %

2γ+µ2(%,γ)
2

h(x, y)dydx

and

J4 =
1

4
h

�
2φ + µ1(ψ, φ)

2
,
2γ + µ2(%, γ)

2

�
− 1

2µ1(ψ, φ)

Z 2φ+µ1(ψ,φ)
2

φ

h

�
x,

2γ + µ2(%, γ)

2

�
dx

− 1

2µ2(%, γ)

Z 2γ+µ2(%,γ)
2

%

h

�
2φ + µ1(ψ, φ)

2
, y

�
dy +

1

µ1(ψ, φ)µ2(%, γ)

Z 2φ+µ1(ψ,φ)
2

φ

Z 2γ+µ2(%,γ)
2

%

h(x, y)dydx.

Substitution of theJ1, J2, J3 andJ4 in ( 3. 10 ). We get our desired identity. ¤

4. MAIN RESULTS

We are in a condition to establish the integral inequalities of Hermite-Hadamard type
for functions whose mixed partial derivatives are co-ordinated preinvex

Theorem 4.1. Let Ω1 × Ω2 be an open invex subsets ofR2 with respect to the functions
µ1 : Ω1×Ω1 → R andµ2 : Ω2×Ω2 → R. Suppose thath : Ω1×Ω2 → R be a mixed par-
tial differentiable function such that∂

2h
∂δ∂ξ ∈ L ([φ + ξµ1(ψ, φ)]× [γ + δµ2(%, γ)]) with

µ1(ψ, φ) 6= 0 andµ2(%, γ) 6= 0, whereφ, ψ ∈ Ω1 andγ, % ∈ Ω2. If
∣∣∣ ∂2h
∂δ∂ξ

∣∣∣ is preinvex on
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the co-ordinates onΩ1 × Ω1, then the following inequality holds:

|Γ(φ, ψ, γ, %)(h)| ≤ µ1(ψ, φ)µ2(%, γ)
16




∣∣∣∂2h(φ,γ)
∂δ∂ξ

∣∣∣ +
∣∣∣∂2h(φ,%)

∂δ∂ξ

∣∣∣ +
∣∣∣∂2h(ψ,γ)

∂δ∂ξ

∣∣∣ +
∣∣∣∂2h(ψ,%)

∂δ∂ξ

∣∣∣
4


 .

(4. 12)

Proof. From Lemma 3.1, we have

|Γ(φ, ψ, γ, %)(h)|

≤ µ1(ψ, φ)µ2(%, γ)
∫ 1

0

∫ 1

0

|K(ξ, δ)|
∣∣∣∣

∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣ dδdξ.

(4. 13)

We know that| ∂2h
∂δ∂ξ | is preinvex on the co-ordinates onΩ1 × Ω, we have

∣∣∣∣
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣ ≤ ξδ

∣∣∣∣
∂2h(φ, γ)

∂δ∂ξ

∣∣∣∣

+ ξ(1− δ)
∣∣∣∣
∂2h(φ, %)

∂δ∂ξ

∣∣∣∣ + δ(1− ξ)
∣∣∣∣
∂2h(ψ, γ)

∂δ∂ξ

∣∣∣∣ + (1− ξ)(1− δ)
∣∣∣∣
∂2h(ψ, %)

∂δ∂ξ

∣∣∣∣ . (4. 14)

If we put ( 4. 14 ) into ( 4. 13 ), we have

|Γ(φ, ψ, γ, %)(h)|

≤ µ1(ψ, φ)µ2(%, γ)

Z 1

0

Z 1

0
|K(ξ, δ)

"
ξδ

�����
∂2h(φ, γ)

∂δ∂ξ

�����+ ξ(1− δ)

�����
∂2h(φ, %)

∂δ∂ξ

�����

+ δ(1− ξ)

�����
∂2h(ψ, γ)

∂δ∂ξ

�����+ (1− ξ)(1− δ)

�����
∂2h(ψ, %)

∂δ∂ξ

�����

#
dδdξ

= µ1(ψ, φ)µ2(%, γ)

(Z 1
2

0

Z 1
2

0
ξδ

"
ξδ

�����
∂2h(φ, γ)

∂δ∂ξ

�����+ ξ(1− δ)

�����
∂2h(φ, %)

∂δ∂ξ

�����+ δ(1− ξ)

�����
∂2h(ψ, γ)

∂δ∂ξ

�����

+ (1− ξ)(1− δ)

�����
∂2h(ψ, %)

∂δ∂ξ

�����

#
dδdξ +

Z 1
2

0

Z 1

1
2

ξ(δ − 1)

"
ξδ

�����
∂2h(φ, γ)

∂δ∂ξ

�����+ ξ(1− δ)

�����
∂2h(φ, %)

∂δ∂ξ

�����

+ δ(1− ξ)

�����
∂2h(ψ, γ)

∂δ∂ξ

�����+ (1− ξ)(1− δ)

�����
∂2h(ψ, %)

∂δ∂ξ

�����

#
dδdξ +

Z 1

1
2

Z 1
2

0
δ(ξ − 1)

"
ξδ

�����
∂2h(φ, γ)

∂δ∂ξ

�����

+ ξ(1− δ)

�����
∂2h(φ, %)

∂δ∂ξ

�����+ δ(1− ξ)

�����
∂2h(ψ, γ)

∂δ∂ξ

�����+ (1− ξ)(1− δ)

�����
∂2h(ψ, %)

∂δ∂ξ

�����

#
dδdξ

+

Z 1

1
2

Z 1

1
2

(ξ − 1)(δ − 1)

"
ξδ

�����
∂2h(φ, γ)

∂δ∂ξ

�����+ ξ(1− δ)

�����
∂2h(φ, %)

∂δ∂ξ

�����+ δ(1− ξ)

�����
∂2h(ψ, γ)

∂δ∂ξ

�����

+ (1− ξ)(1− δ)

�����
∂2h(ψ, %)

∂δ∂ξ

�����

#
dδdξ

)
.

(4. 15)

Evaluating each integral in ( 4. 15 ) and simplifying, we get ( 4. 12 ). ¤

Theorem 4.2. Let Ω1 × Ω2 be an open invex subsets ofR2 with respect to the functions
µ1 : Ω1×Ω1 → R andµ2 : Ω2×Ω2 → R. Suppose thath : Ω1×Ω2 → R be a mixed par-
tial differentiable function such that∂

2h
∂ξ∂δ ∈ L ([φ + ξµ1(ψ, φ)]× [γ + δµ2(%, γ)]) with
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µ1(ψ, φ) 6= 0 andµ2(%, γ) 6= 0, whereφ, ψ ∈ Ω1 andγ, % ∈ Ω2. If
∣∣∣ ∂2h
∂δ∂ξ

∣∣∣
q

is preinvex on

the co-ordinates onΩ1 ×Ω1, r, q > 1 and 1
r + 1

q = 1, then the following inequality holds:

|Γ(φ, ψ, γ, %)(h)|

≤ µ1(ψ, φ)µ2(%, γ)
4(r + 1)

2
r




∣∣∣∂2h(φ,γ)
∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(φ,%)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,γ)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,%)

∂δ∂ξ

∣∣∣
q

4




1
q

.

(4. 16)

Proof. From Lemma 3.1, we have

|Γ(φ, ψ, γ, %)(h)| ≤ µ1(ψ, φ)µ2(%, γ)

×
∫ 1

0

∫ 1

0

|K(ξ, δ)|
∣∣∣∣

∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣ dδdξ. (4. 17)

Now using the well-known Ḧolder’s inequality for double integrals, we obtain

µ1(ψ, φ)µ2(%, γ)

Z 1

0

Z 1

0
|K(ξ, δ)|

�����
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

����� dδdξ

≤ µ1(ψ, φ)µ2(%, γ)

�Z 1

0

Z 1

0
|K(ξ, δ)|r dδdξ

� 1
r

 Z 1

0

Z 1

0

�����
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

�����
q

dδdξ

! 1
q

.

(4. 18)

We know that
∣∣∣ ∂2h
∂δ∂ξ

∣∣∣
q

is preinvex on the co-ordinates onΩ1 × Ω2, we have

∫ 1

0

∫ 1

0

∣∣∣∣
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), c + δµ2(%, γ))

∣∣∣∣
q

dδdξ

≤
∫ 1

0

∫ 1

0

[
ξδ

∣∣∣∣
∂2h(φ, γ)

∂δ∂ξ

∣∣∣∣
q

+ ξ(1− δ)
∣∣∣∣
∂2h(φ, %)

∂δ∂ξ

∣∣∣∣
q

+ δ(1− ξ)
∣∣∣∣
∂2h(ψ, γ)

∂δ∂ξ

∣∣∣∣
q

+ (1− ξ)(1− δ)
∣∣∣∣
∂2h(ψ, %)

∂δ∂ξ

∣∣∣∣
q
]
dδdξ.

After some calculations,

∫ 1

0

∫ 1

0

ξδdδdξ =
∫ 1

0

∫ 1

0

ξ(1− δ)dδdξ =
∫ 1

0

∫ 1

0

δ(1− ξ)dδdξ

=
∫ 1

0

∫ 1

0

(1− ξ)(1− δ)dδdξ =
1
4
.

(4. 19)
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Also, we notice that
∫ 1

0

∫ 1

0

|K(ξ, δ)dδdξ|r =
∫ 1

2

0

∫ 1
2

0

ξrδrdδdξ +
∫ 1

2

0

∫ 1

1
2

ξr(1− δ)rdδdξ

∫ 1

1
2

∫ 1
2

0

δr(1− ξ)rdδdξ +
∫ 1

1
2

∫ 1

1
2

(1− ξ)r(1− δ)rdδdξ =
4

(r + 1)2

(
1
2

)2(r+1)

.

(4. 20)

Using ( 4. 19 ) and ( 4. 20 ) into ( 4. 18 ), we obtain
∫ 1

0

∫ 1

0

|K(ξ, δ)|
∣∣∣∣

∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣ dδdξ

≤ 1
4(r + 1)

2
r




∣∣∣∂2h(φ,γ)
∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(φ,%)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,γ)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,%)

∂δ∂ξ

∣∣∣
q

4




1
q

. (4. 21)

This completes the proof of the theorem. ¤

Remark 4.3. Since2r > r + 1 if r > 1 and accordingly

1
4

<
1

2(r + 1)
1
r

and hence we have that the following inequality

1
16

<
1
4
.
1
4

<
1

2(r + 1)
1
r

.
1

2(r + 1)
1
r

=
1

4(r + 1)
2
r

,

and as a consequence we get an improvement of the constant in Theorem 4.2.

Theorem 4.4. Let Ω1 × Ω2 be an open invex subsets ofR2 with respect to the functions
µ1 : Ω1×Ω1 → R andµ2 : Ω2×Ω2 → R. Suppose thath : Ω1×Ω2 → R be a mixed par-
tial differentiable function such that∂

2h
∂ξ∂δ ∈ L ([φ + ξµ1(ψ, φ)]× [γ + δµ2(%, γ)]) with

µ1(ψ, φ) 6= 0 andµ2(%, γ) 6= 0, whereφ, ψ ∈ Ω1 andγ, % ∈ Ω2. If
∣∣∣ ∂2h
∂δ∂ξ

∣∣∣
q

is preinvex on

the co-ordinates onΩ1 × Ω1 andq ≥ 1, then the following inequality holds:

|Γ(φ, ψ, γ, %)(h)|

≤ µ1(ψ, φ)µ2(%, γ)
16




∣∣∣∂2h(φ,γ)
∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(φ,%)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,γ)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,%)

∂δ∂ξ

∣∣∣
q

4




1
q

.

(4. 22)

Proof. From Lemma 3.1, we have

|Γ(φ, ψ, γ, %)(h)| ≤ µ1(ψ, φ)µ2(%, γ)

×
∫ 1

0

∫ 1

0

|K(ξ, δ)|
∣∣∣∣

∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣ dδdξ. (4. 23)
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By the power mean inequality, we have
Z 1

0

Z 1

0
|K(ξ, δ)|

�����
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

����� dδdξ

≤
�Z 1

0

Z 1

0
|K(ξ, δ)| dδdξ

�1− 1
q

 Z 1

0

Z 1

0
|K(ξ, δ)|

�����
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

�����
q

dδdξ

! 1
q

=
� 1

16

�1− 1
q

 Z 1

0

Z 1

0
|K(ξ, δ)|

�����
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

�����
q

dδdξ

! 1
q

. (4. 24)

Using the fact| ∂2h
∂δ∂ξ |q is preinvex on the co-ordinates onΩ1 × Ω2, we have

∣∣∣∣
∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣
q

≤ ξδ

∣∣∣∣
∂2h(φ, γ)

∂δ∂ξ

∣∣∣∣
q

+ ξ(1− δ)
∣∣∣∣
∂2h(φ, %)

∂δ∂ξ

∣∣∣∣
q

+ δ(1− ξ)
∣∣∣∣
∂2h(ψ, γ)

∂δ∂ξ

∣∣∣∣
q

+ (1− ξ)(1− δ)
∣∣∣∣
∂2h(ψ, %)

∂δ∂ξ

∣∣∣∣
q

and hence, we obtain
∫ 1

0

∫ 1

0

|K(ξ, δ)|
∣∣∣∣

∂2

∂δ∂ξ
h(φ + ξµ1(ψ, φ), γ + δµ2(%, γ))

∣∣∣∣
q

dδdξ

≤
∫ 1

0

∫ 1

0

|K(ξ, δ)|
[
ξδ

∣∣∣∣
∂2h(φ, γ)

∂δ∂ξ

∣∣∣∣
q

+ ξ(1− δ)
∣∣∣∣
∂2h(φ, %)

∂δ∂ξ

∣∣∣∣
q

+ δ(1− ξ)
∣∣∣∣
∂2h(ψ, γ)

∂δ∂ξ

∣∣∣∣
q

+ (1− ξ)(1− δ)
∣∣∣∣
∂2h(ψ, %)

∂δ∂ξ

∣∣∣∣
q
]

=
1
64

[∣∣∣∣
∂2h(φ, γ)

∂δ∂ξ

∣∣∣∣
q

+
∣∣∣∣
∂2h(φ, %)

∂δ∂ξ

∣∣∣∣
q

+
∣∣∣∣
∂2h(ψ, γ)

∂δ∂ξ

∣∣∣∣
q

+
∣∣∣∣
∂2h(ψ, %)

∂δ∂ξ

∣∣∣∣
q]

.

Therefore ( 4. 24 ) becomes

≤ µ1(ψ, φ)µ2(%, γ)
16




∣∣∣∂2h(φ,γ)
∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(φ,%)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,γ)

∂δ∂ξ

∣∣∣
q

+
∣∣∣∂2h(ψ,%)

∂δ∂ξ

∣∣∣
q

4




1
q

.

(4. 25)

Substituting ( 4. 25 ) into ( 4. 23 ), we obtain ( 4. 22 ). ¤

Remark 4.5. If we takesµ1(ψ, φ) = ψ−φ andµ2(%, γ) = %−γ in Theorem 4.1-Theorem
4.4, thenh will be a convex functions on the co-ordinates and we recapture all those results
proved in[24].

5. CONCLUSIONS

This paper has presented some new results of the Hermite-Hadamard integral inequal-
ities type for functions whose mixed partial derivatives are co-ordinated preinvex. In ad-
dition, the obtained results in this paper would be useful for generalization of inequalities
that were proved in previous work.
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[34] F. Zafar, H. Kalsoom and N. Hussain,Some inequalities of Hermite-Hadamard type forn-times differen-

tiable (ρ,m)-geometrically convex functions, J. Nonlinear Sci. Appl.8, No.3(2015)201-217.
[35] S. Rashid, M. A. noor and K. I. Noor, F. Safdar,Integral inequalities for generalized preinvex functions,

Punjab. Univ. J. Math.51, 10(2019)77-91.
[36] S. Rashid, M.A. Noor and K. I. Noor, Some generalize Riemann-Liouville fractional estimates involving

functions having exponentially convexity property, Punjab. Univ. J. Math.51, 11(2019)01-15.
[37] S. Rashid, M. A. Noor, K. I. Noor,New Estimates for Exponentially Convex Functions via Conformable

Fractional Operator, Fractal Fract.3, (2019)19.
[38] S. Rashid, M. A. Noor, K. I. Noor, F. Safdar, Y.- M. Chu,Hermite-Hadamard inequalities for the class of

convex functions on time scale, Mathematics.7, (2019) 956.
[39] M. A. Noor, K. I. Noor and S. Rashid,Some new classes of preinvex functions and inequalities, Mathematics.

7, (2019)29.


